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Summary  We develop a uniform test for detecting and dating the integrated or
mildly explosive behaviour of a strictly stationary generalized autoregressive condi-
tional heteroskedasticity (GARCH) process. Namely, we test the null hypothesis of a
globally stable GARCH process with constant parameters against the alternative that
there is an “abnormal" period with changed parameter values. During this period, the
parameter-value change may lead to an integrated or mildly explosive behaviour of the
volatility process. It is assumed that both the magnitude and the timing of the breaks
are unknown. We develop a double-supreme test for the existence of breaks, and then
provide an algorithm to identify the periods of changes. Our theoretical results hold
under mild moment assumptions on the innovations of the GARCH process. Techni-
cally, the existing properties for the quasi-maximum likelihood estimation (QMLE) in
the GARCH model need to be reinvestigated to hold uniformly over all possible periods
of change. The key results involve a uniform weak Bahadur representation for the esti-
mated parameters, which leads to weak convergence of the test statistic to the supreme
of a Gaussian process. In simulations we show that the test has good size and power
for reasonably long time series. We apply the test to the conventional early-warning
indicators of both the financial market and a representative of the emerging Fintech
market, i.e. the Bitcoin returns.

Keywords: GARCH, IGARCH, Change-point Analysis, Concentration Inequalities,
Uniform Test.

1. INTRODUCTION

Volatility is an important indicator for economic and financial stability. There is growing
evidence of the unstable behaviour of the historical volatility of numerous micro- and
macro- level data, such as individual asset returns, VIX (the Chicago Board Options
Exchange volatility index), inflation and unemployment. Bloom (2007) documents the
unstable behaviour of the higher moments of many economic variables, such as R&D
(research and develop) rates related to the uncertainty about future productivity. It
is understood that the nature of uncertainty is the unpredictability of any model to
the future path of a time series. Therefore, it may be connected with a change of the
parameter values in the underlying data-generating process. Ignoring parameter change
may thus lead to biased analysis in policymaking and forecasting. This motivates us to
consider a general method of testing parameter constancy for models of volatility.

For modeling the volatility processes, the highly celebrated autoregressive conditional
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heteroskedasticity (ARCH) model proposed by Engle (1982) is important for describing
the pervasive phenomena of heteroskedasticity presented in many time series. One key
generalization of ARCH is the GARCH model, i.e.

X2 = (207
ot=ao+ Y o XP i+ Bol (1.1)
j=1 k=1

where the conditional variance o2 depends on the past observations X2 ; but also on the
historical conditional variance J?_ i~ Ci are assumed to be i.i.d. innovations; see Paolella
(2018) for more details of the model. Among various possible changes of parameters of
the underlying process, moving from the covariance stationarity to the infinite variance
has come to the center of our focus for its potential use of detecting periods of economic
uncertainty. In addition to the case of integrated GARCH, we refer to the volatility
process behaving more explosive after the change as a “mildly explosive" one, which can
be considered as an analogue of a mildly explosive unit-root return process. The name
“mildly explosive” follows Lee and Hansen (1994), who refer to a GARCH(1,1) model
with a1 + 81 > 1 as a “mildly explosive” one.

Is there empirical evidence of the existence of mildly explosive region of a GARCH
model with fitted parameters? One often sees sudden, integrated or mildly explosive
behaviour in the second moment of the process which bounces back after a while. For
example, in Figure 1, we have plotted the squared returns from a realization of a piece-
wise mildly explosive GARCH(1,1) process and the squared log returns of Bitcoin at the
bottom. The whole time span is set to be (July 19, 2010- April 13, 2013) with a mildly
explosive period with changing parameter values (March 26, 2011 - Aug. 23, 2011). The
two trajectories of the time series look rather similar. We see that the piecewise mildly
explosive GARCH process in Figure 1 captures the mildly explosive behaviour of Bitcoin
in the squared returns. Moreover, Figure 2 shows a rolling window fit of parameter val-
ues of a GARCH(1,1) model using Bitcoin data. We can see clear signs of time varying
parameters. In particular, there are regions of the estimated parameters falling out of the
covariance stationary regime (&; + ﬁl > 1). Such kind of data phenomena suggest that
the underlying processes have time varying parameters, calling for a rigorous quantitative
treatment for detection of change periods and making corresponding inference.

The aim of our paper is to develop a generalised uniform test for GARCH models
which is able to detect exuberant behaviour periods (periods with integrated or mildly
explosive parameter values) which are associated with the empirical phenomena of mild
explosiveness in the second moment. The test is constructed by looking at the supreme of
Wald-type test statistics over all possible intervals with changing parameters. Numerous
estimation methods for the parameters of GARCH models have been proposed, and their
consistency and asymptotic normality have been carefully studied in the literature. A con-
ventional estimation approach is the QMLE, e.g. Bollerslev and Wooldridge (1992). Also
Fan et al. (2014) study QMLE of GARCH models with heavy-tailed likelihoods. Peng
and Yao (2003) propose a least absolute deviation estimator. Jensen and Rahbek (2004)
establish consistency and asymptotic normality of the quasi-maximum likelihood estima-
tor in the linear ARCH model. It is well known that under the assumption of the strict
stationarity of a GARCH model, there is still a region of parameter values allowing for
realizations with unstable volatility behaviour. The leading case is the “IGARCH" pro-
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Figure 1. A plot of simulated piecewise mildly explosive squared returns in the upper
panel versus the actual realized Bitcoin squared log returns after fitting an ARMA (au-
toregressive moving average) model (lower panel). The simulation plot in the upper panel
is according to the fitted stable period (20100719- 20130413, &1 = 0.19, By = 0.79) versus
a mildly explosive period (20110326-20110823, &; = 0.69, Bl = 0.45).
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Figure 2. A plot of estimated GARCH(1,1) parameters using the Bitcoin data over a
rolling window of size 200. &; + (1 estimate persistence parameter (blue dash line), &;
(red solid line), ;1 (black dotted line), threshold of mild explosiveness (a; + 51 = 1).
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cess. Nelson (1990) looks at the behaviour of an Integrated-GARCH (IGARCH) process,
and it is known that the unconditional mean of the IGARCH’s conditional variance is not
finite, which implies infinite second or higher moments (i.e. eruptive behaviour). Lee and
Hansen (1994) provide an asymptotic theory for a strictly stationary GARCH(1,1) QML
estimator allowing for the case of IGARCH and mildly explosive conditional variance
and even nonstationarity. Jensen and Rahbek (2004) consider asymptotic inference for a
nonstationary GARCH model.

Despite the rich empirical literature which suggests the existence of an unstable mo-
ment period of a GARCH process, there is only sparse literature on determining and
testing the period of integrated/mild explosiveness in an uniform manner. Francq and
ZakoTan (2012) provide important estimation results on nonstationary GARCH models,
and they also provide a test for parameter constancy of a GARCH(1,1) process without
assuming strict stationarity. Complementing to their study, our focus is on the inte-
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grated/mildly explosive parameter region and we extend the test to a uniform context.
There is also a large and extensive literature on testing for mild explosiveness and dating
the period of instability in the price or dividend processes of a financial asset using a
supreme unit-root test for bubbles. See, for example, Phillips et al. (2011) for a left-
tailed, augmented Dickey-Fuller test (ADF) for the mildly explosive behaviour in the
1990s Nasdaq. Hafner (2018) considers such bubble tests for crypto-currencies. Harvey
et al. (2018) investigate a bubble test with a smooth time varying volatility function. The
underlying models focus usually on unit-root or mildly explosive auto-regressive (AR)
processes to test the change of the AR(1) coefficient. Often, the variance of the errors
stays the same or varies smoothly after the explosion, which means that the volatility
increase is mostly driven by the increase of the AR parameter. In our model, we choose
a different approach to model a mild explosion of volatility: we describe the evolution
of the data-generating process by a GARCH process and therefore link the source of
a change in the volatility to a change of the parameters in the volatility recursion. In
addition, there is literature on break detection for multiple break points for nonlinear
time series, cf. Bardet et al. (2012), Davis et al. (2008) and Fryzlewicz and Subba Rao
(2014). In particular, Bardet et al. (2012) derive a breakpoint detection procedure for
general recursively defined time series via a penalized maximum likelihood method and
prove its consistency. Their formulation is rather general, leading to the restriction that
the considered time series have to be covariance stationary. Davis et al. (2008) propose
a model with piece-wise stationary time series with independent segments. Fryzlewicz
and Subba Rao (2014) invent a novel method to find break points and test for covari-
ance stationary ARCH processes using a CUSUM (cumulative sum) statistics. Our test
is different but complement to the above study as we propose breakpoint detectors for
GARCH models in the non covariance-stationary regime and provide a solid theoretical
backup via a uniform testing procedure for the presence of breakpoints.

It is worth noting that unlike a bubble test for an AR process, it is quite debatable
to link a direct cause of the bursting behaviour to the volatility process; see Jurado
et al. (2015). On the contrary, volatility bursting can also be related to time-varying risk
aversion, sentiment, bubbles or uncertainty. Nevertheless, we are trying to establish a
rigorous theoretical framework of testing for the mildly explosive interval using a GARCH
model for the volatility process. It should be stressed that we focus on one aspect of the
parameter, namely, changes in the parameters driving the volatility over time. We do
not claim that our method can directly identify the cause of this behaviour. In sum,
we develop a change-point test for detecting possible unstable behaviour of a strictly
stationary GARCH(r, s) process. The null hypothesis is a GARCH process with globally
constant parameters, while the alternative is the existence of a period in which the
parameter values change to another (higher) values. This increase potentially leads to a
period of mildly explosive volatility.

Assuming that no information on the period and the change itself is available, we
develop a test statistic based on supremes which searches over all possible sub-windows
of the data. We prove asymptotic consistency and provide a limit distribution of our
test statistic. It is important that the test is not of unit-root type, since hypothesis and
the alternative are still in the regime where the GARCH process is strictly stationary.
The theoretical contributions are extending the existing theoretical results on GARCH
QML estimators to uniform consistency statements over an arbitrary observation period.
Besides, a uniform weak Bahadur representation and corresponding uniform distribu-
tional limit results. For the proofs, we carve out the essential analytical properties of the
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likelihood functions and use new concentration inequalities from Zhang and Wu (2017),
leading to mild moment assumptions. Empirically, we find that our test is useful for
the early identification of the critical periods of financial crisis for two important early-
warning indicator of the economic condition.

We introduce some notations we use throughout the paper. For ¢ > 0 and vector
v = (v1,...,0q)" € R let |v|; := Z?Zl |v;|. For matrices A € R¥*? we similarly use
|Al1 = Zij:1 | Aij
use Z, 4 7 and Zn B Z to denote convergence in distribution and convergence in
probability for random variables Z,,Z. For some sequences (a,) and (b,) of positive
numbers, we write a, = O(by,) or a, = o(b,) if there exists a positive constant C' such
that a, /b, < C or a, /b, — 0, respectively. For two sequences of random variables (X,)
and (Y},), we write X,, = 0,(Y,,) (resp. X,, = O,(Yy)) if X,,/Y,, — 0 in probability
(X,,/Y, is bounded in probability).

Our text is organized as follows. Section 2 provides the results of the important
GARCH(1,1) model and the corresponding test procedure. Section 3 concerns the es-
timation and theoretical results in a general GARCH(r, s) model. In particular, Section
3.1 introduces the framework of the QMLE and its consistency, and Section 3.2 presents
the theoretical foundations of our uniform test and discusses the estimation of the co-
variance matrix of the QMLE appearing in the test statistic. In Section 4, we analyze the
size and the power of our test in simulations, while Section 5 discusses the behaviour of
the test in examples from practice. The technical proofs are delegated to the Appendix.

. We denote by |A|y = max),—1 |Av|> the spectral norm of A. We

2. A UNIFORM MILD EXPLOSIVENESS TEST FOR GARCH(1,1)

In this section, we introduce our model by starting with a simple testing framework
for the GARCH(1,1) model. Then we will provide a rigorous theoretical treatment by
starting with a more general GARCH(r, s) model in the following section. We consider
first of all the baseline GARCH(1,1) model over the whole sample period with possibly
time-varying parameters,

X; = Goi,
O‘? =ap(i) + al(i)Xi{l + 51 (i)a?fl, 1 €7, (2.2)

where (; is an i.i.d. sequence of random variables with E¢; = 0, E¢? = 1, and a(4), a1 (i), B1 (i) >
0 are the underlying parameters at each time point. We collect data of this model at time
points 1,...,n.

We summarize the parameters into 6(i) = (co(i), a1(i), 81(2))". In the case that the pa-
rameters are constant, i.e. (i) = 0 = (af, o}, f1)’, the top Lyapunov exponent associated
with this model, according to Bougerol and Picard (1992b), is

7(0) = Elog(eu (F + 51).

It is worth noting that v(0) < 0 allows (for instance) the IGARCH case, i.e. oy + 1 = 1.
We illustrate in Figure 3 the region of parameters corresponding to the case that the
volatility process is non-covariance stationary but still strictly stationary (integrated or
mildly explosive).

The aim of this paper is to construct a test which is able to detect if there exists a period
where the parameters of the GARCH model have changed. The theory developed in this
paper is theoretically supported for null hypotheses in the regime of strict stationarity
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Figure 3. The plot of the feasible parameter region with a standard normally distributed
(1, where the red region corresponds to covariance stationarity and the blue region cor-
responds to the strictly stationary mildly explosive region; X axis, oy, Y axis, 1.
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(see the definition of © below). However, the alternative hypotheses of our test includes
GARCH processes which are not strictly stationary. Moreover, due to the monotonicity
of the test statistics developed in this paper, we conjecture that the test also works if the
null hypothesis lies in the nonstationary regime. Formally, we would like to test whether
there exists a period {ni,...,na} (with 1 < ny; < ng < n), in which the parameter values
in (2.2) change their values compared with {1,...,n}. The task breaks into two parts:
First, one has to check for the existence of a change, for which a uniform test is needed.
Second, one has to identify the period of the change and to estimate the corresponding
parameters.
For our studies, let

e = {9 = (a07051361) € Rs : 7(0) < 070[03041751 > O}

be the parameter space which contains all possible configurations of 6 = («, a1, 51)-

Let 0*(i) = (of(i), a5 (4),57(i))" denote the true parameter in the baseline model,
which equals 6* = (of, af, 87) € © at the beginning and possibly has a period of change
in {{nr| +1,...,|n75 |} (where 7,75 € [0,1], 77 < 75) with magnitude A* > 0 and
direction H € R3. Namely,

6, i < [nTl,
0 (i) = { 0 + HA*, |nrf|+1<i< |nrg,
0", i>|n7s].

Here |2| denotes the flooring operator, i.e. the largest integer smaller than or equal to
T.

An interesting question is to test whether the process is stable, i.e. aj(i) + 57 (i) < 1
for all time points ¢ = 1,...,n versus the hypothesis that there exists a period of begin
integrated or mild explosive in which «aj(¢) + 87(¢) > 1 for some i. aj(i) + 87 () is
referred to as the persistence parameter in our setting. Graphically, this corresponds to
the question of whether or not there exists regions where the process leaves the variance-
stationary regime (i.e. the variance explodes). The formulation that for ¢ > [n75 |, 0*(7)
returns to the original value #* is only assumed for simplicity. Our test can be modified
in such a way that the values of 6* () in this region are not used, cf. Remark 3.2.
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It is therefore natural to formulate the hypotheses in the following way: Let H =
(0,1,1)". With some fixed ¢ := af 4+ 87 < 1, we want to test

Hy: A" <0 vs. Hy:A*>0. (2.3)
To transfer the setting to the one of change point tests, we modify (2.3) as follows:
Hy:A*=0 vs. Hy:A*>0. (2.4)

We will discuss the connection between (2.3) and (2.4) in Remark 3.3. Our method
is a general way to test the parameter constancy for GARCH processes. For example,
in practice, a useful choice for ¢ may be obtained from ¢ = &1 + ,31, where a1, Bl are
obtained from fitting a global model with all observations. We illustrate this with VIX
in our empirical study (c.f. Section 5). To construct a test, we first derive estimators for
the parameters. For a fixed period 77,75 we can use a standard QMLE approach. It is
not hard to see from (2.2), that in the case of the constant parameters 6(i) = 6,

012 =ap/(1—-051)+aq Zﬁfo_l_k a.s.
k=1

The truncated version which can be calculated from a sample is

i—2
07 =ao/(1—=B1)+ o1y BrX7 .
k=1

The quasi-likelihood approach is to use the negative log likelihood function

|nT2 |
1 E 2 >
Lz,ﬂ,‘rz (9) = ﬁ E(Xz 7}/';’ 9)’
i=|n71]+1

where Y := (X2 4,..., X2,0,0,...) and

1/X?
2 - i 2
X2, YE,0) = 5 (agc +log o).
The estimated parameter with observations during any given period {|n7i |41, ..., [n72]}

is defined to be én,ﬁm = argmingcg L (9). Tt can be shown that under regularity

n,7T1,72

conditions, én,nﬂ is asymptotically normal with the covariance matrix
=V I0M) V(") (2.5)
where
V() := E[V3(X?,Yi,0)],
and
1(0) == E[Vel(X},Y3,0) - Vol (X7, Y, 0)'].

Our next step is a uniform test of the existence of the period of change. For given
T1, T2, the test statistic associated with our hypothesis Hy of interest is

B (11, 72) := V/n(ra—71)%((0,1, 1)1 70 (0,1, 1)) Y261y ry g+ Bromrs s —€}, (2.6)

where x € (0,1) is a scaling factor chosen for numerical stability, &1 5 r,,7, Blm,nﬂ
are the second and third components of 0, ., ,,, and in,ﬁm is an estimator of ¥ using
observations outside of {|n7 |, ..., |[n72|}.
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For instance, we can set xy = 0.5, f)mlm to be the standard covariance matrix esti-
mator obtained by replacing V,I with their empirical counterparts (see (3.14) below)
with observations outside {|n7i],...,|nm2]}. The feasible search set is defined to be
Ry = {(m1,72) € [0,1]> : 1 < 72,1 — K > 70 — 71 > K} (with some x,x" > 0, for
instance k = k' = 0.1), ensuring proper estimation of the variance-covariance matrix of
the estimated parameters ¥ due to 1 — k' > 7 — 71 and a change detection based on
enough samples due to 72 — 71 > k. The supreme of /nT, ,, converges asymptotically to
the supreme of a Gaussian process, namely {%
Brownian motion. We show this formally in Theorem 3.3 in Section 3.2.

Empirically, we cannot exhaust all the values (71,72) € Ry . We therefore need to
restrict the calculation of the supreme to a set of grid points as an approximation of
our supreme test statistics. We summarize the text procedure in the following context.
The procedure depends on some tuning parameters. We have experimented with various
choices and make our suggestions as follows.

}, where B(.) is a 1—dimensional

Step 0 Choose some L > 0 (the number of grid points associated with detection accuracy).
The corresponding grid points are G = {4 : j = 0,...,L} on the time line. We
suggest making L as large as possible so that the calculation on the machine is still
done within an acceptable time. In principle, L = n is optimal, but may lead to an
infeasible duration of computation in practice.

Step 1 We denote H as a vector which helps to formulate different null hypothesis. Let
H=(0,1,1).

Step 2 Choose values for k,x’ € (0,1) and x € (0,1). The theoretical results hold for
all fixed choices of k, k', x. In practice, the choice of k, s’ is a trade-off between a
high power of the testing procedure to find a break point near the boundary and
guaranteeing a good quality of the approximation of the asymptotic distribution of
the test statistics. We suggest setting x = 0.1, 5" = 0.1. We have seen in simulations
that the selection of y has no significant influence on the properties of the test. We
therefore suggest setting x = 0.5.

Step 3 For each given interval (11, 72) € Ry NG?2, determine the associated QLME én,nﬂ
defined in (3.11) and calculate inmﬂ as in (3.14). Then we can calculate the test
statistic as

B (r1,72) = v/l(re = 1) {H Sy HY 2 { H b 7, 7, — H'0 ).

(cf. (3.15)). Figure 4 shows how one calculates the supreme test statistic over dif-
ferent windows associated with the grid points.

Step 4 For the critical value of this test, we can approximate the quantile of the test
statistic via simulation under the null hypothesis Hy: for large N (e.g. N = 10000),
generate i.i.d. g, ~ N(0,1), i =1,...,n and calculate

|nT2]
ok i=  sup L Zicjun 41 Sk
n, T —
(r1,72)€ER,, 1 NG? \/ﬁ (TQ —71)1 X

We define G5 := fin,[| N.5)], Where fi, (1], ..., fin,[N] are the order statistics of fin 1, ..., fn,N-

Step 5 We can now make a test decision based on the critical values from the previous
steps. If

BSLX) — sup Bng) (7'1,7'2) > dW,éa (27)
(11,72)€ER,, 1 NG?
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there is a significant shock in the parameter values. In this case, one can estimate
the true shock period as [, 73] by

(T, Ton) € argmax (., -y, ., ESLX) (11, 72).

If instead (2.7) does not hold, we conclude that there is no evidence for a period of
parameter change.

Step 6 In case of the significance of our uniform test in Step 5, we re-estimate the parameter
0 #, #, and produce the confidence interval based on Theorem 3.3.

Figure 4. The plot of the windows where the supreme is calculated.

—— (1, n/1)

E———  (1,2*n/1)

(1, 3*n/1)

—
(2*n/L3*n/L)

N
@*n/L4*n/L)

We name this the GARCH Supreme Richter-Wang-Wu (GSRWW) test. Its limit dis-

{B(TQ) Bt} (with B(.) as the standard Brownian motion).

tribution is SUPr reR,, /U (rp o) 1oX

3. A UNIFORM TEST FOR GARCH (R, S)

In this section, we formulate the GSRWW test and provide the necessary theoretical re-
sults in a general GARCH(r, s) model. For r, s € N, 0(3) = («o (), @1(4), ..., o (2), B1(2), .., Bs(1)),
we consider the GARCH(r, s) model

= (202
=ao(i) + () X7, + Z Br(i)o2_,. (3.8)
j=1

Here, ¢; are i.i.d. innovations with E¢; = 0 and E¢? = 1. We first analyze the model in
the case of the parameters being constant, i.e. 8(i) = 6 = (ap, a1, ..., @, B1, ..., Bs)’. Note
that we present our set of assumptions to ensure the existence of a unique stationary
solution to our model in (3.8) . Define f() = (aq,..., o, B1,...,0s) and let e; =
(0,...,0,1,0,...,0) € R"™* be the unit column vector with the jth element being 1,
1 < j <r+s. Define the (r + s) x (r 4+ s)-matrix as

Al(e) = (f(@) 7 y €15 .- 'aer—laf(e)aer—O—la .- '767“—0—5—1)/'
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Recall that |A|s is the spectral norm of a quadratic matrix A. Define the top Lyapunov
exponent of A4;(0) as
1
’7(9) = zli{go Z lOg |AZ(9)AZ,1(9) . A1(9)|2,

This exists if E[¢(3|* < oo for some a > 0 (cf. Francq and Zakoian (2004)).
ASSUMPTION 3.1. Suppose that

(A1) (3 has a non-degenerate distribution with E¢Z = 1.
(A2) Let apin, >0, and

6= {0 € Rg{f“ D 2 Qin, Y(0) < 0 a.s., Zﬁj <1} (3.9)
j=1

Let © C © be compact. Assume that 6 € int(0).
(A3) Let Ag(2) := 3o ciz’, Bo(2) :=1—37_, B;27. If s > 0, Ag-(2) and By-(2) have
no common root, Ag~(1) # 0 and o + 8% # 0.

Condition (A2) v(f) < 0 guarantees the strict stationarity of the GARCH process.
Note that this includes parameter values corresponding to IGARCH or mildly explosive
GARCH with >7; o + 37, B > 1.

From Francq and Zakofan (2004) and Proposition 1.1 in the appendix we see that
Assumption 3.1 implies existence of a solution of (3.8) which has geometric decay of
dependence.

3.1. QMLE in GARCH ((r,s) and its consistency

In this subsection, we describe the QMLE and formulate a theorem which yields its
uniform consistency. For estimation of the parameters § € ©, we consider the following
QML approach. We denote by Y := (X2 |, X? ,,..., X?2,0,0,...) the observed data until
timei—1. For0 <71 <71 <1,

L’ILTQJ
c 1 .
Ln,n,'rz (9) = ﬁ Z E(X?,Y; ,9),
i:[nnj—l—l

where
_1 x 2
g(xayae) T 2(0(y,0)2 +10g0(y79) )

and o(y, 0)? follows the recursion

o(y,0)” = a0+ Yoy + Y Beo((Yki1, Yrra, ), 0)*. (3.10)
=1 k=1

The analytic definition of the recursion of o(y,6)? is formulated in a forward way
(using y1,y2, ... instead of y_1,y_o,...) because we plug in y = Y* which is formulated
in a backward way, leading to the usual quasi-likelihood approach for GARCH models.
Note that o(Y;%,0) in (3.10) terminates after a finite number of steps due to zeros in

Y. Morevoer, instead of using the truncated version Y¢ = (X2 |, X2 ,,..., X2,0,...,0)
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which corresponds to assuming that all initial values X2 = X2, = ... = 0, one can
also use different initial values like X2 = X2, = ... = qp or X = X2, = ... = X? as
investigated in Francq and Zakoian (2004). For a discussion of different initial values,
consider Bougerol and Picard (1992a) (in the case of strict stationarity).

With the defined likelihood function, for 0 < 7y < 75 < 1, an estimator énﬂﬁz of 0 in

the observation interval ¢ = [n7i| + 1, ..., |[n72| is obtained by
én,n,w = argmingcgq L%m’m(G). (3.11)

With these definitions, we obtain the following uniform consistency under the null
hypothesis of no parameter change.

THEOREM 3.1. (CONSISTENCY OF 0,,) Let Assumption 3.1 hold. Then for each k > 0,

N * P,
sup |0n,7y 7, — %1 — 0.
0<71<12<1,|T1 —T2| >k

3.2. Limiting distribution

Given the consistency of our QMLE in a GARCH(r, s) model, we provide a distribution
theorem for énmﬂ which allows us to obtain critical values for the uniform test defined
in Section 2 and more general tests. In our GSRWW test, we expect that over some
observation period |n7y ] +1, ..., |[n75 |, certain combinations of the parameters are large.
For instance in the GARCH(1,1) model with 6 = (g, a1, 51), one can observe (partly)
mildly explosive behaviour even in the stationary case if ai; + 51 is large. To model the
mildly explosive behaviour of the volatility process, we propose the following alternative
'shocked” GARCH*"(r, s) model where a change of parameter values happens at time
|n7i |. It pushes the parameters in a specific direction H € R("+s+1x1 which lasts until
|n7y |, where the parameter values go back to their initial states.

In the following, we assume that 6*(i) = (a(2), o5 (@), ..., @ (2), 85 (%), ..., B5(7))" denotes
the true parameter in the baseline model, which possibly has a period of change in
{In7f] +1,...,[n73]} (where 7,75 € [0,1], 77 < 75). We suppose that the variation of
0* over time reads

0*, i < |n7y],
0%(i) = § 0* + HA*, |nr]+1<i<|n75],
0*, i> |nty],

with some magnitude A* > 0 such that 0* + HA* € ©. If A* =0, §*(i) = 6* is constant
over time and no change of parameter values happens; otherwise, there is a change. We
call the model (3.8) with the above parameter configuration the shocked GARCH(r, s)
model, GARCH®"(r, s) for short.

The condition 0* + HA* € © means, that even in the alternative, we assume that the
observed process is strictly stationary. It should be noted that the space of allowed pa-
rameter configurations can be relaxed even further by sacrificing the estimation accuracy
of the constant term «f(i) (cf. Francq and Zakoian (2012)).

In general, we fix some H € RO+5+1)x1 and formulate the hypotheses

Hy:A*=0 wvs. Hy:A*>0. (3.12)
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We now give an important example.

EXAMPLE 3.1. (GARCH®"(1,1)) Here, 0 = (ag,a1,531). Fiz some &y, for instance
a1 = 0.99, where we understand af = &1 as a “stable” parametrization of the process
without a change. Assume that X? follows a GARCH*®*"(1,1) model with some A* > 0.
The existence of a break period is related to testing o (i) = ay for all i =1,...,n against
a; (i) > @y for some i. Thus it corresponds to testing (3.12) with H = (0,1,0)".

Motivated by the consistency result of Theorem 3.1, we propose a test based on the
supreme distance between the estimated targeting parameter value and the value under
the null,

BﬁLX}{ =/n sup (ro = T1){H6, 1, 7, — H'O*Y,
0<71 <12<1,|T1 —T2|>8
where £ > 0 is some fixed parameter specifying the minimum length of the break period
to be detected, and x € [0, 1] is a scaling parameter which can be chosen arbitrarily, for
instance x = %

REMARK 3.1. (CONSISTENCY OF THE TEST STATISTIC UNDER THE ALTERNATIVE) If H;
is true, there exists 71 < 15 such that for |n7f| +1 < i < |n7r3], H'0*(i) = H'0* +
H' HA* > H'0*, and by applying Theorem 3.1,

B, 2 oo,

which ensures that our test has asymptotic power of 1.

REMARK 3.2. i) We conjecture that this result can be extended even to nonstationary
alternatives where 8* + HA* ¢ © as long as H'(1,0,...,0) = 0 (Francq and Za-
koian (2012) discover that one cannot expect &g to be consistently estimated in the
nonstationary regime).

it) We note that this method does not restrict to the case that the parameters change
back to the same value afterwards. One can easily extend the following theory to the
case where a different value is obtained after the change by using an estimate for
Y which is only based on the observations at time points 1, ..., |n11] — 1.

To obtain the critical values of our test, we need to derive quantiles for the test statistics
Bfff}{, which can be inferred by its limit distribution. The asymptotic distribution of

O v 7, is strongly connected to
V(0) = E[V3UXZ, Y3, 0)],
and the Fisher information matrix
1(0) := E[Vel(X2,Y;,0) - Vol(X7,Y3,0)'].

Note that if E§ < oo, then V(0),1(0) exist in a neighbourhood of §* and I(0*) is
nonsingular with I(6*) = “4TAV(0*). Details can be found in Proposition 1.2 in the
Appendix.

Next we provide results to quantify the difference énmﬂ — 0* by a simple linear form
uniformly in 71, 7. In the following, let x € (0, 1). We restrict ourselves to the case where
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|T1 —’7'2| Z R, i.e.
(11,72) € Ry := {(11,7) € [0,1)% : 71 < 1o, |71 — 72| > K},

where n - K then can be understood as the minimum size of a shock period which can be
detected.

THEOREM 3.2. (WEAK BAHADUR REPRESENTATION) Let Assumption 3.1 hold. Assume
that for some a > 0, E|(o|*t® < co. Then for each k > 0,

( Su)p Hé”"rl"’? =07+ (12 — Tl)v(o*))il “VoLn s r (9*)} = Op(log(n)3n71).
T1,T2)ER

This linearization result allows to transfer the properties of the sum VgL, -, -, to
the difference én,ﬁn — 0*; especially we obtain a limit distribution of én,n,72 uniformly
in (11, 72) € R, under Hy by using Gaussian approximation results from Wu and Zhou
(2011). The functional limit distribution then naturally implies the pointwise convergence
results from Francq and Zakoian (2004) but is much stronger, since it can be used as
a starting point to apply theorems (such as the continuous mapping theorem) from
empirical process theory. Let £°°(T') denote the space of bounded functions f : T — R,
(cf. van der Vaart (1998)), Section 18, Example 18.5. As a direct consequence of the
uniform Bahadur representation, we can derive the distribution of the difference of the
estimator and the true value 8* under the null.

THEOREM 3.3. (ASYMPTOTIC DISTRIBUTION OF én,nﬂ) Suppose that Assumption 3.1

holds. Suppose that there exists a' > 0 such that ]E|C0\4+“/ < 00. Fiz k > 0 and that Hy
is true. Then on (*(R,) Tt

ity — 0%} & 12 B2l = B

T2 —T1

2

where B(-) is a standard (r + s + 1)-dimensional Brownian motion, and

S = V()0 (67) T = “4771 V)T

where piy == E(.

We now obtain the limit distribution of BLX}I with the continuous mapping theorem. We

state a slightly more general result by letting H € RU'Ts+Dxd which allows to detect
more than one deviation from a “stable" state.

COROLLARY 3.1. (LIMIT DISTRIBUTION OF B,(f%) Suppose that Assumption 3.1 holds.

Suppose that there exists a’ > 0 such that E|(o|*t" < oo. Fiz k> 0. Let H € R(rTs+1)xd
be a matriz with full rank. Let ¥ := H'XH. Then under Hy,
BSLX;{ =+vn sup (12— Tl)X{H/énﬂ—l,-,—Q — H'0*}
(Tl,TQ)GRK
B - B
457 sup {—(TQ) 1(,2) h
(Tl.,TQ)ERH (7—2 - Tl)

where B(-) is a standard d-dimensional Brownian motion.
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3.8. FEstimation of ¥

In this subsection, we discuss how to estimate the variance covariance matrix of our
QMLE, which is needed to use the proposed test without prior knowledge of the param-
eters. We have seen that

Y=V OV (o) (3.13)

_M4_1 *\—1
=M V)

Here we restrict ourselves to the estimation of ¥ via the representation of (3.13) to avoid
estimating p4 separately. To get a test with high power, it seems reasonable to estimate

¥ under the more restrictive situation in the alternative. Recall that Ry . := {(71,72) €
0,127 < 79,1 —K' >71— 71 > k}. Let

_ 1

T R

i€{l,....,n}\{|n71|+1,[n7T2]}

and define the estimator of 8* in the stationary regime,

— ; 7c
67%7177'2 T argmln(r{,ré)eRK’ﬁ/ LTL,T{J‘é (9)

Now put
_ 1 _
o, (0) = ———— 2LC 0 ’
V,1,2( ) 1_(7_2_7_1)v0 n,n,‘rg( )
_ 1
In,ﬁ,Tz (9) = W Z VQK(XE, }/icv H)VQK(XE, }/icv 9)/

(1 = (72 =) i€{L,n\{[n71 |41, [n72]}

Then the following intermediate result holds:

PROPOSITION 3.1. (ESTIMATION OF V (6*), I(6*)) Suppose that Assumption 3.1 holds.
Suppose that there exists a’ > 0 such that E|(o|*™® < co. Fiz k, k" > 0. Then:

(Z) Sup(Tl,TQ)GRK,N/ |‘7ﬂ77'177'2 (gﬂﬂ'lﬂ'fz) - V(a*)h ﬂ) 0,
(ii) If additionally E|Co[8H* < oo, SUD(7, r,)eR,, ./ 1T (Onry ) — 1(0)] 2 0.

We propose the estimate

i’ﬂy"’lﬂb = Vn(én,ThTz)_1jn(§n,T1,T2)Vn(én,ﬁﬂb)_1 (314)
for ¥ and in,nﬂ,H = H’in,n@ H. As a corollary of Theorem 3.1 and Proposition 3.1,
we obtain that under Hy,
By =y swp (=) NS H O,y — H'07)
(T17T2)€RK,N/
B - B
S sup —(72) 1(_71)
(T13T2)€RN,K,/ (7-2 - Tl) X

b= W (3.15)

where B(+) is a d-dimensional Brownian motion. The quantiles of the limit distribution
of W can be obtained via simulation.
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REMARK 3.3. (MODIFICATION OF THE TEST AND THE HYPOTHESES) i) Letqw,s de-
note the (1 — §) quantile of W. Then 1 ) is also a level § test for the

extended hypotheses

{Bff;{ >qw,s

Hy : A* <0 ws. Hp: A" > 0. (316)
The reason being that A* < 0 in connection with the uniform consistency of Theo-

rem 3.1 only produces smaller values of the test statistics Br(LX}I

it) For any fized 0* € int(©), the power function [(A*) := IP’A*(BS% > qw,s) 1S

continuous around A* = 0 since the process X; from (3.8) depends continuously on
A* through 0*(i). Therefore, ]l{ } s also a level § test for

B} >aw,s
Hp: A" <0 ws. Hy:A*>0. (3.17)
Intuitively, one can argue that (3.17) is nearly the same as testing
Hy: A" <e ws. Hi:A*>c¢

with some arbitrarily small € > 0, which again is nearly the same as testing (3.16).

If significance is detected, 7{', 75 can be estimated by the choice
A s a—1/2 A N
(Tiin: T2.n) € argMmaX(r) m)eR, (72 — Tl)XEn,T{,TmH{H/en,n,m - H'0 }7

which is motivated by (3.15). For the special case of a parameter change in a GARCH(1,1)
model with hypotheses (2.4) and corresponding H = (0,1, 1)’, we obtain the statement
sup ET(:%(H, T2)
(11,72)
_ . B - B
=vn  sup  (ro—T)X(HE 1 H)V2(61 + 1 — ¢ S sup Ll(jl)
(T1,m2)€ER, 0/ (T1,72)€ER,; o/ (7—2 - Tl) X

}

for the test statistic defined in equation (2.6).

EXAMPLE 3.2. (EXAMPLE 3.1 CONTINUED) From Corollary 3.1, we obtain that under
Hy:a] =1:

\/ﬁ sup (7—2 - Tl)X(Enﬂ'l,72);,;/2{&17H,T1,72 - 1}
(Tl,TQ)ERmn/

d B(TQ) - B(Tl)
— sup g
(m1,72)€ER,; o (7'2 - T1) X

}

with some 1-dimensional standard Brownian motion B(-).

4. SIMULATION

In this section, we conduct a simulation study for evaluating the performance of our
methodology. The algorithm is summarized in Section 2. We consider the shocked GARCH(1,1)-
model with 6*(i) = (o (i), a5 (7), 57 (1)),
0*, i< |nm],
0°(i) =4 6%, |nm]+1<i<|nm,
0*, i> |nma],
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with Hy : H'6* = H0*, and H; : H'9* > HO*, where

X7 =lol, ol =o5(i) +oi ()X + By (D)or s

We now check the behaviour of the test under the null hypothesis Hy of no change. We
use the test proposed in Section 2 with y = %7 k=" = 0.1 and a grid approximation of
L = 30.

For N = 1000 replications and n € {500, 1000,2000}, 6 € {0.90,0.95}, we obtain the
quantiles §yw,0.90 ~ 3.031, §w,0.95 ~ 3.285 and the results given in Table 1 (cf. Step 4 in
the algorithm in Section 2). We find that the performance of the test is quite unaffected
by the choice of y and, therefore, we do not present results for different values of y here.
We can see from the table that as the sample size increases, the coverage probabilities
approach the nominal level for both § = 0.90,0.95, which illustrates that the asymptotic
results hold true already for relatively small sample sizes.

Table 1. The averaged acceptance rate under null hypothesis Hy. (L = 30).
i) i) iii)

n/o | 090 | 0.95 0.90 | 0.95 0.90 | 0.95

500 0.867 | 0.901 | 0.862 | 0.904 | 0.861 | 0.907

1000 | 0.892 | 0.905 | 0.880 | 0.911 | 0.894 | 0.915

2000 | 0.899 | 0.923 | 0.887 | 0.915 | 0.881 | 0.943

To evaluate the test performance under the alternative, we consider § = 0.95,0.90 and

the cases
H'6* — HO* € {0.05,0.1,0.2}

with a shock period of 75 — 7 € {0.1,0.2}, where we have chosen 7 = 0.5. The choice
of 71 does not exert a significant influence on the performance of the test; therefore we
do not present the simulation results for different 7;" here. The test results of different
scenarios can be found in Table 2 and 3. It can be seen that our test shows good power
under the alternative hypothesis, which is robust against different choices of break sizes
and time length of breaks. We also find that as the sample size increases the power
drastically increases.

5. REAL-DATA APPLICATION

We now apply our test to real data. We first consider two commonly used financial risk
indicators. One is the VIX, and the other is the Treasury-EuroDollar (TED) rate spread.

The VIX is a weighted combination of prices for a range of options on the S&P 500

index, which reflects the market expectation of the volatility level. The TED spread is

the difference between the 3-Month London Interbank Offered Rate (LIBOR) based on

US dollars (https://fred.stlouisfed.org/

series/USD3MTD156N) and the 3-Month Treasury Bill (https://fred.stlouisfed.org/series/DTB3),
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Table 2. The rejection rate of the test (test power) under the alternative H; with different
A* and 75 — 7. (L =30), d = 95%

75 — 71 =0.1 Ty — 7 =0.2
n/A* | A*=0.05 | A*=01 | A*=02 ]| A*=005 | A*=0.1| A*=0.2
500 0.321 0.436 0.828 0.886 0.917 0.939
i) | 1000 0.583 0.599 0.898 0.904 0.953 0.969
2000 0.812 0.826 0.912 1.000 1.000 1.000
500 0.357 0.475 0.830 0.902 0.930 0.949
if) | 1000 0.798 0.804 0.870 0.963 0.988 0.997
2000 0.805 0.819 0.904 1.000 1.000 1.000
500 0.431 0.577 0.845 0.901 0.952 0.958
iii) | 1000 0.783 0.826 0.860 0.956 0.981 0.998
2000 0.792 0.831 0.924 1.000 1.000 1.000

Table 3. The rejection rate of the test (test power) under the alternative H; with different
A* and 75 — 7. (L = 30), § = 90%

75 —77 =0.1 Ty — 77 = 0.2
n/A* | A*=005| A*=0.1| A*=0.2 | A*=0.06 | A*=0.1| A*=0.2
500 0.388 0.506 0.834 0.922 0.937 0.950
i) | 1000 0.657 0.693 0.901 0.913 0.996 0.997
2000 0.883 0.894 0.923 1.000 1.000 1.000
500 0.401 0.701 0.875 0.932 0.951 0.962
ii) | 1000 0.801 0.837 0.900 0.994 0.999 0.999
2000 0.938 0.972 0.995 1.000 1.000 1.000
500 0.401 0.704 0.873 0.934 0.951 0.977
iii) | 1000 0.800 0.854 0.904 0.997 0.998 0.999
2000 0.943 0.979 0.995 1.000 1.000 1.000

which typically measures the liquidity among the inter-bank money market. The VIX
is available from Yahoo Finance, and the TED spread is downloaded from the following
address: https://fred.stlouisfed.org/series/TEDRATE. We adopt a daily frequency for
both indices for the time span 01/07/2004 - 09/05/2018.

The VIX is often regarded as a measure of the market fear of stock investors, which
is related to the cost of purchasing insurance against market downturns. We usually see
that the VIX will be high in a bearish market and low in a bullish market. The TED
spread represents the credit risk in the general economy. It signals how banks are willing
to lend to each other, which is related to the liquidity of the markets. A high level of
TED spread is a sign of low liquidity and high risk of default on inter-bank loans.

Both the VIX and the TED spread are often considered early-warning indicators of
market stress. Namely, when market uncertainty is high, a temporary shock to the finan-
cial system lead to increased default or otherwise adverse effect to the global financial
market, see for example as described in Gonzélez-Hermosillo and Hesse (2009). Abrupt
changes of the parameter values of the underlying processes are likely to be associated
with this type of sudden changes of market conditions. The goal of our analysis is to
discover the existence of periods of unstable behaviour of the underlying volatility pro-
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Table 4. The detected significant break periods for the TED spread, the corresponding
persistence parameter (&1 + 81) and the test statistics; (***) means significant at both
0.95,0.90. Parameter estimation for &1, 81 in brackets.

5! To in out test statistics
11 2007/05/09 | 2008/02/29 | 1.05 (0.15, 0.90) | 0.99 (0.08, 0.91) 4.49(FFF)
2 | 2013/06/20 | 2014/04/11 | 1.07 (0.32, 0.73) | 0.98 (0.04, 0.95) 4.76(***)

Table 5. The detected significant break periods for the VIX. Testing the corresponding
persistence parameter (é; + B = 0.88) and the test statistics; (***) means significant at
both 0.95,0.90. Parameter estimation for &, Bl in brackets.
Ty Ty in out test statistics
1] 2007/12/24 | 2011/03/28 | 0.96 (0.13, 0.83) | 0.72 (0.22, 0.50) 13.01(***)
2| 2011/12/12 | 2012/11/28 | 0.99 (0.05, 0.94) | 0.82 (0.12, 0.70) 15.53(***)

cess. This can be helpful to decide if a government should perform an intervention based
on the estimated underlying parameter values. Figure 5 shows a plot of the following
adjusted series: the TED spread, the log returns and absolute log returns of the TED
spread. From the plot, we observe that the returns fluctuate around the zero. During the
years 2008-2009, there is a period of high volatility. We divide the data into a sequence
of consecutive windows of 1000 observations each. The log returns are stationary in all
the windows (suggested by the ADF test) and serial correlation is taken out by fitting
an ARMA process in advance and the following analysis is done on the residuals.

Figure 5. The plot of TED spread in percentage (upper panel), the log difference of TED
spread (middle panel) and the absolute value of TED spread (lower panel).
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From the histogram and Q-Q plot of the time series in Figure 8 we observe a strong
evidence of leptokurtic behaviour. We follow the suggestions as in Section 2 for the choices
of tuning parameters and grid size L is chosen to be L = 20. In Table 4 we present the
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Figure 6. QQ plot and the histogram for the daily TED spread.
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Figure 7. The plot of VIX (upper panel), the log difference of VIX (middle panel), and
the absolute value of VIX (lower panel).
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detected periods of the mildly explosive behaviour. The GSRWW test identifies the major
financial crises such as the US subprime mortgage crisis as early as May 2007, and lasts
until Feb. 2008. Furthermore, the test can detect some short-lived instability early, such
as in Oct 2013 the TED spread dropped due to the worries of a potential default on the
US debt.

The corresponding time series of the VIX is plotted in Figure 7. We observe that the
index value increases sharply during the subprime crisis. A similar leptokurtic behaviour
of the series can be found in Figure 8. We cannot detect any significant intervals against
the null hypothesis of Hy : a1 + 81 = 1. Instead we fit a global model first using the whole
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Figure 8. Q-Q plot and the histogram for the daily VIX index.
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sample and test against the fitted value of the global model, i.e. a3 + 81 = ¢ := 0.88 (cf.
the discussion after (2.4) in Section 2). We have detected two intervals of change-points,
as listed in Table 5. In particular, the period starting in Dec 2007 signifies the early
warning of the subprime mortgage crisis. The period starting on 2011/12/12 corresponds
to the Euro debt crisis. In sum, our test can pick up the critical periods of financial crises
early for both the VIX and the TED spread. Besides that, it can also successfully signify
small periods of turbulence in the volatility processes of the the early-warning indicators.

Next, we test our methodology on the recent emerging Fintech markets. We gather
the Bitcoin price series July 23, 2015- August 21, 2018 at a daily frequency. The data
source is https://coinmarketcap.com/currencies/bitcoin/historical-data/. We
show the returns and the absolute returns for the Bitcoin price series in Figure 9. We can
see that there are several high-volatility periods. The volatility level is higher before 2013
followed by a stable period. Recently, the market volatility increased. The Q-Q plots and
histograms in Figure 10 indicate the heavy-tailedness of the underlying distribution. We
present the test results with a window of 1000 observations in Table 6. Again the log
returns are stationary in all the windows (by results of ADF tests) and serial correlation
is taken out by fitting an ARMA process in advance. We apply our test to the obtained
residuals, which indicates the presence of multiple market “euphoria” episodes in the
series. The GSSWW identifies the most significant high volatility period including the
period covering the June 2016 crash, the crashes during summer 2017, the fear of market
regulation in October 2017, and the massive crash that commenced in December 2017. We
have chosen Bitcoin as an important additional study as the Fintech markets are known
to behave independently with respect to the conventional financial market. Bitcoin is
not controlled by any government, and speculators can use our test results for abnormal
regimes of Bitcoin as indicators of the market sentiment.
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Figure 9. The plot of Bitcoin price (upper panel), the log difference of Bitcoin (middle
panel) and the absolute returns (lower panel).
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Figure 10. QQ plot and the histogram for the Bitcoin returns
Histogram for daily return of Bitcoin prices Normal Q-Q Plot
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Table 6. The detected significant break periods for the Bitcoin log returns, the corre-
sponding persistence parameter (G + Bl) and the test statistics. (***) means significant
at both 0.95,0.90. Parameter estimation for &, Bl in brackets.
1 Ty in out test statistics
1| 2011/03/26 | 2011/08/23 | 1.14 (0.69, 0.45) | 0.98 (0.19, 0.79) 11.68(***)
21 2013/04/14 | 2013/10/31 | 1.18 (0.55, 0.68) | 0.99 (0.04, 0.95) 8.13(***)
3| 2016/01/09 | 2017/12/09 | 1.05 (0.29, 0.76) | 0.99 (0.04, 0.95) 19.04(***)
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6. CONCLUSION

In this paper, we propose a uniform test for a mildly explosive GARCH process with
double-supreme statistics. Theoretical results about the uniform parameter consistency
and asymptotic distribution of the test statistics are provided. Our test is easy to im-
plement and can help to effectively identify mildly explosive periods with good sizes and
power. The quality of the test is discussed via a simulation study. We applied our pro-
cedure to real data time series as the TED spread, the VIX and the Bitcoin price series,
and tracked their corresponding volatile periods. Further work may extend the algorithm
to online procedures, allowing for real time detection of breaks.
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A. TECHNICAL PROOFS AND LEMMATA

For some sequence (y;);jen of real numbers and some sequence (x;) ey of nonnegative
real numbers, we define the weighted seminorm

> 1/q
Whea = (D xilsl?)
j=1

For some random variable Z, we define || Z||, := (E|Z|?)'/9. If || ||, is applied to a matrix,
this is meant by a component-wise operation. For the i.i.d. random variables (;, i € Z
used in the model definition (3.8), let F; := ({;, (-1, ...). With some abuse of notation,
we refer to F; also as the o algebra generated by the entries of F;. For X; = h(F;),i € Z
with some measurable function h, we define the functional dependence measure (cf. Wu
and Shao (2004)) as

0q () := [ Xi = X7l
where X} = h(F;}) and F; := (Gy ooy €15 (5, €215 Co2, -..) with (§ being an independent
copy of (y. It is worth noting that in the following context we add the superscript X as
6% (i) for the dependence measure of the process X.

A.1. Existence of GARCH models

PROPOSITION 1.1. (EXISTENCE OF THE GARCH MODEL) If Assumption 3.1 holds, then
the following statements hold true.

(i) (3.8) has a unique stationary solution X? = H(F;), i € Z.
(ii) There exists ¢ > 0 with || X||; < D and 5,5(2(16) = O(c*) (recall that 6?2 (k) is the
functional dependence measure of X? at the lag k) for some 0 < ¢ < 1.
(7)) Amaz(B(0)) < 1, where

B P Bs
1 0 0
B() = 0O 1 0 0
0 0 1 0

PRrROOF. (PROOF OF PROPOSITION 1.1:) Following the proof of Lemma 2.3 in Berkes
et al. (2003), there exists m € N such that Elog|A,,(0)Am—1(0) ... A1(0)|2 < 0. The func-

tion [0,6) — [0,00), 8(t,0) = E|A;,(0) Ap—1(0) ... A1(0) ]} fulfills s'(0,0) = Elog | A, (0) Apm—1(0) . . .

0, thus t — s(t,0) decreases in a neighborhood of 0. Since s(0) = 1, this implies that
there exists 0 < g < § such that

E|A;,(0)An—1(0) ... A1(0)]2 = s(q,0) < 1. (1.18)
Define
Pi(0) = (X7,..., X7 1,07, 07 ) s
ai(0) := (C?,0,...,0,00,0,...,0).
Following Section 3.1 in Wu and Min (2005), the model (3.8) admits the representation
Pi(0) = Ai(0)Pi—1(0) + a;(0). (1.19)

A1(9)|2 <
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Therefore, P;(0) = G¢, 6(Pi—1) with G¢, o(y) = A;(0) -y + a;(0). Let W, (y,0) := G¢, 40
Ge¢, 1,00...0G¢ 9(y). Then we have

Wi (y,0) = Wa(y',0) = An(0) An—1(0) - ... - A1(0) - (y — ¢/).-

Using the submultiplicativity of | - |2, we therefore have with (1.18) and some suitable
constant C' > 0:

ITWo(y,0) = Wiy, 0)lallg < 140 (0)An—1(0) - .. - A1(0)l2llaly — ¥l
< C(s(q, 07"
By Theorem 2 in Wu and Shao (2004), we obtain existence and a.s. uniqueness of X? =
H(t,F;), | X8|l; < oo and 5?2(]6) = O(c*) with some 0 < ¢ < 1, i.e. (i) and (ii). (iii) is
due to Proposition 1 in Francq and Zakoian (2004).

A.2. Proofs for asymptotic theory

Observe that
1 Lo
Ly s r(0) =Ly, ., (0) = Ly, ., (0), L .( Z (X3, YEL0
Define L(f) := E((X?2,Y;,0). This is well-defined due to Emax{—¢(X?,Y;,0),0} < co
(cf. Francq and Zakoian (2004), Proof of Theorem 2.1).
To prove Theorem 3.1, we introduce some notation. For some sequence of real-valued
random variables W,,, we write W,, = oo if for each M € N, P(W,, < M) — 0 (n — o).

LEMMA 1.1. Let Assumption 8.1 hold. Let k > 0, and R := {(11,72) € [0,1]*> : 71 <
To, |71 — T2| > K}. For fivzed k € N, let Vi.(0) := {0 € © : |0/ — 0|1 < 1/k}. Define
W (0) := infg ey o) (X2, Yi,0). Then:

(i) EW?(0) e RU {oo} and

[nT2]

o : 1 (k) (k)

liminf inf ——— Wr(0) > EW,;7(0) a.s.
n—oo (11,72)€ER ’I’L(TQ — T1> i—L;J+1 7 ( ) = 1 ( )

(i) L(6*) is finite and
1 [nT2]
sup ——— ((X2,Y;,0%) = L(0*) a.s.
(TI,TQ)ER n(TQ - Tl) l_L;J_,’_l

PROOF. (i) Fix some M € N. It holds that IEWl(k) € RU{oo} and E[Wl(k) AM] € R since
E max{—/{(X?,Y1,0),0} < co. Define S, :=Y1", Wi(k)(ﬂ) A M. By the ergodic theorem,

we have

1
lim —S,, =ES; a.s.

m—o00 m

It holds that |n7o] — oo uniformly in 75 € [k, 1], and thus

Sinr
sup | L] —ESi| =0 as. (1.20)
T2€[K,1] LnTZJ
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Furthermore we have that % is a.s. bounded. We conclude that

Sinr ]
sup ’7’ . —ES ‘ —0 a.s. 1.21
1€[0,1] ! ( |_7’ZT1J 1) ( )

[Proof: Fix some w € 2 and let C' > 0 be such that \S’”T(w)| < C for all m € N. For € > 0,

S nr S nr S nr
sup ’Tl-( [n7a —JESl)‘ < sup ‘7'1-< 7] —ESl)‘—i— sup ‘7’1-( 7] —]ESl)‘
m€l0,1] |71 nelS ] |71 nel0,g) |71

The second term is bounded by & - C' = ¢, while for the first term we can choose n large
enough such that it is < e
With the decomposition

[n72]
# i W(k)(G) AM = 1 [LHTQJ . S\_nrgj _ |_TL7'1J oy S\_"le ]
n(T2 B Tl) i=|nt1]+1 ' 2T n I_n7'2j ntTy I_nle

and (1.20), (1.21), sup,, e[, 1 | [n7a] _ 7,] < n~1 we obtain

n

|nT2 |
i 1 (k) (k)
f E W (0) A M — EW,™(0) A M| a.s.
(n,lg)eR n(te —71) e i ( ) [ h ) ] a.s

Since Wi(k) (0) > Wi(k) A M and applying M — oo on the r.h.s., we obtain

L’ILTQJ
. . 1 (k) (k)
liminf inf —m— W (0) > EW,;™(0) a.s.
n—oo (r11,72)ER TL(T2 — 7'1) i_[;}‘—l 4 ( ) = 1 ( )

(ii) The argument follows the same lines as (i). We obtain convergence since no truncation
with M is needed.

PROOF. (PROOF OF THEOREM 3.1) We make use of some results obtained in the proof
of Theorem 2.1. in Francq and Zakoian (2004). It was shown therein that L(0) :=
E{(X2,Y;,0) fulfills

E[((X2,Y;,0%) < 0o, VO#£0°: L(6)> L) (1.22)

Let k& € N. Use the notation from Lemma 1.1. Let 6 # 0*. By Beppo-Levi’s theorem, we
have

EW ™ (0) 1+ L(0) > L(6%).
Thus, for each 6 # 6* we can find k() € N such that EWl(k(e))(Q) > L(6%).

Let e > 0 and ©, := {# € O : | — 0*| > ¢}. Then O, is compact, and there exist
finitely many 61, ...,0; with ©, C Ué:l Vie(0:)(0:). Let

6 :=min{_inf lEWfk(ei))(Gi) — L(6*),1} > 0.
i=1,...,

Suppose that sup(,, ,)cr |6’An7ﬁ,f2 — 6*| > €. By the minimal property of énm,m and
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dividing by 7o — 71, we conclude that
1

0> inf LE Op 71 7)) — LE o*
> ol AL (Onnin) — Lo (07
1
= 1nf inf inf LS 0 LS 0*
=1 (T1,T2)ER9/€Vk(9 J(0:) T2 — 7_1{ n,n,'rz( ) n 7'1,72( )}
Lc 9/ L(, 9*
2 1nf inf inf Lz() —  sup L"’() (1.23)
Loyl (T1,72)ERO'E€EVio,y(6:) T2 — T1 (ri,)€ER T2 — T
We furthermore have:
9/
inf inf Lhrn (@)
(m1,72)ER G/GVk(Qyi)(ei) T9 — T1
Ln T1,T 9’
Z lIlf lnf ﬂ — K- sup sSup |Ln ,T1,T2 (0/) - Ln,‘flﬂ'z (9/)|
(T1,72)ERO'EVy(p,)(0:) T2 — T1 (11,72)ERH'€O ’
& (+(0) (g
> inf w;
(Tl,TQ)ERn T2 _Tl Z
i=|n7]
-k sup sup |Ln ,T1,T2 (9/) - L’ﬂ,Tlffz (9/)| (124)

(T],Tz)ER 6'€e0

By Lemma 1.2(i),

P( sup sup|Ly . (0") = Ly7 (0" >
(1,m2)ER0'€O 8

)=dU~ (1.25)

By Lemma 1.1(i),

b
P( inf  inf w kD) () < L(6%) + 2 ) = o(1). 1.26
<2H,1 ,l(-rl,lqg)eRnTQ—Tl LX:J ( ) 2) 0() ( )
i=|nt
By Lemma 1.1(ii),

LE . (6°) 5
P su T2 7 s L(0%) + — ) = o(1). 1.27
Lsup SRR > L)+ ) = oll) (127)

Inserting (1.25), (1.26) into (1.24) and afterwards using (1.27), we have

IP’( sup |0An,71772 6% > s)
(

Tl,Tz)ER
Le 0 Le o*
< P(O > inf inf inf —LTT2r 2 rn () — sup —T2e - rym( ))
i=1,...,l (11,72)ER 0/ EViy(p,)(0:) T2 — T1 (r1,72)eR T2 —T1
< IP(O > (L") + é) - é — (L(0%) + é) = é) +o(1) = o(1)
- = 27 8 8’ 4 S

showing the assertion.
PROOF. (PROOF OF THEOREM 3.2) Let £ > 0 und define R := {(11,72) € [0,1]2
To, |1 — T2| > k}. By Theorem 3.1, we have

sup  |Onrymy — 0% = 0 a.s. (1.28)
(r1,72)ER
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Therefore, 0y, -, 7, € int(©) uniformly in (11, 72) € R for n large enough. Thus there
exists © C int(0) with 0, ,, -, € © (for n large enough, (11, 72) € R.
By a Taylor expansion, we have
A R\ 7 R () i Y A (O
0

n,T1,T2

= —[(re =)V (0") + Torim (en,7'177'2 )}_1vaL$‘L7T17T2 (07), (1.29)
where T}, r, ., (0n) = V2L (0)—(ro—71)V(0*) and 0, -, -, € O with |0, 1, -, —0%|1 <

n,7T1,T2
00 7 .7, — 0]1. By Lemma 1.2 and Lemma 1.4 and |% — (1 —7)| <2n7Y we

have

sup  |Tnryry(Oniry )1 < sup [V(Onrymy) — VI(0F)1 + Op(log(n)s/Qn_l/Q).
(m1,72)ER (m1,72)ER
(1.30)

By Lemma 1.5(ii) applied to p = ¢ and ©, we obtain + > 0, C > 0 and p € (0,1) such
that for |0 — 6%|; <,

[V(0) = V(") < C(A+[|Yi] ) +EG) - [0 — 6%

q .
(p7)j.q

D1 -

Since EVy/(Y;, X2,0%) = 0 (cf. Proposition 1.2(iii)), Lemma 1.2 and Lemma 1.4, we have
sup |VyL¢ (0%)]1 = O, (log(n)*?n~1/2). (1.32)

n,m7,72
(m1,m2)ER Y

Inserting (1.28) into (1.31), we obtain sup(nn)eR|Tn’ﬁ’72(9n’7h72)|2 = o,(1). From
(1.29) and (1.32) we obtain

sup |9An7ﬁ772 -0 = Op(log(n)g/anl/Q). (1.33)
(r1,72)ER

By (1.29), we have
Onri oy — 0 + (2 = T))V(0°) ™" - VoL, 1, 1, (67)],

n,T1,7T2
< |((7—2 - Tl)V(a*) + Tn77'177'2 (énﬂ'lﬂ'z))ilh ! |Tn77'177'2 (énﬂ'lﬂ'z)‘l
X|((r2 = T)V(") T VoLs, -, o, (071 (1.34)
Using (1.30), (1.31) and (1.33), we have sup(,, ,,)er T 1 70 (O 7y ) |1 = Op(log(n)3/2n=1/2).
Inserting this and (1.32) into (1.34), we obtain

sup ‘én,n,fz 0"+ ((rp = m)V(67) " - VoL, -, -, (07)
(r1,72)ER
Since sup(,, r)er VoL 1,7 (0%) = VoLn 7, 7, (6%)]1 = Op(n~") by Lemma 1.2, the proof
is finished.

= Op(log(n)’n™1).

PROOF. (PROOF OF THEOREM 3.3) Let R := {(11,72) € [0,1]? : 7y < 7o, |71 — 2| > K}
By Lemma 1.3 (applied with M =2+ “Z/, a= %)7 we obtain C' >0, p € (0,1) and ¢ >0
such that

oy (k) < Cpt,

and thus (component-wise) AX["Z(Z’Q*)(k) < EpF Let Wi o= —V(0°)"'Vel(X2,Y;,60%)

1—p
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and S(j) := g:l W,;. By Proposition 1.2(iii), EW; = 0 and
1

Y= COV(WZ) _ V(a*)flj(a*)v(o*)fl _ /1'42_

By Corollary 1 in Wu and Zhou (2011), there exists a richer probability space and i.i.d.
Vi,Va, .o ~ N(O, I(p4s41)x (r+5+1)), @ Process (S(i))i=1,...n and SO3i) = 2;zlvj such

that (S(1))i=1....n = (5(i))i1...n and
max |S(i) — B28°(i)| = O, (nt/ ™M} og(n)3/2).

1=1,..
With Theorem 3.2 we obtain:
( Su1;> . V(2 = 71)(On.ry 1y — 07) — 7 2(S(|n72]) — S(|n71]))| = Op(log(n)*n="/2).
T1,T2)€E
(1.35)

V(o)

)

By the Gaussian approximation result above, on D(R)"s+1

nY2(S([nma]) — S(Inmi])) £ 0 V2(S(|nme)) — S(|nm))) (1.36)
and

i |02 (S(Inma)) = S(nm))) = B2 02 (S ([nma ) — S%([nm )|

= O, (n™0TT % log(n)*/?). (1.37)

By Donsker’s theorem, it holds in D[0, 1]"+5+! that n=2/25%(|nr|) % B(r) with some
standard (r + s + 1)-dimensional Brownian motion B. Applying the continuous mapping
theorem, we obtain in D(R)" st

n~2812080(|nry |) — 80([nm )} S Y2 {B(r,) — B(r1)}. (1.38)
Combining (1.35), (1.36), (1.37) and (1.38), we obtain the result.

PRrROOF. (PROOF OF PROPOSITION 3.1) Using similar arguments as in the proof of The-
orem 3.1 (now with 1 — (72 — 71) > & instead of 79 — 71 > k), we obtain

SUp  |Opryme — 07| 2 0. (1.39)
(Tl,Tg)GRK
(i) By Lemma 1.2 and Lemma 1.4 and |% — 1] <n~1, we have

sup Vi (0) — (1= (12 — 7))V (0)]1 5 0.
(TI,TQ)GRH

By Lipschitz continuity of V() (cf. (1.31)) and (1.39), we obtain the result.

(ii) Define g(z,y,0) := Vol(z,y,0)-Vol(z,y,0) and §;(¢,y,0) := g(R¢(y,0),y,0), where
Re(y,0) := (%0(y,0)%. Let © C int(©) be some compact set. Using Lemma 1.5(ii) and
(1.58), it is easy to see that for any p > 0, one can find ¢ > 0, C > 0 and p € (0,1) such

that (component-wise),

~ _Sup~ |§é(<7ya0) 7§§(C7y,79)‘
0,0€0,[0—0|1<¢

<C@1+ ‘y|?§j)j72p + |y/|?§j)j72p)‘y - y/|](gpj)j7p(1 +¢)% (1.40)
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and
J5 ) 9 —3J; ) 79I
sup 195(C, y,0) g/a(C y,0')|
6,07,0€0,]0—0]1<1,|0’—0]1<1 10 —6 ‘1

<CU+ I, A+ (141)

In the following we will enlarge C, p and reduce ¢ if necessary without further notice. Note
that supyee |Vo(o(0,6)?)] < oo and thus (component-wise) supgeg |Vol(z,0,0)] < C(1+
|z|). With Lemma 1.5(iii) we conclude that (component-wise) supgeg |Vol(z,y,6)| <
C(1+ |y\%pj)j’1)(l + |2[) - [yl (ps),,1- Using again Lemma 1.5(iii), we obtain

sup l9(2,y,0) = g(z,y",0)] < COUA+ [yl 1 + 19100, )+ 120D [y = ¥l (p0), -

This shows that g has similar properties as V3¢, but with factors (1 + ¢?)? in (1.40),
(1.41) instead of (1+ ¢2). Therefore, we obtain the same result as in (i) under the stated
moment condition.

A.3. Technical lemmata

From Francq and ZakoTan (2004) (the proof of Theorem 2.2, part (ii) therein), we directly
obtain (ii),(iii) of the following Proposition.

PROPOSITION 1.2. (Properties of 1(0), V(0)) Let Assumption 3.1 hold. Assume that
s i= (¢ < 0o. Then the following statements hold true.

(i) There exists v > 0 such that for all 8 € © with |6 —0*| < ¢, V(0) and I(0) are finite.
(i) 1(0*) is nonsingular. It holds that I(6*) = ”47_1‘/(0*).
(iii) EVel(X2,Y;,0%) = 0.

PROOF. (PROOF OF PROPOSITION 1.2) (i) By Proposition 1.1, there exists ¢ > 0 with
| X2l < oo. From the bounds (1.58) (applied with p = ¢q) we conclude that V(6), I(6)
are finite as long as |6 — 6*| is small enough.

(ii),(iii) This was already shown in Francq and Zakoian (2004), see the proof step (ii) of
Theorem 2.2 (the mlssmg = is due to the different formulation of the likelihood).

LEMMA 1.2. (NEGLIGIBILITY OF TRUNCATION) Let Assumption 8.1 hold. Then for g =
Vlgﬁ, 1 =0,1,2 it holds that

(1)
|nr] [nr)]
sup Sup’Z X2 Y’ 0 Zg(Xz27Y179>‘ = 0,(1).
ref0,1] 0€© i=1
(i)
|| |nr|

sup supf‘ (X2, Y¢<,0) — 9(X2,Y;,0 ’ =0 a.s.
refo,110€0 1 Z Z ( )

i=1

PrROOF. (PROOF OF LEMMA 1.2) Note that for arbitrary 0 < ¢ < min{g,1} and ran-
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dom variables Z; = (Z;1, Zs2, ...) with || Z;||q < D it holds that

< N 1/d 1 _ L
12l ion,alls < (3009 12517) < D—)/7 = D(@).
j=1

Let

W; = sup ‘g(XzQa}/zcao) - g(X127Y;a0)|
0€©

By Lemma 1.5(iii), we have with Hoélder’s inequality for 0 < ¢’ < ¢ chosen such that
0<q¢(l+3)<1:

IWillg
= || sup \g(Xf’YZC’H) - g(Xzz,Y;ve)
0cO

i) - X g sy = o1, 1l asa)

) 1/(q'(143))

< OO A1l (o), 1llef @4m) + MY N0, 1

< C(1+2D(¢)*)(1+D)- (Zp (l+3)]||X2||q "(143)

q'(1+3)
< C(1+2D(¢")"™)(1 4+ D)D(¢' (1 + 3))p* =: C - p'. (1.42)
Therefore, we have
[nr] Lnr] n
sup sup (X7,Y5,0) — ng,Yi,@‘ < H w;
rel0,1] 0€© Z z:: ( ) q’ ; q
i N\ 1/a
q
< (X Iwil2)
i=1
e~ s A\Va
<C (Z(p" ) < o0,
i=1
giving the result.
(ii) It holds that
1 [nr] [nr]
sup supf‘ g( X2, YE0) — g(X2,Y;,0) ‘ W;.
refo,110e0 T ; ; Z

In the following we show that W; — 0 (i — o0) a.s.. Then the assertion follows with a
Cesaro sum argument. Let € > 0 be arbitrary. Then with Markov’s inequality and (1.42),

o0 o0 Cq’ ..
; ¥ 4l
ZP(|W1‘>€)SZ Eq/p <OO7
i=1 i=1
showing W; — 0 with Borel-Cantelli’s lemma.

Let us use the abbreviation Z; := (X?2,Y;). We now state results about the dependence
measure of the stationary processes g(Z;,0), where g € {Vyl, V3(}.

LEMMA 1.3. (DEPENDENCE MEASURES OF Vy/, V2() Let Assumption 3.1 hold. Let M >
1. Assume that E|(o|>*™M+9) < oo for some a > 0. Let g € {Vgl,V20}. Then there evists
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some C' >0, p € (0,1), ¢ > 0 such that

L o0 < o o= gy < oph,
—0*]1<e

ProOOF. (PROOF OF LEMMA 1.3) We only prove the second assertion, the first is nearly
the same. Let (X2)* = H(F}) and Z;} := ((X2)*,Y;*). Let k = ¢. Choose p > 0 small
" (M+3n) _ 1)

enough such that *——p < ¢. By Hoelder’s inequality (M]\_f% + Mj—?m + M2_f3,€
and Lemma 1.5(ii) there exists ¢ > 0,C >0, pe(0,1) such that

5sup‘979* <. 19(Z,0) (’L)|

M
= || sw g0l sw (20
[6—6%]1<¢ |6—6%|1 <t M
<|| swp lg(zi.0) - gz 0)|
[0—0%]1 <t M
= || sup 130 (G Y5 0) = G0 (G 70|
[0—6*|1<e M
< OO+ [Yi[h;), ol ages +||\Y*|(pj pllasgae IIYi = Y7105yl zsas (14 1167 arae)
D* 2 G2
SC(1+21_p)(1+||C ||M+3n)'zp ||Xi—j ( ) ||<M+3n>p

j=1

<C- Y-,

where C' := C(1 + 22 p)(l + |1¢%||ar+3x)- By Proposition 1.1(ii), it holds that 55(2 (k) =
O(c*), which finishes the proof.

In the following we make use of results from Zhang and Wu (2017). Therefore we have
to define AZ(m) := Y72 07 (k) and || Z]|q,a := sup,,>o(m + 1)*AZ(m).

LEMMA 1.4. Let Assumption 3.1 hold. Additionally, assume that for some a’ > 0, E|¢o|*T0" <
00. Then there exists © > 0 such that for g = Vlof, Il =1,2, it holds that

[nr]
log(n)3y /2
sup sup‘ g(X2,Y;,0) —Eg(X2,Y;,0 ‘ .
[0—0~|1 <t 7€[0,1] Z { } (( ) )
PROOF. (PROOF OF LEMMA 1.4) Let ¢ > 0 (is chosen below). Let S, ( 1 {9(X2,Y;,60)—

Eg(Xiz,Yiﬁ)}, j=1,..,n. For fixed n € N, choose d € N such that 2d L<n g 24, For
i=0,1,...,d — 1, define

<I>Z(9) = 1<Ikn<32>(<i ; ‘ng ( ) Sgi(k_1)|.

By a dyadic expansion of j € {1,...,n} we obtain

max |S;(0)] < 3 ®:(0).

§=0,e0m
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Note that
Lnr]
sup  sup ‘Z{QX Y;,0) — (XE,YM)}‘
[60—6*|1 < 7T€[0,1]
< sup Dy
;w 0* 1<t
Thus, for @ > 0, by stationarity,
[nr]
P( sup  sup \Z{g (X2,Y5,0) ~ Eg(XZ,Y;,0)}| > Q(nlog(n)*)/2)
|6—6%]1 <. ref0,1]
<« Q(nlog(n)*)'/
< ]P( sup <I>i(9)>—)
i—0 [0—06*]1 < d
. Q(nlog(n)*)'/
< § 7 gd-i -P( sup | Syi ()] > —) (1.43)
i—0 [0—6*|1 < d

Since 0* € int(©), there exists 1 > 0 such that © := {# € © : [§ —0*|; < Ll} C int(0).
Apply Lemma 1.5(ii) with p = ¢ and Lemma 1.3 applied to M = 2+ %, a = “—/,

1
we obtain corresponding C' > 0, p € (0,1), 0 < ¢ < 7 such that the statements of the
Lemmata hold true.

We now use a simple chaining argument. Let ©,, be a discretization of © C R"+5+1
such that for each 6 € © there exists some ¢’ € ©,, with [0 —'|; <n~!
We conclude that for 1 < m < n, it holds that

2( sup |Sm(9)|>wbg—m>3>”2)

[0—6*]1<c d
Q(nlog(n)®)!/?
<P sup Sm(@)] > F——=22 7 7
(9een,\e—9*|l<L| )l 2d )
1 3\1/2
+p( sup 1S (8) — S ()] > M)
0,0/€0,10—0'|, <n—1,|0—0% |, <1,|0"—6% |, <¢ 2d
—: I, + I1,,. (1.44)

By Lemma 1.3 applied to M = 2+ QZ/’ a= % we have A w0+ ly <. 19(%, 0)‘(]%‘) = 0(p")
and supjg_gp«|, <, A%Zﬁ)(k) = O(p"). Let a = 1. Then

; . 7,0
e =l sup |g(Z,0)]ana = sup (m+ 1)TAL 1 ) < o,
[0—6*]1<¢ m>0
and
Waoo:= sup [9(Z,0)]2,a = sup(m+1)* sup A-‘Q’(Z’G) (m) < oo.
[0—0*|1<¢ m>0 [0—6*]1 <

Note that [ = 1 Alog#©,, < (r + s + 1)log(n) and Qn'/?log(n)*/? > VmiWs ., +
mYMPB2Wyr o 2 mb/ 2 log(m)Y? + mY/Mlog(m)3/? for Q large enough.
By applying Theorem 6.2 of Zhang and Wu (2017) with ¢ = M to (¢(Z;, 9))Geén,|0—9*\1<w
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we have with some constants C, > 0:

Q(nlog(n)*)'/
I, =P au Sy ()| > A8V ) T
(9e@n,|e pa*\1<L| ©l 2d )
Com - ZM/QWMQ LCe (7 CQ(Q/Zd)inog(n)g)
= Q) (1 log(n 20 T mivg,,
< O(m~n_7 +n7?), (1.45)

for @ large enough, since d < log,(n) +1 and m < n.
Since g(Z;,0) = go~(¢;, Ys, 0) and g(Z;,0") = Go- (i, Y3, 6"), we have with Lemma 1.5(ii):

- sup |g(Z1a9) 7g(Zi79/)|
0,0'€0,|0—0"|1<n—1,|0—0*|1<¢,|0"—0%|1<¢

<CU+Yil,, JA+Hn
Thus

m
H sup S {Bog(Z:,0) — Eog(Z:, 0}
0,0'€0,|0—0"|1<n—1,]0—0%|1<1,|0’—0%|1 <0 P 1

m
<20(1+ [[[Yo[f,), 10 (1 + EGE)—

<20(1 + 11%)(1 +EG)= = O(=).
With Markov’s inequality, we therefore obtain

2Cm
(Q/2d)n3/? log(n)3/2”
Inserting (1.45) and (1.46) into (1.44) and then into (1.43), we obtain with some constant
C > 0:

II, < (1.46)

Lnr)

P( sup sup Z{gx Yi,0) ~ Eg(X2,Y;,0)}| > Q(nlog(n)?)/2)
[6—6*|1 < 7T€[0,1]

Z ( 9 M/2 =2 4 9P =3/2 log(n)1/2>

i=0
< Cdn - (n_M/2 +n 24 n 32 log(n)l/z) — 0,

showing the assertion.
A.4. Analytical properties of the likelihood

For the following results, we derive some analytical properties of the likelihood we use.
This allows us to separate analytical and stochastic treatment. For p > 0, some sequence
(y;)jen of real numbers and some sequence (x;);en of nonnegative real numbers, define
the weighted seminorm

ad 1/p
wher = (Do xilul”)

Jj=1
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Later, we will plug in x = X; and y = Y; into ¢(z,y, 8) and its derivatives. To make use
of all connections between z,y, define R¢(y,0) := (?o(y,0)?, and

g@(Ca Y, 9) = K(RC(ya 5)? Y, 9)

In the following Lemma 1.5(ii), we collect some analytical properties of Eg to calculate
functional dependence measures of £(X?2,Y;,0). The bounds in (iii) will be used to show
that the truncated likelihood K(XZQ,Y;:,F)) is near to £(X?,Y;,0); for this argument we

cannot use the connection between X? and Y;.

LEMMA 1.5. 0 +— o(y,0) and 0 — {(x,y,0) are three times continuously differentiable.
Let © C int(©) be a compact subset. Then for any p > 0, there exists ¢ > 0 and C > 0,
p € (0,1) such that (component-wise),

(i) for1=10,1,2,3:

Vl ,9 2 ’9 2
| H(G(y 2) )| < C(1+ ‘y| 0, p) sup U(y )2
oco  o(y,9) 0.6¢0,j0—0), <. 9(:0)

(i) forl=0,1,2,

CO+lylt, ).

Cosup [Vplg(Cow,0) = V(¢ 0)
0,0€0,|60—0]1<¢

C+ |y|(p: » T ly' |(pg zp)‘y Y |(p] ( +¢%).
and
sup |v(l9‘€é(<7ya0) - Yé‘gé(Cayaa/”
0,07,6€0,10—0|1<1,]0’—0]1 <t 0 — 0|1
(ii) forl=1,2,
ggglvéé(axy,@) Vol(z,y', 0)l < COL+[ylch  +1WICEY, D@+1al) [y =y (o), 1

<C+ Iy, )1+E).

PROOF. (PROOF OF LEMMA 1.5) (i) From Proposition (1.1)(iii) we obtain that the fol-
lowing explicit representation holds, where F(y,0) := (ag + 25:1 a;y;,0,...,0)":

o}

o(y.0)> = > (BO) Flyis. ), (L.47)

k=0

where Y- = (Yk+1, Yk+2, ...). We conclude that

o(y,0)° = ao Z )11+ Z a; Z(B(‘g)k)nylﬁ—j
W=h+ti QOZ(B( )11 + Z (Zaj 11]1k’>3)yk’
k=0

k=1 j=1

= o)+ > e (0)y;. (L.48)
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From Proposition (1.1)(iii) we obtain that ¢;(#) > 0 satisfies
sup lex(0)] < C - p* (1.49)
o

with some p € (0,1), C > 0 and co(6) > 02, > 0 (due to ag > in > 0).
Furthermore we conclude that o(y, §)? is three times continuously differentiable w.r.t. 6
with

Vlg(0<y’ 9)2) = ngO(e) + Zvlgck(e) “ Yk, ke {07 1,2, 3}’ (150)

where (Vkcy.(0))) is still geometrically decaying with supyce [Vhei(0)| < C - p*, say
(enlarge C' > 0,p € (0,1) if necessary).

In the following we make use of some arguments that were already used in Francq and
Zakofan (2004). Note that for j = 0,...,r, we have da, F(y,0) < L F(y,6) and thus
J

Do, e (0) < i (0). (1.51)

@
For j =1,...,s, we have ("<’ is meant component-wise)

k

95, (B(O)") = " B(0) (95, B(0) B(9)*~ < —KB()".

i=1 j
since dg, B(f) < %B(G) We therefore obtain

85_7,016(0) § %k . Ck(e). (152)

j
From (1.51) and (1.52) we obtain the inequalities

E+1

J

89jck(9) <

Ck(e).

Similar argumentations lead to the bounds for higher order derivatives (cf. also Francq
and ZakoTan (2004)):

(k+1)°

a,, 00, cx(0) 9, 0,0, ()
J3

IN

ck(0), 9o;,00;,00;,cr(0) <

If © C int(O) is some compact subspace, we therefore obtain with €} := max{4 :j =
— J
1,....,7+ s+ 1,0 € O} for arbitrary small p > 0:

Do, (0(1,0)) . 32 (k4 Dex(6)
e N R SN ()
0100( ) -

cr(0)yk
Umin " Cl ];(k - 1) 00(9) + Ck(e)yk:

B S

mzn

where we have used {7 < 2° in the last inequality. Since cx(6)* < C%(p*)*, we can find
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C >0,p € (0,1) such that

|89j (O(y’ 6)2)|
sup ———— "

5 P
pco  o(y,0)> ci+ ‘y|(ﬁj)m})’

and similarly for the higher order derivatives (component-wise):

up [T 0.0%)

he6 J(y, 9)2 = O(l + ‘y|€ﬁj)j7p)7 l= 17 27 3.

For 0,6 € © and arbitrary small p > 0, choose § > 0 such that p:= (1+J)p” < 1. Then
choose ¢ > 0 such that [§ — 6|1 < ¢ implies (component-wise) B(#) < (1 + ¢)B(0). For
|6 — 0] < ¢, it then holds that ¢ (0) < (1 +0)¥cx(#). We conclude that

(7(3/,9~ 2 > ci(
o, 07 = o2, *,;cow) G
¢ 2 er(0) fer(0)\p »
(:mn +z::1 cz(e) (cz 9)) Yr
<90y S S oy
min min k=1

We conclude that there exists C' > 0, p € (0,1) such that

U(yaé)Q ~ P
(07 = COH WG, ,)-

sup
0,0€0,]0—-0],<. 7

(ii) From the differentiability of 8 — o(y, ) we obtain that 6 — ¢(z,y, ) is three times
continuously differentiable and

tw.9.0) = 5 (g5 + loxlo(w.0)). (159
S-S,
e[ ST P

For the corresponding quantity Zé we obtain
7 VG(U(Z/79)2) J(yvé)2 2
45 0) = 1-— .
Valalo 0 = 3 am ( aty.ap<)

By (i), we obtain that for p > 0, there exist constants ¢ > 0, Cy > 0, po € (0,1) such
that (component-wise):

. - < p/2 p/2 2y .
S [VelCud)l S O+ ol )0+ (i, ). (56)
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By using
p/2 - 3/2 p <( = j 1/2 ) 1/2
|y‘(,02)17p/2 Z Z P2 Zp
J: : =
1/2|,p/2

=0 =p2)™lyl 5y, (1.57)

we can obtain the more compact form
sup  [Volg(C,y.0)] < C(L+ylf ;) )(1+¢7).

10— < (P2 2)i:p

with some new constant C3 > 0. Due to the similar structure, we can use similar tech-
niques to obtain (component-wise):

swp [V u0)| € oL+ o2, YA+ = M0, L=123. (L5Y)
[0—6]1<¢

From (1.50) we deduce that (component-wise) for [ = 0, 1, 2 with some constant Cy > 0,
uniformly in 6,60’ € ©:

[Vo(a(y,0)%) = Vo(a(y',0))| < Caly = 'l (pi), 15 (1.59)

By using |U(yl79)2 - a(ye 2| < Uilﬁn|cr(y,9)2 — o(y’,0)?| and the very rough bounds

o(y,0)® > o2,., (1.59) and (1.50), we obtain (component-wise) with some constant
Cs > 0:

sup [Vol5(¢,y,0) — Volg(C, /', 0)] < Cs(L+ [yl (piy, 1 + 1Y 1(pi); 1)1y — ¥ oy, 1 (1 + CP)
[USC)

Similar results can be obtained for higher derivatives (component-wise), I = 1,2:

Sup|v0 (vaa ) VGZé(valvg)‘
€6
< Cs(L+ Yoy, 1 + 1 o)1) Ty = ¥ 1 poy, 1 (L4 CP) =t Ni(y, 9/, ¢). (1.60)
Using (1.58) and (1.60), we have for [ = 1,2 and arbitrary small p’ > 0 (use min{l, z} <
a'):

Sup|v0 (vaa ) VGZQ(valvg)‘
0co

< min{M,(y, <) + Myp(y', ¢), Ni(y, ', O)}

_ / min Nl(y7y17C)
- {Mp(yaC) + Mp(y 7C)} {17 Mp(?/v() + Mp(y/,g)

< {Mp(ya C) + Mp(ylv O}(Mp(y,é\;l%?ﬂ?p(y/ C)>p

= {My(y, Q) + My, O Nily, O
Choosing p’ € (0, min{1,p’'(1+ 1)}, we obtain

}

{My(y. Q) + My(y', O} < G5 p(1+|y\( i, 0TI, A+

Nl (ya y/a C)p S Cg (1 + ‘y|(ppj)7p + |yl|(ppj)7p)|y - y/|z()ppj)j7p(1 + 42)1)

(P3)ip
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With (1.57), ps := max{p2, pP} and some constant Cg > 0

Ly Ly / 2p 7\2p /P 2
u Vols 0)—Vyl; 0) < Cg(1+ B + ; — ; 1+ .
0756 7S)|0pé|1<L| 9 Q(Cay? ) [’ G(Cay ) )‘ = 6( |y|(pé)j72p ‘y \(pé)j72p)|y Yy |(p%)j,p( C )

By using (1.58) and the mean value theorem, we obtain for [ = 1,2:
sup |vég§(g7y79) - Vé%((,y,&’ﬂ
6,6',0€0,10—0]1<1,]0"—0]1<¢ 60— 0'|1

< sup |V 05(¢,w,0) ] < My(y, ),
[0—6]1<¢

giving the result.
(iii) Using the representations (1.54), (1.55) and the inequalities (1.59), (1.50) and o'(y, 6)? >
o2 . . this is an immediate consequence.

min’



