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1

Time-varying dynamical systems have been studied extensively in
the literature of statistics, economics and related fields. For stochastic processes observed
over a long time horizon, stationarity is often an over-simplified assumption that ignores
systematic deviations of parameters from constancy. For example, in the context of finan-
cial datasets, empirical evidence shows that external factors such as war, terrorist attacks,
economic crisis, some political event etc. introduce such parameter inconstancy. As Bai [3]
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points out, ‘failure to take into account parameter changes, given their presence, may lead
to incorrect policy implications and predictions’. Thus functional estimation of unknown
parameter curves using time-varying models has become an important research topic re-
cently. In this paper, we propose a general setting for simultaneous inference of local linear
M-estimators in semi-parametric time-varying models. Our formulation is general enough to
allow unifying time-varying models from the usual linear regression, generalized regression
and several auto-regression type models together. Before discussing our new contributions
in this paper, we provide a brief overview of some previous works in these areas.

In the regression context, time-varying models are discussed over the past two decades
to describe non-constant relationships between the response and the predictors; see, for
instance, Fan and Zhang [17], Fan and Zhang [18], Hoover et al. [24], Huang, Wu and
Zhou [25], Lin and Ying [35], Ramsay and Silverman [42], Zhang, Lee and Song [54] among
others. Consider the following two regression models

Model I: y; = x}&i +e;, Model II: y; = CL‘;!—GO + e, i=1,...,n,

where z; € R? (i = 1,...,n) are the covariates, ' is the transpose, 6y and 6; = 6(i/n) are
the regression coefficients. Here, 6 is a constant parameter and 6 : [0, 1] — R? is a smooth
function. Estimation of §(-) has been considered by Hoover et al. [24], Cai [8]) and Zhou
and Wu [59] among others. Hypothesis testing is widely used to choose between model 1
and model II, see, for instance, Zhang and Wu [55], Zhang and Wu [56], Chow [10], Brown,
Durbin and Evans [6], Nabeya and Tanaka [38], Leybourne and McCabe [32], Nyblom [39],
Ploberger, Kramer and Kontrus [41], Andrews [2] and Lin and Terésvirta [33]. Zhou and
Wu [59] discussed obtaining simultaneous confidence bands (SCB) in model I, i.e. with
additive errors. However their treatment is heavily based on the closed-form solution and
it does not extend to processes defined by a more general recursion. Little has been known
for time-varying models in this direction previously.

The results from time-varying linear regression can be naturally extended to time-varying
AR, MA or ARMA processes. However, such an extension is not obvious for conditional
heteroscedastic (CH) models. These are difficult to estimate but also often more useful in
analyzing and predicting financial datasets. Since Engle [15] introduced the classical ARCH
model and Bollerslev [5] extended it to a more general GARCH model, these have remained
primary tools for analyzing and forecasting certain trends for stock market datasets. As
the market is vulnerable to frequent changes, non-uniformity across time is a natural phe-
nomenon. The necessity of extending these classical models to a set-up where the parame-
ters can change across time has been pointed out in several references; for example Starica
and Granger [47], Engle and Rangel [16] and Fryzlewicz, Sapatinas and Subba Rao [20].
Towards time-varying parameter models in the CH setting, numerous works discussed the
CUSUM-type procedure, for instance, Kim, Cho and Lee [29] for testing change in param-
eters of GARCH(1,1). Kulperger et al. [31] studied the high moment partial sum process
based on residuals and applied it to residual CUSUM tests in GARCH models. Interested
readers can find some more changepoint detection results in the context of CH models in
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James Chu [26], Chen and Gupta [9], Lin et al. [34], Kokoszka et al. [30] or Andreou and
Ghysels [1].

Historically in the analysis of financial datasets, the common practice to account for the
time-varying nature of the parameter curves was to transfer a stationary tool/method in
some ad hoc way. For example, in Mikosch and Starica [37], the authors analyzed S&P500
data from 1953-1990 and suggested that time-varying parameters are more suitable due
to such a long time-horizon. They re-estimated the parameters for every block of 100
sample points and to account for the abrupt fluctuation of the coefficients, they generated
re-estimates of parameters for samples of size 100, 200,.... This treatment suffers from
different degree of reliability of the estimators at different parts of the time horizon. There
are examples outside the analysis of economic datasets, where similar approach of splitting
the time-horizon has been adapted to fit CH type models. For example, in Giacometti
et al. [22], the authors analyzed Italian mortality rates from 1960-2003 using an AR(1)-
ARCH(1) model and observed abrupt behavior of yearwise coefficients. Our framework
can simultaneously capture these models and provide significant improvements over such
heuristic treatments.

A time-varying framework and a pointwise curve estimation using M-estimators for
locally stationary ARCH models was provided by Dahlhaus and Subba Rao [14]. Since
then, while several pointwise approaches were discussed in the tvARMA and tvARCH
case (cf. Dahlhaus and Polonik [12], Dahlhaus and Subba Rao [14], Fryzlewicz, Sapati-
nas and Subba Rao [20]), pointwise theoretical results for estimation in tvGARCH pro-
cesses were discussed in Rohan and Ramanathan [45] and Rohan [44] for GARCH(1,1) and
GARCH(p,q) models. Even though the conditional heteroscedastic model remained widely
popular in analyzing many different types of econometric data, the topic of simultaneous
inference in this field remains relatively untouched. When these datasets are observed over
a long horizon of time, it is only natural that the parameters will also vary smoothly over
time but one cannot infer about the general pattern of these parameter functions (of time)
from the pointwise bands. Consider the simple tvARCH(1) model

Xi=0i(;, ¢ ~ N(0,1),07 = ap(i/n) + a1 (i/n)y; ;.

Unlike pointwise confidence bands, we construct of simultaneous confidence bands cover
the parameters ag(i/n) and aq(i/n) over the whole interval (0; 1]. This allows us to make
valid interpretation of confidence intervals that can be compared across time. For example,
if the lower end of the (1 — )% interval for ag(-) at ¢ = 0.2 is higher than the upper end
of the same at ¢t = 0.8 then this is indicative of evidence to conclude that the parameter
varies as functions of time. This conclusion cannot be validly drawn if we were to construct
pointwise confidence intervals. However, the literature on simultaneous intervals is sparse
in the time-varying literature and to the best of our knowledge did not exist before this
work. While one remedy could be to subjectively assume a certain class of functions such
as linear or polynomial and perform a hypothesis test, this can be problematic for many
real life datasets. See for example the intercept function for the USGBP analysis in Section
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5. We rather take an objective approach where we do not assume any parametric form as
such and wish to establish valid simultaneous inference. Post our estimation of the function
and construction of the simultaneous bands, one can perform many relatively subjective
hypothesis such as time-constancy, linearity etc. at one go.

We next summarize our contributions in this paper. We provide a unifying framework
that binds linear regression models, generalized regression models and many popularly used
auto-regressive models including CH type processes. Moreover, we use Bahadur represen-
tations, a Gaussian approximation theorem from Zhou and Wu [58] and extreme value
Gaussian theory to obtain SCBs for contrasts of the parameter curves. These intervals
provide a generalization from testing parameter constancy to testing any particular para-
metric form such as linear, quadratic, exponential etc. To deal with bias expansions, we use
the theory about derivative processes which was recently formalized in Dahlhaus, Richter
and Wu [13].

Moving on to some practical applicability of our results, we show how our result applies
to time-varying ARCH and GARCH models. ! For the GARCH, we improve the existing
condition to make it eligible for our theory of SCB. Compared to 8 moments now we need
only 4+ a moments with small a. We provide an empirical justification of how the coverage
can be significantly improved by a wild bootstrap technique and use Gaussian approxima-
tion theory to theoretically establish it. Finally we also provide some data analysis and
volatility forecasting. First we show for numerous real-life datasets that the time-varying
fit does better than the time-constant ones in short-range forecasts. Note that, our goal
for this paper is simultaneous inference and not forecasting. However one interesting find
from our analysis is how the inference can lead to models where a subset is time-varying
and these semi-time varying model can sometimes achieve both statistical confidence and
better forecasting ability.

The rest of the article is organized as follows. In Section 2, we state two specific class of
time-series models and the related assumptions. For the sake of better focus and readability,
we decided to narrow down to specific models in Section 2. However our theoretical results
of M-estimation are much more general than that appears in the main manuscript. These
general results are collated in the Appendix sections 6 and 7 where we talk about our
framework, the functional dependence measure, the assumptions etc. Section 3 consists
of the results about the Bahadur representation and the SCBs of the related contrasts
of parameter functions. Section 4 is dedicated to practical issues which arise when using
the SCBs like estimation of the dispersion matrix of the estimator, bandwidth selection
and a wild Bootstrap procedure to overcome the slow logarithmic convergence from the
theoretical SCB. Some summarized simulation studies and real data applications can be
found in Section 5. All the proofs are also deferred to Appendix Section 8.

!Our general theory from the Appendix sections 6 and 7 can also cover time-varying generalized model
(See an earlier version at [27]) but we suppress it to focus more on econometric datasets and the conditional
heteroscedastic models.
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2. Model assumptions and estimators.

2.1. The model. Suppose that (;, i« € Z is a sequence of i.i.d. random variables. We
consider the following two time series models. In both cases, © denotes a parameter space
specified below in Section 2.3.

e Case 1: Recursively defined time series. Suppose that for i,...,n,
(21) Y= N(}/i—la ) Y;—pﬂ H(z/n)) =+ U(m—l, SX3) Y;—P’ 9(2/%))@,

where 0 = (a1, ..., ok, Bo,...,B)" :[0,1] = © C RF+1 and

k l
i, 0) = > ammi(a),  olz,0) = (> Bwi(x))'?,
=1 1=0

with some functions m; : R — R, v; : RP — Rxq. Put X{ = (Yi—1,...,Yiy(i—p), 0, .. I
This model covers, for instance, tvARMA and tvARCH models.
e Case 2: tvGARCH. For i = 1,...,n, consider the recursion

22
Y, = Uiciv

=

m l
of = ao(i/n)+ ) aj(i/n)Yij+ Y Bi(i/n)ai;,
= j=1

where § = (g, ..., am, B1,- .., 1) : [0,1] = © € R+ Put X¢ = (Y1, ..., ¥1,0,0,...).

Case 1 does not directly cover the tvGARCH model, we therefore operate with it sepa-
rately as Case 2 throughout the paper.
In either case, our goal is to estimate 6(-) from the observations Z¢ = (Y;, X{), i =1,...,n.

2.2. The estimator. In this paper, we focus on local M-estimation: Let K(:) € K,
where K is the family of non-negative symmetric kernels with support [—1,1] which are
continuously differentiable on [—1, 1] such that f_ll | K’ (u)|?>du > 0. We consider as objective
function £(z, #) the negative conditional Gaussian likelihood. This reads

e in Case 1:

Uy, z,0) = ;[(W)Q + log o (z, 9)2]’

e in Case 2:

where o (z, §)? is recursively defined via o (x,6)* = ap+>_72 aja:j—l—zg-:l Bio(zj—,0)?
and Tjy 1= (l‘j+1,£L’j+2, .. )
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For some bandwidth b,, > 0, define the local linear likelihood function
(2.2) © b (£,0,60") 1= (b)Y K, (t—i/n)U(Z5,0+ 0 - (i/n — 1),
i=1

where Ky, (-) := K(-/by). Let © := [~ R, R]* with some R > 0. A local linear estimator of
0(t), 0'(t) is given by

(2.3) (B, (1), 0, (1)) = argmin LS, (£,0,6"),  te[0,1].
6,0 eoOx0’

Remark In the following we will assume specific cases of the likelihood ¢ and in the ap-
pendix we will have £ modelled as a more general twice continuously differentiable function.
A referee asked if this assumption on ¢ can be relaxed. Unfortunately, although it might
be possible to relax differentiability on ¢ by using sharper and recent Gaussian approxima-
tion from [28], one cannot possibly circumvent the covariance matrix estimation that also
requires the smoothness from /.

2.3. Assumptions. For our main results, we need the following assumptions on our time
series models.

AssumPTION 2.1 (Case 1). Assume that

1. ¢ are id.d. with B¢ = 0, E¢? = 1 and for some a > 0, E|¢|?T9M < oo. Here,
M = 3. In the special case o(z,0)? = By, one can choose M = 2.
2. For allt € [0,1], the sets

{m1(Xo(t)), ..., me(Xo(t)}, {vo(Xo(t)), ..., m(Xo(t))}

are (separately) linearly independent in Ls.
3. There exist (kij) € Rgﬁp, (pij) € R(Zlgl)xl) such that for all i:

(24) sup |ml(x) — ml(x/)’ <1, sup ’\/Vz(x) — \/VZ(.%")| <1

xH#x! |:C - x/|l€i~,1 rH#x! |.CI} - 55/’/)1'-,1

Let vpin > 0 be some constant such that for all x € R, vo(x) > vmin. With some
Bmin > 0, choose © C RF x Rl;?mm such that

p k l
(2.5) > (5up Y- laslwis + [Collans -sup >~ V/Bips ) < 1.
j=1 0€0 =1 0€0 ;—o

4. © C © is compact and for all t € [0,1], 6(t) lies in the interior of ©. Each component
of 0(-) is in C*([0,1]).
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5. my, v; are differentiable such that for all 5 =1,...,p and all i,
‘6iji($) - amjmi(x/)’ ‘813'”1'(‘77) — 8$jyi<x/)‘
sup

sup . < 00, .
ot |z — 2/ ot |z — 2’|

< 090,

In the tvAR model (cf. [43], Example 4.1), it holds that p = k, m1(z) = z1, ..., mg(z) = zx,
I =0, vy(z) = 1, leading to the rather strong condition supgeg Zle laj| < 1. As seen in
the proof of Proposition 9.1 in the appendi, the condition (2.5) however is only needed to
guarantee the existence of the process and corresponding moments. By using techniques
which are more specific to the model, one can obtain much less strict assumptions such as
© being a compact subset of

k
{0 = (a1, ..., ap, Bo) € RFx(0,00) : a(z) = 1—|—Z ;2" has only zeros outside the unit circle},
i=1

cf. [43], Example 4.1. In the tvARCH case, the above Assumption 2.1 asks for E|(;|57® < oo
with some a > 0.

In the following, we consider Case 2, the tvGARCH model. In this specific model, the
moment conditions can be relaxed to E|¢;|**® < co. The tvGARCH model was for instance
studied in the stationary case in Francq and Zakoian [19]. More recently, pointwise asymp-
totic results were obtained in Rohan and Ramanathan [45]. For a matrix A, we define
| Allg == ([A4jllq)i; as a component-wise application of || - ||;. For matrices A, B, let A® B
denote the Kronecker product and

(2.6) A" —A®...0 A

denote the k-fold Kronecker product.

ASSUMPTION 2.2 (Case 2). Let f(0) = (au1,...,0m, B1,...,3)" and let ej =(0,...,0,1,0,... ,0)T

be the unit column vector with jth element being 1, 1 < j < | + m. Define M;(f) =
(f(0)CP ety sem1, F(0), €mity---semii—1) - Let qmin > 0, and with p(-) denoting the
spectral norm,

O = {0 € RZ7 g > aumin, p(E[Mp(0)®?]) < 1}.

Suppose that

(i) © C int(©) is compact and for all t € [0,1], O(t) lies in the interior of ©. Each
component of 0(-) is in C*[0,1],
(ii) ¢; are i.i.d. with E¢; = 0, E¢? = 1 and E|¢;|*1® < 0o with some a > 0.

In the important GARCH(1,1) case, the parameter space condition translates to ag >
Amin, al)ﬁl > 0 and

(2.7) Bt +2/oll3ar B + aff[Gollz < 1
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If (o ~ N(0,1), it holds that ||¢o]|2 = v/3 ~ 1.73. Bollerslev [5] proved that stationary
GARCH processes have 4th moments under the exact same condition 2.7. In Section 4,
Remark 4.4.1 therein, we talk about the applicability of (2.7).

3. Main results. We discuss the theoretical confidence band result in this section. As
a primer it is possible to have some consistency and pointwise asymptotic results which
for the sake of clear exposition have been transferred to Appendix. We directly start with
a weak Bahadur representation which plays a key role for introducing simultaneity. For

[ > 0, define
WK, = /K(:c)xldx, ofﬂ = /K(:C)Qa:ld:z:

We now have to define some quantities V' (¢), I(t), A(t) which are needed to provide the
theoretical results. They correspond to the so-called (miss-specified) Fisher information
matrices which occur naturally as variance of the M-estimators. These quantities need
not to be known in practice because they are estimated. They depend on the so-called
stationary approximation ﬁ(t) of the considered time-varying process Y;. In case 1 and
case 2, this is given as follows: For ¢ € [0, 1],

e Yj(t) is the solution of

Yi(t) = 6i(t)%¢,
Gi(t)? = o)+ o)V (1) + > Bi(t)5i (1), i€
Jj=1

j=1

For t € [0,1], let Z;(t) := (Y;(t),Yj_1(t),...) denote the infinite vector containing the
stationary approximations. We now define

(3.1) V() = EVilZ(t),6(t)),
I(t) = E[Vol(Zo(t),0(t)) - Vol(Zo(t). (1)),
(3.3) Aty = Y E[Vel(Zo(t),0(1) - Vel(Z;(1),0(1))"].
JEZ

In our theoretical models, these quantities can be related to each other. The following
lemma (a direct implication of Propositions 9.1 and 9.2 in the appendix) summarizes these
forms.
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LEMMA 3.1. o Case 1: It holds that V(t) = A(t). 3
If additionally (i) E¢3 =0, or (i) u(x,0) =0 or (i) o(x,0) = By and Em(Xo(t)) =
0, then

I 0
I(t) = (o eei-nnia2) - V(0

where 1y denotes the d-dimensional identity matriz.
e Case 2: It holds that A(t) = I(t) = (E¢§ — 1)/2)V(t).

3.1. A weak Bahadur representation for ébn; gl’)n In the following, we obtain a weak
Bahadur representation of 6, and ggn which will be used to construct simultaneous confi-

dence bands. The first part of Theorem 3.2 shows that 0, (£)—60(t) can be approximated by
the expression V(t)_1VgL$L’bn (t,0(t),0'(t)) as expected due to a standard Taylor argument.
The second part of Theorem 3.2 deals with approximating this term by a weighted sum of
t-free terms, namely

nbn) "' Ky, (i/n—t)hi,  hi = Vel(Zi(ifn),0(i/n)),
=1

which is necessary to apply some earlier results from Zhou and Wu [59]. Similar results are
obtained for §; in Theorem 8.2(ii) in the appendix section 8. Let 7, := [b,, 1 —b,]. For some
vector or matrix x, let |x| := |x|2 denote its Euclidean or Frobenius norm, respectively.

THEOREM 3.2 (Weak Bahadur representation of 0y, , (/9\2”) Let B, = (nbn)*l/%;l/2 log(n)'/?
and put '
72 = (Bn + ba) ((nby) ™/ log(n) + b,7).

Let Assumption 2.1 or 2.2 hold. Then it holds that
(34)  swp ’umv b {6, (1) = 0'(1)} — b, Vg LS, (£,0(6),0'(1))| = Op(7?),

(t)bias(t)

(35)  sup |b, Ve LS <t,9<t),9’(t>>—bi’“‘ K4
teTn 2

ZK,M (i/n —1t) (/ h | = Op(Bnb2 + by + (nby) ™).

3.2. Simultaneous confidence bands for ébn, ggn Based on the weak Bahadur result, we
use results from Wu and Zhou [53] to obtain a Gaussian analogue of

n

ST R (1~ )TV () Vo2l 60 /) = S K (¢ i/m)(if)
=1

" oi=1
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for some C' € R***. For a positive semidefinite matrix A with eigendecomposition A4 =
QDQT, where @ is orthonormal and D is a diagonal matrix, define A2 = QDY2QT,
where D'/2 is the elementwise root of D.

We are now able to prove the following asymptotic statement for simultaneous confidence
bands for 6(-):

THEOREM 3.3 (Simultaneous confidence bands for 6(-) and 60'(-)). Let C be a fived
k x s matriz with rank s < k. Define 0y, o(t) == C"6,, (1), égmc(t) = C’T%n(t) and
Oc(t) == CTO(t), Ac(t) = V()71C, $4(t) := ALA()Ac(t).

Let Assumption 2.1 or 2.2 be fulfilled. Assume that, for some oy < %,

log(n) (bnno“”””)_1 — 0, nb3) log(n) — 0.

Then with K (z) = K (z)z,
lim IP’(nb%MK’Q sup (zgl(t){ég o) — 0(t) — b,%@c%ms(t)}‘
n—oo OK2  teT, " 25 o

(3.6) ~Bj(m") € ————) = exp(~2exp(—u)),

\/2log(m*)
where in both cases T, = [bn, 1 — by], m* = 1/b, and

, 108(Ci) + (5/2 = 1/2) log(log(m"))  log(2)

(37 Bx(m") = /2log(m") 2log(m*)

Y

with ) 1/2
{15 )P/ g}
K= I(s/2)

Remark The conditions on b, are fulfilled for bandwidths b, = n™®, where a € (0,1)
satisfies
1/9 < o < uegp-

The bandwidths b,, = en~ /5 are covered in all cases.

Remark The above theorem is a special case of Theorem 8.18 in the appendix that can
cover a wide range of models.

Note that for practical use of the SCB in (3.6), one needs to estimate the bias term,
choose a proper bandwidth b,, and estimate ¢ (¢). Furthermore, the theoretical SCB only
has slow logarithmic convergence, thus one requires huge n to achieve the desired coverage
probability. To tackle these type of problems, we discuss practical issues in the next Section
4.
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4. Implementational issues. In this section, we discuss some issues which arise by
implementing the procedure from Theorem 3.3. We focus on estimation of 6, and opti-
mization of the corresponding SCBs; the results for ‘%n can be obtained accordingly.

4.1. Bias correction. There are several possible ways to eliminate the bias term in
Theorem 3.3. A natural way is to estimate 0”(t) by using a local quadratic estimation
routine with some bandwidth b, > b,,. However the estimation of 6”(t) may be unstable
due to the convergence condition nb? — oo which may be hard to realize together with
nb? log(n) — 0 from Theorem 3.3 in practice. Here instead we propose a bias correction
via the a jack-knife method inspired from [23]. We define

(4.1) O, (1) := 20, , /5(t) = 0y, (1).

Since the weak Bahadur representation from Theorem 3.2 holds both for ébn /3 and Oy, (1),
we obtain

sup [V (t) {06, () — 0(t)} — (nbp) ™" > Ky, (i/n — t)hi| = Op(r\?) + Bub2 + b5 + (nby) ™),
L€ Tn i=1

where K () := 2v/2K(v/2x) — K (x). Note that the bias term of order b, is eliminated by
construction. This shows that Theorem 3.3 still holds true for 6, (-) with kernel K replaced
by the fourth-order kernel K and with no bias term of order b2.

4.2. Estimation of the covariance matriz ¢ (t). In this subsection, we discuss the es-
timation of ¥2,(t) (namely, V(¢) and A(t)) since this term is generally unknown but arises
in the SCB in Theorem 3.3. From Lemma 3.1 it can be seen that in many cases, it holds
that A(t) = I(t) due to the fact that the Vgl(Z;(t),0(t)), i € Z are uncorrelated. In the
case that the objective function ¢ coincides with the true log conditional likelihood, one
has even V(t) = I(t). Even in the misspecified case it may often hold that V(t) = ¢o - I(t)
with some constant ¢y > 0 only dependent on properties of the i.i.d. innovations {y which
can be calculated by further assumptions on (.

Therefore, it may often hold that ¥2(¢t) = CTV(¢)"tA(t)V (¢)"1C obeys one of the two
equalities

(4.2) Y2() = CTV@)TLIV(@E)TtC,  or
(4.3) Y2(t) = CTI({t)"'C/cy with some known constant cq.

We therefore focus on estimation of V(¢) and I(t). We propose the (boundary-corrected)
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estimators

(44) Vi, (6) = (nbuiire0, (1)) D Ko, (/0 = )VGUZE, By, (1) + (i/n = 1), (1)),

(4.5) I, (1) = (nbafirc00, (1)) D Ko, (i/n = t)Vol(Z{, 0, (t) + (i/n — 1)8, (1))
XVol(Z5, 00, (t) + i/ = )0, ()T,

where fig op, (t) == |1 (1t /bt)/ b K (x)dx. The convergence of these estimators is given in the

next Proposition. Note that the following Proposition also holds if (/9\{% in (4.4) and (4.5) is
replaced by 0.

PROPOSITION 4.1.  Let Assumption 2.1 or 2.2 hold. Let (3, + by)log(n)? — 0. Then

(i) supse(o,1) |V (t) = V()] = Op((logn)™").
(ii) If r > 4, then SUPse(0,1) Iy, (t) — I(t)] = Op((logn)~1).

This shows uniform consistency of Vi, (), Iy, (-) if (8n + by)log(n)? — 0. Note that in
(ii), we need more moments to discuss Vgl - Vol € H(2M,,2M,,x,C) (C > 0). In many
special cases, this may be relaxed.

In either case (4.2) or (4.3), we define 3¢ (t) by replacing V (¢), I(t) by the corresponding
estimators V;, (t), I, (t).

4.3. Bandwidth selection. Based on the asymptotic variance given in the asymptotic
normality result in Theorem 8.1 in the appendix, the MSE global optimal bandwidth
choice reads

2 1 -1 -1

7 o tr( IV () Hdty1/s

(4.6) b, =n-1/5. ( woJo r(VO) (V)™ ) '
Wi f 107 (t)|2dt

We therefore adapt a model-based cross validation method from Richter and Dahlhaus [43],

which was shown to work even if the underlying parameter curve is only Hélder continuous
and Vgl(Z;(t),6(t)) is uncorrelated. Here, we reformulate this selection procedure for the

local linear setting. For j = 1,...,n, define the leave-one-out local linear likelihood
(4.7) C o (t0,0') : Z Ky, (i/n —t)0(Z5,0 + (i/n — 1)0)
i=1,i#j

and the corresponding leave-one-out estimator

(Oh,,—(t),0; _i(t)) = argmin LS, _i(t,0,0).
’ 0€O,0'cO’



SIMULTANEOUS INFERENCE FOR TIME-VARYING MODELS 13

The bandwidth l;g V' is chosen via minimizing

(48) cv : _1 Z g abn —1 /n) (Z/n)7

where w(+) is some weight function to exclude boundary effects. A possible choice is w(-) :=
1},5,1—4) With some fixed 70 > 0. Note that it is important to use the modified local linear
approach due to the different bias terms. In Richter and Dahlhaus [43], it was shown that
the local constant version of this procedure selects asymptotically optimal bandwidths and
works even if a model misspecification is present, i.e. if the function ¢ leads to estimators
ébn which are not consistent. This motivates that a similar behavior should hold for the
local constant version.

4.4. Bootstrap method. The SCB for 0¢(t) obtained in Theorem 3.3 provides a slow
logarithmic rate of convergence to the Gumbel distribution. Thus, for even moderately
large values of sample size n, it is practically infeasible to use such a theoretical SCB
as the coverage will possibly be lower than the specified nominal level. First we show an
empirical coverage comparison of how far the theoretical confidence intervals lag behind in

achieving their nominal coverage. We use the same simulation setting (cf. section 6.1) for
the tvGARCH case:

Xi = 0iGi,07 = ap(i/n) + a1 (i/n) X7 1 + Bi(i/n)o?_,

where ag(t) = 1.0 4+ 0.2sin(27t), aq(t) = 0.45 + 0.1sin(nt) and 51(¢) = 0.1 4+ 0.1sin(nt), ¢;
is i.i.d. standard normal distributed. For estimation, we choose K (z) = 2(1 — m2)1[_1,1] (x)
to be the Epanechnikov kernel, n = 2000,5000 for several different b,,. From Table 1
one can see, the simultaneous coverage is never even positive for the throetical ones. The
individual coverages are very low for small bandwidth and with higher bandwidth they over-
compensate. Also, the performance of n = 5000 is slightly better hinting at logarithmic
convergence rate.

We circumvent this convergence issue in this subsection by proposing a wild bootstrap
algorithm. Recall the jackknife-based bias corrected estimator of 8, from (4.1). Let 6 (t) =
C’Tébn (t). We have the following proposition as the key idea behind the bootstrap method.

PROPOSITION 4.2.  Suppose that Assumption 2.1 or Assumption 2.2 holds. Further-

more, assume that b, = O(n™") with 1/9 < k < L. Then on a richer probability space,

2
there are i.i.d. V1,Va,...,~ N(0,Ids) such that

71/

(@9) s, oft) ~ o) = Se(QL) (O] = Ox( i),
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TABLE 1
Coverage probabilities of the SCB in (b) for n = 500, 1000, 2000, 5000, b2"* = 0.49, 0.41 respectively
a = 90% a=95%

n bn a0 | ar | B | (ao,00,81)" a0 | ar | B | (a0,00,8)"

2000 | 0.3 Gumbel 0.778 | 0.405 | 0.638 0 0.629 | 0.215 | 0.42 0
0.3 Bootstrap 0.944 | 0.822 | 0.924 0.869 0.967 | 0.89 | 0.961 0.92
0.35 Gumbel 0.954 | 0.891 | 0.94 0 0.871 | 0.714 | 0.818 0
0.35 Bootstrap || 0.941 | 0.843 | 0.923 0.864 0.967 | 0.908 | 0.945 0.913

5000 | 0.25 Gumbel 0.6 0.248 | 0.481 0 0.481 | 0.126 | 0.298 0
0.25 Bootstrap 0.955 | 0.855 | 0.936 0.886 0.974 | 0.903 | 0.959 0.929
0.30 Gumbel 0.756 | 0.461 | 0.642 0 0.643 | 0.261 | 0.432 0
0.30 Bootstrap || 0.941 | 0.889 | 0.939 0.904 0.974 | 0.931 | 0.967 0.949
0.35 Gumbel 0.96 0.917 | 0.957 0 0.878 | 0.701 0.84 0
0.35 Bootstrap || 0.949 | 0.903 | 0.941 0.903 0.972 | 0.95 | 0.975 0.946

where v = min{} — £/2,7k/2 — 1/2,x/2} > 0 and
an ZVK,, /n —t).

The proof of Proposition 4.2 is immediate from the approximation rates (8.74), (8.75),
(8.80) and (8.82) which, ignoring the log(n) terms, are of the form ¢, - (nby,) /2 log(n)~/2
with

en € {(bun®Hr=/(HTNO) T2 12 (T2 () 712),

where v > 1 is arbitrarily large and ¢ > 0.
One can interpret (4.9) in the sense that EC(UQ;ES) (t) approximates the stochastic variation

in ébmc(t) — fc(t) uniformly over ¢t € T, and thus it can be used as margin of errors to
construct confidence bands, provided one can consistently estimate ¢ (t).

4.4.1. Boundary considerations. The results shown above only hold for ¢t € 7T,. For
inference of some time series models like ARCH or GARCH, large bandwidths are needed
to get sufficiently smooth and stable estimators even for a large number of observations.
It seems hard to generalize the SCB result Theorem 3.3 to the whole interval ¢t € (0,1).
However it is possible to generalize the bootstrap procedure which may be more important
in practice:

PropPOSITION 4.3.  Suppose that the conditions on k,v of Proposition 4.2 hold. Then
on a richer probability space, there exist i.i.d. V1, Va,...,~ N(0,Ids) such that

—l/

(0) ( )
tesgf)l)’N . {Qbm ) —Oc(t }—l—bQ ()9 (t) = B ()W, ()| = (\/Wlog( )1/2)
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where

(4.10) Wi (1) = QU0 ~ B0 )

and szi)(t) o By (Wi, ;J; Zzigt)uk,j+1,bn(t)2) i o () == fg/—biz/bn K(z)addz,
QY ZVKbn (i/n—t)[(i/n—t)b;")°, (i =0,1).

Note that the additional term in (4.10) reduces to QI():) (t) for t € Tp.
_ To eliminate the bias inside ¢ € 7y, it is still recommended to use the jack-knife estimator
fc(t). From Proposition 4.3 we obtain

(0) 2 (0) (1) NO
sup |N, | N 90 —0(t); +b;, t)N, Ny ) 07,
t€(0,1) | O h { bn /f ()N, (1) = b (t)}
debias n~"

(4.11) —Ec(t)Wb(n ()] = (\/Wlog( )1/2)
where
(4.12)

ehias fige 1,20 1y 0) ©), ARy, (1) 1)
Wt (1) = 2N (1) [QN) () - —NYO ) [ (1) - (1),
The additional factor Nb(g) (t)Nb(O)/ \/E(t) in (4.11) serves as an indicator how near ¢ is to
the boundary. For ¢ € T,, this factor is 1 while for ¢t € (0,1)\7,, Nb(g) (t)Nb(O)/ﬂ(t) may

be very small, inducing large diameters of the band near the boundary. Note that the
bias correction of the jack knife estimator Oc(t) may be useless in t € (0,1)\7, since

lel)/ \[( )N, ( ) # N ( ) 150)/ f( ). However it is necessary from a theoretical point of

view to use the same estlmator for the whole region (0,1) to get a uniform band based on
the approximation (4.11).
In practice, the result (4.11) can be used as follows: We can create a large number of

(boot, debzas)( ) of Wb(;iebias) (t)

Li.d. copies Wy by creating i.i.d. copies

(4.13)

0),boor ),boo 1 .
Q" (1) = e sz«b fn=t, Q) tb‘ Vi K, (ifn =) - (i/n = )b

where Vi*, V¥, ..., areiid. N(0, I5xs)-distributed random variables, and computing W(bOOt debias) (t)

according to (4.12). Quantiles of Wlfjebws)( t) then can be determined by using the cor-

boot,debias
Wy 1)

responding empirical quantile of the copies t). Then one can use (4.11) to
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construct the confidence band for 6 (). For convenience of the readers, we provide a sum-
marized algorithm of the above discussion.
Algorithm for constructing SCBs of 0¢(t):

e Compute the appropriate bandwidth b, based on the cross validation method in
Subsection 4.3 and compute éc(t) based on the jackknife-based estimator from 4.1.

e For r = 1,..., N with some large N, generate n i.i.d. N(0,Isxs) random variables
Vi, ...,V and compute g = sup;e(g 1) ]Wb(fwt’debms) (t)|, where WéfOOt’debws) (t) is
computed according to (4.12), (4.13).

e Compute u1—a = ¢|(1-a)N|, the empirical (1—a)th quantile of sup,c( 1 [W,

e Calculate S¢(t) = {CT‘A/(t)_lf\(t)V(t)_lC}l/Q with the estimators proposed in Sub-
section 4.2. As mentioned there, V' (¢)~'A(#)V(¢)~! can often be simplified.

e The SCB for Oc(t) is Ocyp, (t) + Xo(t)ui_oBs, where By = {z € R® : |z| < 1} is the
unit ball in R®.

(debias) (t) | )

Remark (Discussion of the tvGARCH parameter restriction) A very valid question was
asked by a reviewer about the applicability of the assumption (2.7). We would like to point
out that this assumption is necessary under the fourth moment assumption of the GARCH
process. Investigating the proof of Proposition 9.2 very minutely, it seems that it might be
possible to relax existence of 4+ a moments for the GARCH process to only 2+ a moments
which could potentially improve the condition (2.7) to

ai(r) +B1() < L.

However, the entire bias expansion arguments in the proof of Theorem 8.18 would change
based on this relaxed moment assumption and it would require a different notion of local-
stationarity that allows more approximating terms. To keep the general theme of the paper,
we decided against proving a separate result for just GARCH(1,1). Moreover, from a prac-
tical point of view when we estimate the X (t) we use I, (t) from section 4 which is only
consistent under at least 4th moment existence of the GARCH process. We also found that,
for some very popular stock market datasets (one such example is given in Section 5) one
can reasonably assume that the condition (2.7) is satisfied.

5. Simulation results and applications. This section consists of some summarized
simulations and some real data applications related to our theoretical results. Because of
the generality of our theoretical framework, it is impossible to report simulation perfor-
mance even for the most prominent examples in these different classes. Therefore we restrict
ourselves to conditional heteroscedasticity (CH) models for simulations and real data ap-
plications. For the time-varying simultaneous band, to the best of our knowledge, there is
no or little simulation results reported. For the tvAR, tvMA, tvARMA and tvRegressions
we obtained satisfactory results but they are omitted here to keep this discussion concise.
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5.1. Simulations. In this section, we study the finite sample coverage probabilities of
our SCBs for theoretical coverage o = 0.9 and o = 0.95 in the following tvARCH(1) and
tvGARCH(1,1) models:

(a) X; = \/ao(i/n) + a1 (i/n) X2 ¢, where ag(t) = 0.8 + 0.3 cos(nt), aq(t) = 0.45 +
0.1 cos(mt),
(b) X; = 0i, 02 = ap(i/n)+ai(i/n) X2+ B1(i/n)o? |, where ap(t) = 2.440.02 cos(nt),

a1(t) = 0.4+ 0.1cos(wt) and S1(t) = 0.5 — 0.1 cos(rt),

where ¢; is i.i.d. standard normal distributed. For estimation, we choose K(z) = 2(1 —
xz)l[,l,l] (z) to be the Epanechnikov kernel, n = 500, 1000, 2000, 5000 for several different
by, (the optimal bandwidths (4.6) are also reported for model (a) and model (b)). For each
situation, N = 2000 replications are performed and it is checked if the obtained SCB based
on (4.11) contains the true curves in ¢ € (0,1). In both models we have A(t) = I(t) = V()
and therefore estimate ¥2,(t) = CTI(t)"'C via replacing I(t) by I, (t) from (4.5). We
obtained the results given in Tables 2 and 3. The estimation, for smaller sample sizes n,
sometimes may lead to difficulties since the optimization routine (optim in programming
language R) may not converge. We decided to discard these pathological cases for simplicity.
It can be seen that the empirical coverage probabilities are reasonably close to the nominal
level for bandwidths close to the optimal ones and they do not differ too much for other
bandwidths as well.

TABLE 2
Coverage probabilities of the SCB in (a) for n = 500, 1000, 2000, 5000;
o =90% o =95%
n bn Qo ‘ a1 ‘ (ao,al)T Qg ‘ aq ‘ (ao,al)T

500 0.45 || 0.859 | 0.839 0.833 0.948 | 0.912 0.900
0.5 0.869 | 0.864 0.842 0.937 | 0.914 0.895
0.55 || 0.864 | 0.849 0.832 0.930 | 0.901 0.898

1000 | 0.4 0.873 | 0.846 0.845 0.937 | 0.906 0.900
0.45 || 0.885 | 0.875 0.879 0.941 | 0.925 0.927
0.5 0.887 | 0.876 0.864 0.948 | 0.926 0.931
0.55 || 0.871 | 0.870 0.866 0.931 | 0.925 0.921

2000 | 0.3 0.893 | 0.861 0.868 0.946 | 0.924 0.930
0.35 || 0.886 | 0.872 0.866 0.938 | 0.928 0.921
0.4 0.891 | 0.878 0.874 0.937 | 0.926 0.933
0.45 || 0.874 | 0.873 0.883 0.940 | 0.937 0.937

5000 | 0.25 || 0.885 | 0.883 0.882 0.941 | 0.931 0.936
0.3 0.892 | 0.883 0.889 0.949 | 0.938 0.941
0.35 || 0.900 | 0.891 0.894 0.948 | 0.945 0.938
0.4 0.900 | 0.899 0.894 0.953 | 0.947 0.937
0.45 || 0.878 | 0.880 0.881 0.934 | 0.937 0.930
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TABLE 3
Coverage probabilities of the SCB in (b) for n = 500, 1000, 2000, 5000
a = 90% a=95%
n bn o a1 b1 (ao, a1, B1)" Qo o1 b1 (ao, a1, B81)"
500 0.55 0.943 | 0.778 | 0.902 0.793 0.962 | 0.851 | 0.939 0.854
0.6 0.946 | 0.815 | 0.922 0.837 0.962 | 0.875 | 0.961 0.89
0.65 0.947 | 0.828 0.92 0.841 0.966 | 0.884 | 0.956 0.899
0.7 0.939 | 0.849 | 0.922 0.853 0.962 | 0.897 | 0.957 0.903
1000 | 0.5 0.943 | 0.857 | 0.936 0.864 0.974 | 0.913 | 0.966 0.914
0.55 0.947 | 0.869 | 0.926 0.891 0.97 0.929 | 0.954 0.937
0.6 0.946 | 0.884 | 0.943 0.908 0.971 | 0.937 | 0.966 0.948
0.65 0.944 | 0.873 | 0.921 0.889 0.965 | 0.921 | 0.951 0.934
2000 | 0.3 0.944 | 0.822 | 0.924 0.869 0.967 0.89 0.961 0.92
0.35 0.941 | 0.843 | 0.923 0.864 0.967 | 0.908 | 0.945 0.913
0.40 0.958 | 0.846 0.92 0.894 0.972 0.91 0.96 0.943
0.45 0.957 | 0.875 | 0.931 0.897 0.98 0.928 | 0.965 0.942
0.50 0.946 | 0.887 | 0.952 0.911 0.978 | 0.938 | 0.979 0.952
5000 | 0.25 0.955 | 0.855 | 0.936 0.886 0.974 | 0.903 | 0.959 0.929
0.30 0.941 | 0.889 | 0.939 0.904 0.974 | 0.931 | 0.967 0.949
0.35 0.949 | 0.903 | 0.941 0.903 0.972 0.95 0.975 0.946
0.40 0.954 | 0.882 0.94 0.92 0.968 0.94 0.969 0.959
0.45 0.966 | 0.892 | 0.956 0.909 0.98 0.946 0.98 0.96
0.50 0.948 | 0.886 | 0.932 0.896 0.976 | 0.937 | 0.976 0.957

5.2. Applications. In this section, we consider a few real-data applications of our pro-
cedure. As mentioned in Section 1, there are abundant results in the literature about
time-varying regression but the results for time-varying autoregressive conditional het-
eroscedastic models are scarce. Thus it is important to evaluate the performance of our
constructed SCBs for these type of models in both theoretical and real data scenarios.
Among the popular heteroscedastic models, usually GARCH type models are most diffi-
cult to estimate due to the recursion of the variance term.

We consider two examples from the class of conditional heteroscedastic models with
two types of financial datasets: one foreign exchange and one stock market daily pricing
data. As Fryzlewicz, Sapatinas and Subba Rao [20] found out, ARCH models have good
forecasting ability for currency exchange type data whereas for data coming from the stock
market, GARCH models are preferred. Typically, these daily closing price data show unit
root behavior and thus instead of using the daily price data, we model the log-return data.
The log-return is defined as follows and is close to the relative return

P —P_,\ P -P_
Yi—logPi—logPi_l—log<1+ L 1)% U

P4 Py

where P; is the closing price on the i** day. Because of the apparent time-varying nature of
volatility these log-return data typically show, conditional heteroscedastic models are used
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for analysis and forecasting.

5.2.1. Real data application 1: USD/GBP rates. For the first application, we consider
a tvARCH(p) model with p = 1, 2. It has the following form

Y2 =02, o? = aoli/n) + ai(i/n) Y2, + ...+ ap(i/m)Y2,,

Many different exchange rates from 1990-1999 for USD with other currencies were ana-

lyzed in [20] using tvARCH(p) models with p = 0, 1, 2. The authors suggested choosing p =
1 for USD-GBP exchange rates. We collect the same data from www.federalreserve.gov/
releases/h10/Hist/default1999.htm and fit both tvARCH(1) and tvARCH(2) models.
This is a sample of size 2514 and we use cross-validated bandwidth 0.26 and 0.25 for the
two models. We only show the results for the fit with tvARCH(1) here. We observed that
the estimates for the parameter curves ag(-) and a4 (-) for tvARCH(2) model are very sim-
ilar to that from the tvARCH(1) fit and thus it indicates against including the extra as(-)
parameter in our model. We also provide the plots for the log-returns and ACF plot of
squared sample that shows evidence of conditional heteroscedasticity.
Based on Figure 1 time-constancy for parameter curve «(-) is rejected at 5% level of
significance. For aj(-), the estimate generally stays below the stationary fit. Also, one
can see from the plot of actual log-returns that there are large shocks from 1990 to 1993
compared to those seen in 1993-1999. This can be explained through the high (low) values
shown for the estimated curve ag(-) for the time-period 1990-1993 (1993-1999).

5.2.2. Real data application II: NASDAQ index data. In the empirical analysis of log-
return for stock market data, however, as Palm [40] and others suggest, lower order GARCH
have been often found to account sufficiently for the conditional heteroscedasticity. More-
over, GARCH(1,1) and in a very few cases GARCH(1,2) and GARCH(2,1) models are used
and higher order GARCH models are typically not necessary. Another advantage of using
GARCH(1,1) over ARCH(p) models is that one need not worry about choosing a proper
lag p as GARCH(1,1) can be thought as an ARCH model with p = co. In this subsection,
we implement a time-varying version of GARCH(1,1) and obtain the bootstrapped SCB.
A tvGARCH(1,1) model has the following form:

Y2 =0i¢, o} = aoi/n) +ar(i/n)YZ, + Bi(i/n)oi .

As our second example, we choose to analyze the log returns of NASDAQ from January
2011 to December 2018. This is an extremely important index data in US stock market.
We collect this one and all other stock index datasets from www.investing.com. Our
cross-validated bandwidth is 0.405 for this data of size 1751. Since our simulations show
excellent performance for sample sizes smaller than 2000 and the estimated parameter
functions satisfy the parameter restriction supg<,<q(81(t)% + 261 (£)B1(t) + 3a1 (£)?) < 1, it
is reasonable to say our simultaneous confidence bands would also be valid here. As one
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US/GBP data from Jan 1990- Dec 1999
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Fic 1. Analysis of USD/GBP data from Jan 1990 to Dec 1999. Top left: Log-returns. Top right: ACF plot.
Bottom panel: Estimates of the parameters ao(+), ai(-), respectively (red) with 95% SCBs (dashed) and
estimates of the parameters assuming constancy (blue). We also provide pointwise bands (grey) and time-
constant estimate + standard error band (brown). Optimal bandwidth was 0.26 and ao(-) is time-varying

can see from Figure 2, the time series show significant lags in its ACF plot after squaring;
indicating conditional heteroscedasticity.

One can see that the estimates for a(+) is mostly above the corresponding time-constant
fit. As mentioned int he caption a;(-) is time-varying since the SCB does not contain
a horizontal line. The fit fluctuates around the time-constant fit. For [i(t), the time-
varying fit is below the corresponding time-constant fit. Overall, since «;(t) is deemed
time-varying through this analysis the time-constant hypothesis can be rejected at 5%
level of significance.

5.3. Forecasting volatility. A compelling question can be asked regarding the useful-
ness of time-varying models in forecasting econometric time-series compared to their time-
constant analogue. Note that the main goal of this paper is not to build better forecast-
ing models and the extension to predictive intervals from confidence intervals for condi-
tional heteroscedastic model is not very straight-forward. Moreover, it is unclear how in-fill
asymptotics discussed in this paper would extend to forecasting future trends or future
time-varying function. Any asymptotic theory would need to consider the rescaling mecha-
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Log-return data for NASDAQ 2011-2018
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Fic 2. Analysis of Nasdaq data from Jan 2011 to Dec 2018. Top left: ACF plot. Top right, bottom left,
bottom right: Estimates of the parameters ao(+), a1(-) and B1(-), respectively (red) with SCBs (dashed) and
estimates of the parameters assuming constancy (blue). We also provide pointwise bands (grey) and time-
constant estimate £ standard error band (brown). Optimal bandwidth was 0.405. A horizontal line does not
pass through the SCB of a1(-) and thus it is time-varying.

nism rigorously keeping in mind the data observed upto a certain point. In this subsection
we show that time-varying models can indeed lead to better forecast compared to time-
constant analogues.

5.3.1. Short-range forecasts. Following [46] and [21], we show for a wide range of econo-
metric datasets time-varying model can provide better short range forecasts. We also allow
multiple windows of forecasting and multiple start points to highlight why most of these
datasets call for a time-varying fit. In the following Tables 4 and 5, we use ARCH(1)
models for the forex datsets and GARCH(1,1) for the stock market indices. Our POOS
(pseudo-out-of-sample) evaluation of forecasting is Chalked out as follows:

Define, for a h—step ahead forecasting scheme, O't h =% Z?f’ 41 Zcr 0 where o2 e are
the (i —t) step ahead forecasts of time-constant or time-varying fit at time ¢. We compare
this with ‘realized’ volatility )_(t%t ‘h = %Zfﬂl 11X 2. We then compute the aggregated
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measure for a startpoint s as following

n—h
AMSE = %h— Z(@Q,Hh — X{in)-
n s
s+1
We choose forecasting horizon h values to be 25,50,75,100,150,200 and start values to
be s = 500, 1000. Our forecasting method is same as that is implemented in f{GARCH R-
package. For the time-constant fit at time ¢ we use the data from 1 to ¢ to predict the
h-step ahead forecast. For the time-varying fit however, it is unclear what the time-varying
projection will be. Following [21] we assume the last m points to be stationary for a small
m and use that to predict the future forecasts. Since m is a tuning parameter we choose
the m that produces the minimum AM SFE over the choice of m = 100, 200, ..., 500.

TABLE 4
Forecasting volatility: Short range forecast comparison of time-varying and time-constant model for
startpoint at 500. TV and TC stands for time-varying and time-constant models

ahead=25 ahead=>50 ahead=75 ahead=100 ahead=150 ahead=200
Data TC | TV TC | TV TC | TV TC | TV TC | TV TC | TV
USGBP 0.101 0.07 0.085 | 0.057 || 0.078 | 0.053 || 0.075 | 0.052 0.07 | 0.048 || 0.067 | 0.046
USCHF 2.968 | 2.775 1.702 | 1.528 1.269 | 1.115 1.048 | 0.099 || 0.803 | 0.601 0.646 | 0.524
USCAD 0.029 | 0.026 0.024 | 0.024 || 0.022 | 0.023 0.02 | 0.021 0.017 | 0.018 || 0.015 | 0.017
EURGBP 0.083 | 0.074 0.057 | 0.048 || 0.044 | 0.036 || 0.039 | 0.032 || 0.034 | 0.029 || 0.028 | 0.025
EURUSD 0.052 | 0.033 0.044 | 0.028 || 0.041 | 0.027 || 0.042 | 0.028 || 0.038 | 0.032 || 0.036 | 0.038
SP Merval 7.722 | 7.094 6.632 | 4.679 || 5.317 | 4.376 || 5.763 | 4.514 || 5.372 | 4.529 || 5.086 | 4.620
BSE 3219 3038 2916 1901 2313 | 2040 2259 1321 2000 1106 1897 1038
SP500 old 5.475 | 5.346 8.752 | 7.511 || 4.265 | 4.048 || 3.339 | 2.344 || 2.092 | 1.079 1.768 | 0.939
SP500 0.319 | 0.042 0.379 | 0.372 || 0.249 | 0.324 || 0.304 | 0.306 || 0.277 | 0.280 || 0.269 | 0.274
Dow Jones || 0.037 | 0.0365 || 0.316 | 0.277 || 0.223 | 0.231 0.215 | 0.200 || 0.185 | 0.183 || 0.169 | 0.176
FTSE 0.470 | 0.461 0.456 | 0.283 || 0.322 | 0.279 || 0.346 | 0.206 || 0.336 | 0.240 (| 0.319 | 0.278
NASDAQ 0.424 | 0.399 0.498 | 0.237 || 0.283 | 0.233 || 0.404 | 0.175 || 0.388 | 0.200 || 0.364 | 0.218
Smallcap 0.448 | 0.292 1.035 | 0.189 || 0.398 | 0.157 || 0.981 | 0.143 || 0.979 | 0.144 || 0.970 | 0.143
NYSE 0.318 | 0.245 0.470 | 0.144 || 0.277 | 0.148 || 0.418 | 0.107 || 0.413 | 0.121 0.404 | 0.136
DAX 0.903 | 0.800 1.142 | 0.559 || 0.639 | 0.552 || 0.992 | 0.501 0.961 | 0.580 || 0.920 | 0.697
Apple 3.736 | 3.535 1.853 | 2.100 || 2.069 | 1.816 1.380 | 1.787 || 1.305 | 1.818 1.280 | 1.749
Microsoft 2.729 | 3.388 1.600 | 1.999 1.156 | 1.898 || 0.981 | 1.335 || 0.766 | 1.084 || 0.664 | 0.973
AXP 2.350 2.13 2.142 | 1.500 1.456 | 1.264 1.726 | 1.065 1.759 | 0.984 1.625 | 0.928

One can see from Table 4 and 5 how for a wide range of datasets, starting point and
forecasting horizon the time-varying AMSE is considerably smaller than that for the time-
constant version. We believe, even if prediction and forecasting is more important from
an economist’s perspective, this POOS analysis provides a strong motivation to choose a
time-varying model over a time-constant one.

5.3.2. One-step ahead forecasting and semi-timevarying models from inference. We use
the following one-step ahead AMSFE; used by [44] to validate our models
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TABLE 5
Forecasting volatility: Short range forecast comparison of time-varying and time-constant model for
startpoint at 1000. TV and TC stands for time-varying and time-constant models

ahead=25 ahead=50 ahead=75 ahead=100 ahead=150 ahead=200
Data TC | TV TC | TV TC | TV TC | TV TC | TV TC | TV
USGBP 0.068 [ 0.019 ][ 0.064 [ 0.017 ][ 0.062 [ 0.015 [[ 0.061 | 0.014 ][ 0.059 [ 0.013 ][ 0.058 [ 0.014
USCHF 4.344 | 4.009 || 1.796 | 1.584 || 1.074 | 0.891 [[ 0.799 | 0.624 || 0.559 | 0.392 || 0.419 [ 0.278
USCAD 0.029 | 0.028 || 0.024 | 0.027 [[ 0.022 | 0.024 [[ 0.019 | 0.023 |[ 0.017 | 0.021 [[ 0.015 | 0.020
EURGBP || 0.019 | 0.012 || 0.017 | 0.011 || 0.016 | 0.010 || 0.015 | 0.009 || 0.015 | 0.010 || 0.014 | 0.011
EURUSD || 0.039 | 0.028 || 0.034 | 0.029 || 0.032 | 0.031 || 0.032 | 0.034 || 0.029 | 0.040 || 0.027 | 0.045
SP Merval [[ 10.39 [ 8.714 [[ 9.432 [ 6.12 [[ 7.666 [ 6.029 [[ 8,522 [ 5.883 [[ 7.908 [ 5.857 [[ 7.052 [ 5.739
BSE 2478 | 2126 || 2798 | 1437 || 1506 | 949 || 2288 | 783 || 2263 | 771 || 2362 | 945.9
SP500 OID || 8.104 | 7.964 || 12.57 | 11.26 || 6.242 | 5.949 || 4.292 | 3.469 || 2.307 | 1.463 || 1.741 | 1.216
SP500 0.371 | 0.503 || 0.328 [ 0.276 |[ 0.259 | 0.236 || 0.231 | 0.196 || 0.183 | 0.166 || 0.155 | 0.152
DowJones || 0.484 | 0.509 || 0.351 | 0.400 || 0.263 | 0.335 || 0.210 | 0.292 || 0.167 | 0.267 || 0.145 | 0.238
FTSE 0.644 | 0.639 |[ 0.514 | 0.378 || 0.409 | 0.394 || 0.358 | 0.270 || 0.347 | 0.353 || 0.314 | 0.419
NASDAQ || 0.519 | 0.505 || 0.482 | 0.345 || 0.332 | 0.377 || 0.340 | 0.267 || 0.312 | 0.338 || 0.284 | 0.365
Smallcap 0.457 | 0.374 || 0.671 | 0.243 ][ 0.338 | 0.243 || 0.558 | 0.229 || 0.488 | 0.232 || 0.433 | 0.206
NYSE 0.375 | 0.329 |[ 0.374 | 0.207 || 0.271 | 0.212 |[ 0.287 | 0.153 || 0.260 | 0.194 || 0.237 | 0.228
DAX 1.245 | 1.123 || 1.130 | 0.755 || 0.842 | 0.708 || 0.925 | 0.762 || 0.897 | 0.896 || 0.832 | 1.102
Apple 2.465 | 2.275 || 1.799 | 1.279 |[ 1.530 | 1.206 || 1.374 | 0.871 || 1.276 | 1.036 || 1.237 | 1.052
Microsoft 2.868 | 3.668 || 1.720 | 2.205 || 1.214 | 2.147 || 1.057 | 1.596 || 0.851 | 1.335 |[ 0.770 | 1.232
AXP 2.837 | 2.668 || 1.749 | 1.462 || 1.395 | 1.347 |[ 1.151 | 0.825 |[ 0.982 | 0.681 || 0.834 | 0.581

1 n
AMSEy =~ ;(Xf — 62(i/n))?
i—

where X; is the realized observations (log-returns) and 62(-) refers to the fitted model using
ARCH(1,1) for foreign exchange datasets, and GARCH(1,1) for stock market indices. In
each row we exhibit the best model in bold.

Note that, the examples exhibited here show that often the time-constant model has poor
one-step ahead pseudo-out-of-sample (POOS) forecasting compared to their time-varying
analogue. However, from Table 6, one can see in some of these time-varying models we
have a subset of parameters not rejecting the hypothesis of time-constancy. We suspect
that setting a subset of parameters to be time-constant and allowing the rest to vary over
time can improve forecasting over both the models. One find of this analysis is that it is
not always true but for some of the datasets such as USGBP, the semi-time varying model
achieves the best forecasting rate. Note that it is easy to tailor and find time-constant fits
that allow for even better forecasting rate but those models do not have proper confidence
(in terms of closeness to the true model) for the already observed data. For the numbers
in the above table on the semi-time-varying column, we kept the time-varying coefficients
as they are and searched for the best (in terms of AMSE) constant for the time-constant
coefficients among the horizontal lines that fit within the bands entirely. Here we would
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TABLE 6
Forecasting volatility: Choosing between asymptotically 95% correct time-varying, semi-time-varying and
time-constant models

’ Index (opt by) H Time-varying | Time-constant H Time-constant coefficients H Semi-timevarying model
USGBP (0.26) 0.5701109 0.5956046 a1 0.5697231
USCHF (0.24) 45.42274 45.61378 None NA
USCAD (0.22) 0.1604907 0.1672808 o1 0.1616965
EURGBP (0.34) 0.778459 0.789287 a1 0.7837281
EURUSD (0.23) 0.3234517 0.3399221 None NA
SP Merval (0.36) 60.62419 62.02226 a1, b1 61.58843
SP500 old (0.29) 26.48272 26.12195 None NA
SP500 recent (0.22) 3.54 3.527918 a1, B 3.529355
Wilshire 5k (0.35) 1.943517 1.964926 o, a1, b1 1.972347
FTSE (0.45) 3.650331 3.687818 None NA
NASDAQ (0.405) 5.4258546 5.446805 a1, B 5.611163
Smallcap (0.35) 12.36647 12.56344 a1, B 12.53796
NYSE (0.24) 4.830424 4.841198 ao, 1, B1 5.287622
DAX (0.44) 9.908042 9.987583 None NA
Apple (0.27) 48.06839 46.4968 None NA
Microsoft (0.39) 38.08752 38.33715 None NA
AXP (0.28) 37.39755 37.90381 a1, B 38.1988

like to also put a word of caution as the semi-timevarying analysis is somewhat adhoc
and one can re-run the optimization by fitting only a proper subset as time-varying and
the rest as time-constant. We have checked this with multiple of the above datasets and
the AMSE were not too different from that reported above. Finally, the major takeaway
from this analysis remains how our time-varying fit, albeit not meant for prediction and
only for building simultaneous confidence interval can achieve better forecasting than the
corresponding time-constant fits and often can lead to also consider models which has only
a subset of coefficients time-varying.
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Supplement: This material ([doi] COMPLETED BY THE TYPESETTER) contains
the proofs of the results in the paper as well as the proofs of the examples.

6. Technical tools.

6.1. The functional dependence measure. To state the structure of dependence we use
throughout the paper, we introduce a functional dependence measure on the underlying
process using the idea of coupling as done in Wu [50]. Assume that a stationary process Z;
has mean 0, Z; € £,,q > 0 and it admits the causal representation

(6.1) Zi = J(G\ G- . .).

Suppose that (¢)icz is an independent copy of ({;)iez. For some random variable Z, let
12|, := (E|Z|9)'/ denote the L,-norm of Z. For j > 0, define the functional dependence
measure

(6.2) 57 (i) = 1 Zi — Z{|lq.

where F is a coupled version of F; with (p in F; replaced by ¢,

7

(63) F*:(Ciaé.i—l:"' 7(17C8<a<—17<—27"')a

and Z} = J(F}). Note that 67 (i) measures the dependence of Z; on {y in terms of the gth
moment. The tail cumulative dependence measure AqZ (7) for j > 0 is defined as

(6.4) AZ(j) = 67(i).
i=j

6.2. The class H(My, My, x,C). To prove uniform convergence of Ly , and its deriva-
tives w.r.t. 6, we require £ to be Lipschitz continuous in direction of 0 and to grow at
most polynomially in direction of z = (y,z), where the degree is measured by integers
My, M, > 1. We will therefore ask ¢ and its derivatives to be in the class H (M, M, x,C)
which is defined as follows: Let x = (xi)i=1,2,... be a sequence of nonnegative real numbers
with [x]1 := D22, xi < 00, and C' > 0 be some constant. Define |z|y1 := > oo, xi|zi|. Put
X = (1, x), and for nonnegative integers d,, d,,, define the ‘polynomial rest’

dy dm

Raya,(2) = D> > |ylflalis

k=0 [=0
k+i<max{dz,dy}

A function g : R x RN x © — R is in H(M,y, My, x, C) if supyeg |9(0,0)| < C,

_ /
sup sup l9(2,0) — g(2,0")]

<C
= o200 |0 — 0|1 Ry, 00, (2) —
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and

_ /
sup sup lg(2,0) — g(<,0)]

<C.
0 =22 |2 — 231 ARM,—1,M,—1(2) + By, -1, -1(2)} —

If g is vector- or matrix-valued, g € H (M, M,, X, C) means that every component of g is
in H(My, M, x,C). In case of time series it often holds that M = M, = M,, which allows
to use a simplified version Ry, ar,(2) =1+ |z|XJ\/l1

7. Assumptions. In this paper, we prove weak Bahadur representations and construct
simultaneous confidence bands for 6y, (-) and 0y, (). Clearly, more smoothness assumptions
on 0(-) and ¢ are needed to prove results for the latter one. To do so, we introduce a more
general set of assumptions which is implied by either Assumption 2.1 or 2.2. This is done
in Section 9 below.

7.1. Case 1. In the following, we will assume the existence of measurable functions
H, G such that Y;(t) = H(t,F;) € R and X;(t) = G(t,F;) € RY are well-defined for all
t € [0, 1]. These processes will serve as stationary approximations of Y;, X; if |i/n —t| < 1.
For brevity, define Z;(t) := (Y;(t), Xi(t)")" and Z; := (V;, X])T. The constant ~ > 2 in the
following assumption is connected to the number of moments that are assumed for Z; (cf.
(A5) and (AT)), while v > 1 is a measure of decay of the dependence which is present in
the model.

A slightly different set of assumptions (Assumption 7.3, 7.4) which is specifically designed
for conditional heteroscedastic models, leading to weaker moment assumptions, is given
below. All theoretical results in this paper also hold under this set of assumptions.

ASSUMPTION 7.1.  Suppose that for some r > 2 and some v > 1,

(A1) (Smoothness in 6-direction) € is twice continuously differentiable w.r.t. 0. It holds
that £, Vgl, VZE € H(My, My, x,C) for some My, M, > 1, C >0 and x = (Xi)i=1.2,..
with x; = O(i~(1+7).

(A2) (Assumptions on unknown parameter curve) © is compact and for all t € [0,1], 6(t)
lies in the interior of ©. Each component of 0(-) is in C3[0,1].

(A3) (Correct model specification) For allt € [0,1], the function 8 — L(t,0) := El(Zy(t), )
is uniquely minimized by 0(t).

(A4) The eigenvalues of the matrices

(7.1) V(t) = EV3U(Z(t),0(t),
(7.2) I(t) = E[Vel(Zo(t),0(t)) - Vol(Zo(t),0(1)"],
(7.3) A(t) = D E[Vel(Zo(t),0(1)) - Vol(Z; (1), 0(1))T],

JEZL

are bounded from below by some \g > 0, uniformly in t.
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(A5) (Stationary approximation) Let M = max{M,, M,}. There exist C4,Cp,D > 0 such
that for alln e N, i =1,...,n, t,t' €[0,1], j € N:

max{[[Yillrar, [Yo()llrar, 1Xllrar, [1Xoj()lrar} < D,

and

1Xi; — X (i/n)|lrar < Can™, (| X0, (t) — Xoj()|lrar < Clt — 1,
and either
(T4) Y= Yili/m)llas < Can™' [¥o(t) = Yo(t)llas < Cplt — 7'

or (with x from (A1))
| Fi(,0) — Fi(z', 0)]|az,
< 00

x#x! |‘T - m/|X71

(7.5)

(A6) (Negligibility of the truncation) For all i, j: |ij] < |X4j]. For1<j<i, X;; = Xg,.
(A7) (Weak dependence) It holds that supepg g 55(]\?)(]{) — Ok~ and either (7.5) or
supseo] Oy (k) = O(k~(4) Rolds.

Note that (A2), (A3) and (A4) are typical assumptions in M-estimation theory to guarantee
convergence of the estimator towards the correct parameter and to use Taylor expansions
and bias expansions. The condition on L in (A3) directly implies 0 = VyL(t,6(t)) =
EVgE(Zo(t),Q(t)) under the imposed smoothness conditions, which will be used in the
proofs. In many special cases in time series analysis (cf. Example 9.1), it may even oc-
cur that Vgl(Zo(t),0(t)) is a martingale difference sequence or at least an uncorrelated
sequence. In these cases, A(t) = I(t) such that the verification of (A4) is simplified.

Asking the objective function £ to be twice continuously differentiable w.r.t. § as done
in (A1) is a typical condition and is needed to use Taylor expansions. We additionally ask
¢ and its derivatives w.r.t. # to be in H(My, M,, x, C). This is exploited in two ways: It
allows quantification of the order of dependence of ¢(Y;, X;,6) based on the dependence
of X;,Y;, and it allows to deal with local stationarity by replacing X;,Y; by its stationary
counterparts. In this context, we especially need a decay condition on the coefficients x;
which appear in ¢. This decay is quantified by the sequence x = (x;)ien. We use this rate
to show that the observed truncated values X are negligible compared to X; and that
the overall dependence of ¢(Y;, X;,0) has the same order as the original sequences Y;, X;
(cf. (AT)). Lastly, condition (A1) implicitly implies continuity of the matrices appearing in
(A4) such that it is enough to show pointwise positive definiteness.

To eliminate bias terms, we state (A5) which asks for smoothness of the processes X;,Y;
in time direction and the existence of a stationary approximation. The sense of local sta-
tionarity is similar to what is used in [14, 48] etc. and a detailed discussion can be found
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in [11]. Here we consider two different cases. The case (7.5) is dedicated to general linear
models which may have discretely distributed observations Y; and thus would not fulfill
a condition like (7.4) for rM > 2. To prove central limits theorems and to use strong
Gaussian approximations, we need a weak dependence assumption which is given in (AT).
Let us emphasize the fact that all conditions besides (A5) are formulated for the station-
ary approximation Z;(t) = (Y;(t), X;(t)) which in general allows easier verification and the
possibility to use earlier results obtained for stationary settings.

To prove a typical second-order bias decomposition for @’)n (t), we need that the stationary
approximations Zz(t) are differentiable w.r.t. . The concept of derivative processes in
the context of locally stationary processes was originally introduced in Dahlhaus [11] and
Dahlhaus and Subba Rao [14] and formalized in Dahlhaus, Richter and Wu [13] especially
for processes with Markov structure.

AssumpTION 7.2 (Differentiability assumptions). Suppose that there exist My, My > 2
such that M' := max{My, My} fufills M' < rM and
(B1) 0(-) € C*0,1]. )
(B2) Vil(z,0) is continuously differentiable. It holds that Vit € H(M,, M}, x,C), and
for all l € Ny, 0, V3l € H(M,, — 1, M, —1,X/, Cx1) with some absolutely summable

sequence X' = (X})i=12,..- )
(B3) t — Zy(t) is continuously differentiable and supc( 1) Supjen, 10 Zoj (t)|| s < D,

s Zoi () — 04 Zoi () || v
Sup sup || t OJ( ) t/ 0]( )HM < CB-
JENo tAY! [t — ']

Note that the condition 8,, V3l € H(My, My, X', Cx1) asks V2{ to be dependent on z; with
a factor of at most x; which is a stronger condition than the corresponding condition on

V20 in (A1)

7.2. Case 2: tvGARCH. Assumptions 7.1, 7.2 are formulated as general as possible to
cover a lot of different models. However in specific situations, the conditions therein may
be too strong. Because of that, let us introduce the more general class H(M,, M, X, C)
for s > 0: A function g : R x RN x © — R is in H(M,, My, x,C) if supyeg |9(0,0)] < C,

sup sup ‘9(279) —9(270,)‘
= o920 |0 — 0|1 Rar, 0, (2)1F8

Qi

<

and

|g(2,9)—g(2/,0)| ~
sup su <.
0 oot 12 — 251 - {Bar,—1,m,-1(2)15 + Rag, 1,00, -1 ()15} —

Obviously, H = H.
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To make use of independencies occuring in the analysis, let us introduce the class
Hg‘ﬂlt(My,Mm,x, C) for s > 0 which consists of functions g : R x RN x © such that

l9w,0,0)| ~ A~
SUDgEo 4,17y < C and

} B} |g(y,x,9) _g(ya 33",9)|
sup sup sup

<C,
0-dh< v ot |T— @[ (Rar,—1a0, -1 (1, @) + Ray,—1ag, -1 (1, &) 109) (1 + [y[M) =

’g(yaxae) _g(yuf’cael)’ ~
sup sup <C.
Y 0260 10—6)s <o, <o |0 — O'[1 Rz, 0, (1, ) 151+ [y[ M)

Let |zly,s == (52 xjlzl*)"/*.

AsSsuMPTION 7.3 (Heteroscedastic recursively defined time series case). Let (;, i € Z be
an i.i.d. sequence. Assume that the stationary approximation Y;(t) of Y; evolves according
to

where X;(t) = (Yi_1(t), Yi_a(t)
Let

Yi(t) = F(X;(1),0(1),6)
).

U3y, x,0) = U(F(,0,y),.0).
Suppose that for somer > 2 and v > 1,
(A1°) ¢ is twice continuously differentiable w.r.t. 0. There exists M > 1 such that for each
s> 0, there exist x®) = (Xg-s))jzl,Q,.., with X§s) = O(j_(H'Y)) and C) > 0, such that
o (,Vpl, V3l € Hs(2M,2M,x5), C)).
[ ]
(7.6)
£(2,0)—L(,0

- £2,6) — (',

o =2 12— 250 (Bary(2) + B (2) + 12 = 2/ g0 1 (Rar—1,m-1 () + Ryroaar-1(2)149)

o There exists 1t > 0 such that V@g, Vgg € H?}Z‘lt(]\/l, M,X(S), C_'(S))

(A2°) (A2) holds,

(A3°) (A3) holds,

(A4°) (A4) holds,

(A5°) (A5) holds with (7.4) and ||{o||lrar < D.
(A67) X¢ = (Yi_1,Yi_a,..,11,0,0,...)

(A7’) supyepoq 5fﬁ)(k) = O(p*) with some p € (0,1).

ASSUMPTION 7.4 (Heteroscedastic recursively defined time series case). Suppose that
there exists M' > 2 such that M’ < rM and for all s > 0 there exist absolutely summable

(X/)(s) = ((X’)gs))j:m,,,, and ¢ > 0 such that
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(B1’) (B1) holds, 3 )

(B2’) V3¢ is continuously differentiable. It holds that V3l € ”HZfﬂ”(M’, M, x®),C), and
for all i € No, 0, V3l € HI (M — 1, M' — 1,(x)®), C&x),

(B3’) (B3) holds.

8. Appendix: Proofs of the theorems. For n = (n1,7m2) € © x (0’ -b,) =: E,,
define

LZ’% (t?] IZKbn n_t (Zz77I1+772( /n_t)b )

and Ln bns Ly, similarly as Ly but with Z¢ replaced by Zi(i/n) or Z;, respectively.

We define n,, (t) = (0(t )T, 6,0 (t)T)T as the value which should be estimated by 7, (t) =

(6, ()T, by, 9’ (t )M)T, the minimizer of Lfl b, (t; 77) In the proof of Theorem 8.1, it is shown

that Ly, (t,m) converges to L°(t,n) = f K(x)L(t,n1 + mox)dz. If x € RN, recall that
= (1,x) € R,

For t € (0,1) and n € E, = © x (0" b,) and some Lipschitz continuous function
K (Lipschitz constant L) and compact support [—1,1] (K bounded by |K|), define
Ky, (1) == K(-/b,) and
(8.1)

Gn(t,n) := ZK" ifn—t)-{g(Zi, m+n2(i/n—)b, ") =Bg(Zi, m+n2(i/n—)b, )},
i=1

Let G (t,n), Gn(t,n) denote the same quantities but with Z; replaced by Z¢ or Z;(i/n),
respectively.

8.1. Proofs of Section 3.

THEOREM 8.1. Fizt € (0,1). Let Assumption 7.1 hold with r = 2. Assume that nb, —
o0, by, — 0.
(i) (Consistency) It holds that 6y, (t) — 0(t) = op(1).
If additionally nb;, — oo, it holds that 6, (t) —6'(t) = op(1).
Assume that supjen, SubPsejo ] [1Z0j(t) l21ayar < 00 for some a > 0.
(i3) If nb? — 0, then

(8:2)  V/nba(fh, (t) = 0(t) = B2ET207 (1)) S N(0, 0% - V) IOV (D).
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(iii) If additionally, Assumption 7.2 is fulfilled and nb) — 0, then

< Vb (O, () — O(t) — 21520 (1)) >
t

Vb3 (6, (1) = 0'(t) — b2 325 bias(t))
y 10 . -
(8.3) 4 N(0,0%, (0 wiz) e Ve TV,

where bias(t) = %9(3) (t) + V(t)‘llE[atvgﬁ(Zo(t), 0(t))]6" (t).

The results hold true if instead of Assumption 7.1, 7.2, Assumption 7.3, 7.4 with some
r > 2 15 assumed.

PROOF OF THEOREM 8.1. The proof is similar to the proof of Theorems 5.2 and 5.4 in
[13].
(i) Fix t € (0,1). By Lemma 8.10(ii) applied to ¢, we have

sup [Lp, (t,m) — EL, (8,m)] = op(1).
neky,

Applying Lemma 8.11 to ¢, we obtain

sup [ELS, 4, (t:1) = L°(t,m)| = O(by + (nbn) ") = o(1),

where L°(t,n) f K(z)L(t,n + nex)dz. By Lemma 8.10(i), we have

I sup Ly, (8 m) = Loy, (E )] = O((nba) ™),
n

and thus

sup (L35, (1) = L°(6.7)] = op(1).

776 n
By Lemma 8.3, n — L°(t,n) is Lipschitz continuous. Since 6(t) is the unique minimizer of
0 — L(t,0), we conclude that (n1,72) = (6(¢),0) is the unique minimizer of n — L°(t,n).
Since 7y, (t) = (6, (t)7, bny, ()1 is a minimizer of Ly (t,n), standard arguments yield

(8.4) b, (8) = (Ob, ()7, 0a0;, (1)) = (0()T,0)7 + 0p(1).

We now show that @bn (t) — 0'(t) = op(1) if nb3 — oo. The following argumentation is also
a preparation for the proof of (ii),(iii). By (8.4), we have that 7, (¢) is in the interior of
O x (O’ - b,) with probability tending to 1 (since it converges to (6(¢)",0) in probability),
thus VnL:L”in (t,m, (t)) = 0 with probability tending to 1. By a Taylor expansion we obtain

(8.5) o (£) = 116, () = —[V2LY5 (£,7(0)] - VL' (., (1)),
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with some 7(t) € © x (0 - by,) satisfying [7(t) — m,, (t)| < |1, (£) — 1, (£)]. Let V(¢,0) =
EV2((Zy(t),0). Since g = V2l € H(M,, My, x,C), we can use similar arguments as in (i)
(but with Lemma 8.10(ii)(c) replaced by Lemma 8.10(ii)(b) in case of Assumption 7.3) to
obtain

(8.6) sup VLY (t,m) — VO(t,n)| = op(1),
(=", ()1 <e

where
1
(8.7) Vo(t,n) = /1K(w) (315 ;;) ® V(t,m + mox)da.
Let
(8.8) VO(t) = (é M?ﬂ) 2 V(D).

From (i), we have [7(t) — m, ()] < [/, (t) = m,, (t)| = 0p(1), i.e. 71 (t) = O(t) + op(1) and
M2(t) = b0’ (t) + op(1) = op(1). By continuity of 6 — V' (¢,6) and (8.6), we conclude that

(8.9) V9L°’C (t,n(t) =Ve(t,n(t)) +op(l) = V°(t) + op(1).
By Lemma 8.10(i), we have
(8.10) 10 L5, (s, () = Vi Lgyg, (&1, (D)1 = O((nby) ).

With (8.5), (8.9) and (8 10) we obtain
Vb (85, (8) = 6(1) | _ )
( . %(Abn(t) o )> = \/nby (i, () — 1, ()
= Vo) Vb VoL, (b, (1) + 0r(1)
= Vo) Wb { Vi Lsy, (6, (1) — EV, Loy, (8, (6)) }

\/nb Evm by (&, b, ()
8.11 —Ve(t n, " +op(1).
(510 o (ww T Y LS, (L (1)
By (8.11), it is enough to show the two convergences in probability,
(8.12) b { Vs L, (60, (1)) = BV L5y, (,,(8)} = 0p(1),
(8.13) by ' BV, L5, (87, (1) = op(1).

By (8.56) (use Lemma 8.7(i) if Assumption 7.1 holds and Lemma 8.8(i) if Assumption 7.3
holds) from the proof of Lemma 8.10(ii), applied to each component of Vil with K(x) =
K(z)x and ¢ = 1, we obtain

anzLZ,bn (t,m, (1)) — Evni;,bn (t,mp, (t))Hz — O((nbn)—l/Q),
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which shows (8.12) due to nb3 — co. Using the intermediate result (8.63) in the proof of
Lemma 8.12, we have

EV, Ly, (tm, (1)) = O + 0™t + (nby) ™),

we obtain (8.13) due to nb3 — oo, which completes the proof of (i).

(ii),(iii) Our aim is to show asymptotic normality of the term in the second to last line
of (8.11). Define U; ,,(t) := (K, (i/n — t), Ky, (i/n — t)(i/n — t)b;1)". Following the proof
idea of Theorem 3(ii) in [50], let m > 1 and define

m—1

Spbym 1/22Um ® Pi_Vol(Zi(i/n),0(t) + 0'(t)(i/n — t)).
l:O i=1

Recall my, (t) = (0(t),b,0'(t)T)T. Write shortly LIM for lim sup,,_, . limsup,,,_,~,. Then we
have for each component j = 1,...,2dg, that

LIM [|Spb,m(t); — (nbp) Y 2{V L2, (t,m, (1) — BV, Lo, (8,15, (8)) 2

LIM (16,2 Y | 32 (Ui (t) © ProsPal Zii /). 608) + 8/ 013 /n — )

I=m =1

LM I/Q(ZH n(0) @ PNl Zilifn).00) + 0/ (0 fm — )),]12)

IN

2

(Z()9)(l)

(8.14K |K]OOLIMZ sup sup5 =0,

I=m, t€[0,1] 4,0

by Lemma 8.7(i) if Assumption 7.1 holds or Lemma 8.8(i) if Assumption 7.3 holds. De-
fine M;(t) := (nbn) Y2370 Uin(t) © PVel(Ziyi((i 4 1)/n),0(t) + 6'(t)(i/n — t)) and
Sp b (t) 1= 320 My(t). Tt is easy to see with Lemma 8.3 or Lemma 8.5 applied to V/
that with some ¢/ > 0 small enough,

(8.15) | Su‘p | PV gl(Zo(u),0(v))]]2 < 2| su|p IVel(Zo(u), 0(v)) |2 < oc.
u—v|<i/ u—v|<t/

Since m is finite and (8.15), we conclude that for each component j =1,...,2dg,

(8‘16) ||Sn,bn,m(t)j - Nn,bn,m(t)j’b = O((nbn)_l/Z)

Let a = (a-{, a;—) € R% x R% . We want to apply a central limit theorem for martingale
differences to aTSn bom(t). Put

[y

m—1 m—

Swi= S0 E[PVal(Z,(1),00) PoVol(Z,(1),000)T) = Cov( 3 PoVat(Zi(2),0(1) ).

l1,l2=0 =0
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Lemma 8.3 (if Assumption 7.1 holds) or Lemma 8.5 (if Assumption 7.3 holds; note that
li/n —t| < b, implies both 6(¢t) + 6'(t)(i/n —t) and 0(%) to be near 0(t)) applied to Vgt
gives:

i 1PV ol Ziay (i + 11) /), 8(1) + 0’ (1) (i/n — 1)) = PN ol(Zia (1), 6(1)) 2

< sup  [|Vel(Zo((i + L)/n), 0(t) +6'(8)(i/n — 1)) — Vol(Zo(t),6(t))l|2

li /n—t|<bn
= O(b,+nh)
and due to (8.15),

sup 1PV ol Zigay (i + 12) /), (1) + 0’ (1) (i/n — ))ll2 < 2 sup  [[Vol(Zo(w),0(v))||2 < oo.

fu—v|</

We therefore have by Holder’s and Markov’s inequality that

() Mi(1)

L
=

1 > ’ 1 (i/n —t)b;*
= 2 (b)) Ko/ =ty <(i/n — bt (i/n - tﬂf)

l1,l2=

—~

APVl Ziy1, (1),0(t)) - PNVl (Zi1, (), 0(1))"} + Op(bn + 1Y)

2
K0 0
( 0 O’%{}Q) ®Em+OIP’(1)

The last step is due to Lemma A.2 in [14]. It remains to show a Lindeberg-type condition
for M;(t). Put My = PiNVg l(Ziy((i +1)/n),0(t) + 0'(t)(i/n — t)). There exists some
constant C' > 0 such that for j =1,...,dg and ¢ > 0,

n

D E[Mi(t)3 10,0150

(8.17) < C(nb,) ! ZKbn(i/n—t)2E[ij,l1{|K|oo‘menbn)m}].

Using Holder’s inequality we have

E[M,

B (K oo g 12y ] S Bl Mg PP P Koo | M| > w(mbp) 224,

which tends to zero using Markov’s inequality, (8.15) (with | - ||2 replaced by || - ||2+44) and
the condition

sup sup || Zo(t);ll2a)ynr < 00
J€Np t€[0,1]
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(which is automatically fulfilled with a = ¢ if Assumption 7.3 holds with r = 2 4 ¢). This
shows that (8.17) is tending to 0. The proof for j = do + 1,...,2dg is similar. From
Theorem 18.2 in Billingsley [4] and the Cramer-Wold device we obtain

2
3 d ko 0

8.18 Snpn,m(t) = N (0, < ’ > ® Xm |-

(8.18) (t) ( 0 O'QKQ )

Using Theorem 5.46 in [49], (8.14), (8.16), (8.18) and X, — A(t) (m — o0), we obtain

Ao Ao o2 0
(8.19) (06,) (T L, (1, (8) = BV, (o, 00} 4 N (0, (750 5 ) a).
Using (8.19), the expansion (8.11) and Lemma 8.12, we obtain the result provided that

nb! — 0 for (i) and nb) — 0 for (iii). O

PROOF OF THEOREM 3.2. By Proposition 9.1, Assumptions 7.1 and 7.2 are fulfilled.
By Proposition 9.2, Assumptions 7.3 and 7.4 are fulfilled. The results now follow from
Theorem 8.2. O

THEOREM 8.2 (Weak Bahadur representation of 6y, , (/9\{7"). Let B, = (nbn)*lﬂbgl/2 log(n)'/?
and put ' '
79 = (Bp + bn)((nby) "2 log(n) + bLH7), j=12.

Let Assumption 7.1 be fulfilled with some r > 2.
(i) It holds that

(820)  sup |V(0)- {6, (1) = 00)} — VoL, (00),0(1))] = Op(ri"),

(8.21) sup |VoLS, (£0(t),0'(t)) — b2EE2y ()0 (¢)

n,bp,

teTn 2

—(nbn) 1> Ky, (i/n — t)hi| = Op(Baby + b3 + (nbn) ™).
=1

(i1) If additionally Assumption 7.2 is fulfilled, then

(8:22) sup |uxaV (1) - bu{Bh, () = 0'(0)} = b VL, (1,0(2),6'(1)| = Os(rf2),

teTn
(8.23) sup by Vo LS, (£,60(t),0/(1)) — bg%va)bms(t)
teTn

—(nbn) ™" " Ky, (ifn - t)(i/z_t)hi\ = Op(Bnb2 + b2 + (nb,)™1).
i=1 n
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PrROOF OF THEOREM 8.2. (i),(ii) By Lemma 8.10(i),(iii)(a) and Lemma 8.11(a) (in case
Assumption 7.1 holds) or Lemma 8.10(i),(iii)(c) and Lemma 8.11(a) (if Assumption 7.3
holds) applied to g = ¢, we have that

sup sup |Ly (1) — L°(t,n)] = Op(Bn + (nbn) 1) 4+ O(bn),
teTn nEER

ie. L) (t,n) converges to L°(t,n) uniformly in ¢,7 if b, = o(1) and 8, = o(1). It was
already seen in the proof of Theorem 8.1 that L°(¢,7) is continuous w.r.t. n and uniquely
minimized by 1 = (6(¢)7,0)T. Standard arguments give

(8.24) Sup M, (£) — b, ()] = op(1).

Thus for n large enough, 7, () is in the interior of E,, uniformly in ¢. By a Taylor expansion,
we obtain for each t € Ty,:

(8.25) oy (£) = 116, () = —[Vo(£) + R, (8)] - VL2, (£, (1)),

where Ry, (1) = V%LZ’E)H (t,n(t)) — V°(t) with some 7(t) € E,, satisfying |7(t) — np, (t)]1 <
b, (t) — b, (t)|1 and V°(t) is defined in (8.8).

By Lemma 8.10(i),(iii)(a) and Lemma 8.11(a) (if Assumption 7.1 holds) or Lemma
8.10(i),(iii)(c) and Lemma 8.11(b) (if Assumption 7.3 holds) applied to g = V2/ and
K(z) = K(z), K(z) = K(z)z or K(z) = K(x)x?, respectively, we have for some fixed
/> 0:

(8.26) sup  sup VoL (t,m) = VO(t,n)] = Op(Bn + (nbn) ') 4+ O(bn),
t€Tn In—mp,, (£)|<V/

where V°(t,7) is defined in (8.7). ) )
For the moment, let h;(t) = Vgl(Z;(t),0(t)). Note that Eho(t) = EVgl(Zy(t),0(t)) =0
by Assumption 7.1(A3), (Al) (or Assumption 7.3(A3’%), (A1")).

By Lemma 8.7(i) (if Assumption 7.1 holds) or Lemma 8.8(i) (if Assumption 7.3 holds),

. Vo U(Z(t),0
we have sup, 5352%14:) = supy 5242 . (t))(k) = O(k~04) for each j = 1,...,de. Using

Lemma 8.3 (if Assumption 7.1 holds) or Lemma 8.5 (if Assumption 7.3 holds), we see that
the assumptions of Lemma 8.16 are fulfilled and thus, applied to h;(t),

(8.27) sup ‘(nbn)_1 Z Ky, (i/n —t)Vel(Zi(i/n), 0(i/n))| = Op((nby) ™% log(n)).

teTn

With Lemma 8.14, we obtain

Sup VL5 b, (16, (1)) = VL5, (816, ()| = Op((nby) ~'/? log(n) + B,b}).
€'ln
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Since EVl(Zo(t),0(t)) = 0, we obtain with Lemma 8.12(i),(ii) and Lemma 8.10(i):
(8:28)  sup [V, L35, (£, (£)] = Op((nby) ™/21og(n) + (mb,) ™" + BB2 + b1,

teTn

where j = 1,2. Since 0 + V (t,0) = EV2{(Zo(t), 6) is Lipschitz continuous (apply Lemma
8.3 in case of Assumption 7.1 or Lemma 8.5 in case of Assumption 7.3 to V?2/), the same
holds for n — V°(t,n). We conclude that with some constant C' > 0,

(8.29)  sup [Rpp, (t)] < sup sup [ViL5 (t,n) —V°(t, 77)I+C‘Sup |, (£) = 1, (2)].

teTn teT, neEEy, teTn
Inserting (8.28), (8.29) and (8.24) into (8.25), we obtain
(830)  Sup [y (8) = My ()] = Op((mb) ™2 log(m) + (b, ™" + B2 + B,
teTn

where j = 1, 2. Inserting (8.30), (8.26) into (8.29), we get sup,cr., |Ryp, (t)| = Op(Bpn + by +
(nby)~1). Together with

V() (7, (1) = 1, (1)) = VL7 (8,705, ()]
| oo + Vo) ™ R, (0] = Lo - [V Ly, (., (1))
HIQkXQk: + Vo(t)_an,bn(t)] _1‘ ’ ‘Vo an,bn( )| |v LO7C (tﬂ?bn (t))|7

and (8.28) we have (8.20) and (8.22). The other results (8.21) and (8.23) follow from Lemma
8.10(i), Lemma 8.14 and Lemma 8.12. O

IN

IN

LEMMA 8.3. Letq>0 and s > 0. Let g € Hs(M,, Mx,x,C) and M := max{M,, M,}.
Let Y,Y' be random variables and X = (X )jeN; X = (X/)]GN be sequences of random
variables. Assume that there exists some D > 0 such that umformly mjeN,

(8'31) H?HqM(l—&-s)? HY,HqM(l—‘rs)? HXquM(l-i-s)a HXJ/HqM(H-s) <D.

Let Z = (}A/,X)J 7' = (Y',X'). Then there exists some constant C' > 0 only dependent on
M, D, x and D (only in (ii)) such that

(i)
(8.32) ||Zgg|g<2,e>—g<2ce>|||q < C-CN xllZs — Zlloar,
j=0

19(2,6) — g(2,0")] _
8.33 sup < C-C,
(8.33) Hw . 9, I, <
(8.34) Isuplg(Z,0)|l, < C-C,

0cO

(8.35) IR, (2) ), < C.
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ny

X1 with some

(ii) Let s = 0. If additionally, E[|Y — Y'|"™v|o(X,X")] < D|X — X'
constant D > 0, then

(8.36) | sup 19(2,0) — 9(Z',0)|llg < C - C > %511 X5 = Xfllqnr-
j=1

Proor or LEMMA 8.3. During the proofs, we consider M,, M, > 2 and thus M > 2.
In the case M, =1 or M, = 1, the proofs are easier since some terms do not show up.
(i) Note that Raz,—1,1,—1 is a polynomial in |z|y,1, |y| with (joint) degree at most M —1.
Since ) o
R, —1,m,-1(2) = > VX s
k<M —1,0<k<My—1,0<I< My —1

we have by Holder’s inequality,

HRMy—l,Mx—l(ZA) Hq(Hs)M/(M—l)

(0@ . l .
< Z (ZXiHXin(Hs)M) ||YH]¢;(1+3)M
k1< M—1,0<k< M, —1,0<I<Mp—1 i=1
(8.37) < > (IXhD)'DF < (14 D(|xli + )M
0<k+I<M—1
Therefore:
Isuplg(Z,0) — g(Z',0)||,
0c6
< C_YHDA/ - ?/!(RMy—l,Mm—l(?,X)HS + RMy—l,Mr—l(?/7X)1+s)“q

(838) +H ‘X - X/’XJ ’ (RMy_lsz—l(Ya X)lJrS + RMy—l,Mz—l(?7 X/)1+S)H

CHY - Y/HqM ’ (HRMy_]-yMz_]-(Y?X)’ ;aj-s)M/(M—l)

q

IN

s LARSRIASICED ol (s yoevansy
+O[NIX = X Leallgnr (1 Rag,—1 0t —1 (Vs X0 oy nry a1

B, 10,1 (Vs XD o vy ar )
o

< 2001+ D(Ixh + )MV = Vllgas + 3 x511X5 = Killans),
j=1

which shows (8.32). The proof of (8.34) is obvious from (8.32) and supycg |9(0,0)| < C.
Ry, is a polynomial in |z],,1 and |y| with (joint) degree at most M. As in (8.37), we

obtain )
| Rat, 02, (Z) | g14s) < (L+ D(Ixh + )Y,
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showing (8.35).
(8.33) follows from (8.35) and
9(Z,0) — g(Z,0")| < C|0 — 0|1 Ragy 01, (2)'F5.
11 e first obtain (8. as before. e second suminan as the upper boun
ii) We fi btain (8.38 bef Th d dh h b d

2C(1+ D(Ixlr + )M xlIXG = Xfllgar-
j=1

For the first summand in (8.38), notice that
IV =Y Rag, 100, 1Y, X)),

NN Sk 1D
< 3 IV -] 9] |X
E+I<M—1,0<k<M,—1,0<I<M;—1

l
X1

q-

By Holder’s inequality for conditional expectations,
Y =¥ VI,

= E[E[Y - V|70 (X, X)) - 1X]2,]

< ER[Y - V/|["M|o(X, X)) ME[Y M/ M D g (X, X)) M= DMy X8 119

= E[A; - Ay - A3]'/a.
By the additional condition, we have 4; < DY/My |X - X' ;1(’1. By Holder’s inequality,

E[A; - Ay - Ag)V/9 < E[A{W]1/(qM)E[Aéw/’f]k/(qM)E[A:]y/(M—k—l)](M—k—l)/(qM)‘
We have E[AM]V/M < DVMv|||X — X[\ 1|2,
E[Ag"/ (MR R ) < Xl

1 HMql/(M—k—l

and by Jensen’s inequality for conditional expectations (note that Ml;f_l Mﬂy > 1),

" _ .I\J _IM . R R
E[Ay R R/ < BR[| ™M D TR o (X, X EM = (V|95

Putting the results together we obtain

o0
Y =Y [VIFIX[Lallg < DY S 3l Xs — Xillgar - D*(IX D)’
=1

which leads to

oo
‘q < DY@M) (1 4 D1+ |x|1))M - ZXiHXi — X{llqn,
=1

Y =Y Ragy—1,00,-1(Y, X)

giving the result. O
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LEMMA 8.4 (for tvGARCH). Let ¢ > 0 and s > 0. Let X, X" Y,Y' be as in Lemma
8.3 satisfying (8.31). Let g = { satisfy (7.6). Then there exists some constant C®) > 0 only
dependent on M, D, X(s) such that

o0
(SlB?gglg(Zﬁ) —g(Z.9)ll, < CV9. Z s) (1Z; = Zjllgns + 12 — Z/HqM 1es))s
=0
(8.40) Isup|g(Z,0)|ll, < C-C.
0co
Proor or LEMMA 8.4. It holds that
Hsup|g Z 0) — |H
< CYNIZ -2y - (RM7M(Z) + Rar(2")],

+CONNZ = Z') o1 - (Rar—a 1 (2 + Raga 1 (Z2)19)])

The second summand can be dealt with as in the proof of Lemma 8.3(i), giving the upper
bound

20 (1 + D(Ix W + 1)) MO (18 =V [lgar + D X715 = Xfllgw)-
=1

For the first summand, we obtain with Holder’s inequality:

1Z = 23, - (Rarae(2) + Raraa (D)),
S X125 = Z3liarss) - (1 Rytar (D)l garsy s + 1 Rarsr (2 laarsoyae).
j=0

giving the result since M +s < M(1+ s) and thus HRM,M(Z)Hq(M—i—s)/M < (14+D(|x®]; +
M, O

LEMMA 8.5 (for tvGARCH). Let ¢ > 0,5 > 0,0>0. Let X, X" Y,Y" be as in Lemma
8.8 satisfying (8.31). Let g € H’;‘ﬂlt(My,Mx,x, (). Let (p be independent of X, XJ with
lCollqpr < D. Then there exists some constant C > 0 only dependent on M, D, x, C such
that

(8.41) | sup |g5(¢0, X,0) — Gg(Co, X',y < C-CD  x5l1X; = Xfllgna,
|0—0]<¢ j=1
35(60, X, 0) = §5(¢0, X, 9) .
(8.4) sup 95(%0 9) 9,9 ‘ ‘H < C-C,
0£0',10—0]1 <1,|0’—0]1 <v | 1
(8.43) | sup (3G, X, 0)|l; < C-C.

‘9—9~|1<L
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PrROOF OF LEMMA 8.5. As in the proof of Lemma 8.3(i), we have:

| Raz, 1,001 (1, X)lg(16)nr/ar—1) < (1 + D(|xl1 + 1))

Thus, with Holder’s inequality,

H sup ’g(C07X79) C07X/ ‘H
|0—0]<¢

< 20(1+ D(|xl + D)MW I llgar) D xGl1Xs = Xllgar-
j=1
This shows (8.41). (8.43) follows from (8.41) since

I sup 135(¢o, 0,0)lllg < C(1+ Gollgns) < C(1 + DM).
[0—0|<¢

O]

LEMMA 8.6. Assume that 0(-) € C?[0,1]. Let X' = (X})ien be an absolutely summable
sequence. Let g : R x RN x © — R be continuously differentiable. Suppose that either

(a) Assumption 7.1(A5) holds with some r > 2 and Assumption 7.2(B3) holds. Addi-
tionally, g € H(M,,, My, x, C), Vag € H(My, My, x,C) and for all 1 € N, 9yg €
H(ng - 17M9/c 1 X7 CXI)

or

(b) (for tvGARCH) There exists s > 0 such that Assumption 7.3(A5°) holds with r >
2(1 + s) and Assumption 7.4(B3’) holds. Additionally, g € H;”f‘”(M’ M., x,C),
Vog € HIWH (M), M}, x,C) and for alll € N, 8y, € HTWH (M, — 1, M}, —1,%,Cx1).

Define M' := max{M,,, My }. Then
(i) supieio ) 10:9(Zo(t), (1))l < oo,

(ii) ) )
10eg(Zo(t), 0(t)) — Deg(Zo(t'), O(t')) |1
sup < o0
141! |t — |

ProoOF or LEMMA 8.6. (i) Note that
(8.44) Bg(Zo(t),0(1)) = 0:9(Zo(1), 0(1))8 Zo(t) + Vag(Zo(t), 6(1))8 (1)
By Lemma 8.3 (if Assumption 7.1 holds) or Lemma 8.5 (if Assumption 7.3 holds),

sup 1V69(Zo(t), 0(t))ll1 < oe.
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and there exists a constant C' > 0 such that for each j € Ny,
(8.45) 102,9(Zo(t), 0 | aaryar—1) < CCR;.

It follows that

10:9(Zo(t), 60 Zollr <Y 110,9(Zo(), 6O Iazrsvar—1) - 1106 Z0; (8) | ar
j=0

IN

CDCY % < oo,
j=0

which shows the assertion.
(i) Let ¢,¢ € [0,1]. From Lemma 8.3 (if Assumption 7.1 holds) or Lemma 8.5 (if As-
sumption 7.3 holds) we obtain with some constant C' > 0, for each k =1, ..., dg,

~ HVng(NZO(t)?H(t))Hl < C,
IVo,.9(Zo(t),0(t)) — Vo,9(Zo(t), 0()Ilh < ClO(t) — ()]s

From Lemma 8.3 (if Assumption 7.1 holds) or Lemma 8.5 (if Assumption 7.3 holds) we
obtain for each k =1, ...,dg (note that M > M’ in Assumption 7.2):

IV6,9(Zo(t), 0(t')) = Vo, 9(Zo(t'), 0(t)) 11
< CO(II¥o(t) = Yo)llar + D xsl1Xo(t) = Xo(t))llar)
j=1

(8.46) < C_'CCB’t—t/|(1+|X|1).

By Lipschitz continuity of 6, #’, the above results imply that the second summand in
(8.44) fulfills the assertion,

Hl<c>o

up [¥68(Z0(0)- 068 (1) — Vioa(Zo(t). 6(¢)0'(¢)
tt! it —t|

It remains to show the same for the first summand in (8.44). By (8.45) and 10: Zo; (t) —
0 Zoi(t)||pr < Cplt —t'| from Assumption 7.2(B3), we have

(8.47) 10-9(Zo(t), 0())(8: Z0(t) — B: Zo(t'))|l1 < CCCrxhlt — .

Similar as in (8.46), we see by Lemma 8.3 (if Assumption 7.1 holds) or Lemma 8.5 (if
Assumption 7.3 holds) that

(8.48)  [9:,9(Zo(1), 6(1)) — D,9(Z0("), 0 aryar—1) < x;CCCr(1+ X )]t~ 1.
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Finally, by Lemma 8.3 (if Assumption 7.1 holds) or Lemma 8.5 (if Assumption 7.3 holds)
and Lipschitz continuity of 6, we have

(8:49) 102,9(Zo(t'), 0(1)) =82,9(Zo(t"), 0Nl naryarr—1y < x;CCIO() —O( )1 = O(|t—1']).

By Holder’s inequality, we conclude from (8.48) and (8.49) that

1(0:9(Zo (1), (1)) — 0:9(Zo(t'), 0(t')))3: Zo(¢') 1 = O(Jt — t')),
which together with (8.47), finishes the proof. O

LEMMA 8.7. Let ¢ > 1. Suppose that Assumption 7.1(A5), (A7) hold with some r > q.
Let g € H(M,, My, x,C), where x; = O(i~U0)). Then it holds that
(i) SUPreo) 5bup9 lg(Z(¢), 9)|(]) _ O(j;(l'M)).
(i) For Mi(t,m,1) = Ry, (u — 1g(Zi(u),m1 + ma(u — b 1), we have

sup sup 37 1) (5) = O(j~ ), sup 6P \M(tﬂw)l(j) — 0(j~0+),
u€0,1] tm u€l0,1]

(iii) Let d(t) = 0(u) — 0(t) — (u— 1)0'(t) and M (t,u) := Ky, (u — 0){ J 9(Zi(u), 0(t) +
sdy(t))ds} - dy(t). Then it holds for each component that

sup 5é\4<2)(t,u)() 025~ (1), sup 52upt|M(2)(t,u)l<j> O(b2j~1+7).
u€l0,1] u€(0,1]

(*) If instead Assumption 7.3(A5°), (A7’) hold with some r > q and g = £ fulfills (7.6) for

all s > 0 small enough,then the statements above remain valid.

PROOF. (i) Let Z;(t)* be a coupled version of Z;(t) where (p is replaced by (3. By
Lemma 8.3 we obtain in case (7.4) that with some constant C' > 0:

5211100 \Q(Z(t)ﬁ)\(j)
= | Sup 9(Z;(t),0)| — Sup 19(Z; ()", 0)|ll

| sup 19(Z;(t),0) — g(Z;(£)*,0)]ll

IN

IN

CIT5) = T3 v + 3 xall Kjiaa(®) = Kyisa (9 lanr )

i=1

(8.50) < O(af +Z><Z oo G =i+ 1),
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and in case (7.5), similarly

sX()

Bx
=
<
AN
(@)
gk
=
3,
]
<

(8.51) 69

g (G—i+1).

In case (*), let s > 0 be such that ¢(1 + s) < r. Then we have by Lemma 8.4:
09 ZO0 Gy < EY 120 = Zi) lanr + 1Z:8) = Zo()* praes)
=0

(8.52)

IN

0 ~
CY XN G =i+ 1) + 0y G — i+ D).
=0

Note that if two sequences a;,b; with a; = b; = 0 for i < 0 obey a;,b; = O(i_(HV)) then
the convolution ¢; = >.5°, a;bj_;11 still obeys ¢; = O(j~17)) due to

j+1 J+1
] < S ail b+ > |a;]|bj—i+1]
i=1,i>(j+1)/2 i=1,|j—i[>(j+1)/2
. j+1 . j+1
J+1—a+ 7+1—a+ ._
< (T) (14+7) Z Ibs i1 + (?) (1+7) Z lai| = O(j (1+v)).
i=1 =1

Together with Assumption (A7) and (8.50), (8.51) or (in case (*)) Assumption 7.3(AT’)
and (8.52), this shows supycpg ] §Z00) (j) = O~ 1+,

The proof for (ii),(iii) is the same since

\stup!Mi(t,n,u)!—Stup\Mz'(t,n,U)*l\ < stup\Mz'(t,n,U)—Mi(t,n,U)*\
777 777 ’77

Koo Sup 19(Zi(u), 0) — 9(Zi(u)*,0)]

IN

and (since |dy(t)]oo < supg |0”(8)|oo - b2 if [t —u| < by), for each | =1,... k,

[ sup [N (1wl = sup N (1w || < sup [M (¢, )y — M (¢, )

< |K]0081;p‘9"(8)\oob%
1
ngp/o 19(Zi(w), 0(t) + sdu(t)) — g(Zi(w)*, 0(t) + sdu(t))|ds
< |K|005181p|9”(3)|oob3121618 19(Zi(u),0) — g(Zi(u)*,0)|.
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LeEMMA 8.8 (for tvGARCH). Let ¢ > 1. Suppose that Assumption 7.3(A5°), (A7°) hold
with some r > q. For s > 0, let x) = (Xl('S))iEN be such that XES) = 0>~ (). Let g be
such that gz(y,z,0) == g(F(z,0,y),x,0) fulfills g € Hg?ﬂlt(My,Mx,X(s),C_‘(s)) for all s >0

small enough. Then

(i) supepe " A0y — 0G0,

(ii) For n large enough,

SUPY =y, ()] <u/2 M (E0)]

sup sup M (tm.u) () = O(j—(l-ﬁ-v))’ sup dq () = O(j_(HV))-

q
u€[0,1] £,[n—mp,, (£)[1<¢/2 uc0,1]

(i1i) Forn large enough, sup,e(o ] (5M(2)(t u) (j) = O(b25=0+7) and SUDye(0,1] Sg 0t M@, u)l(j) =
O(b25=0+7).

PrROOF OF LEMMA 8.8. (i) Let Z;(t)* be a coupled version of Z;(t) where ( is replaced
by (. By Lemma 8.5 we obtain that with some constant C' > 0:

5ZUP|979(t)\1<L |9(Z(t)79)|( 3

J
< I osup |Gy (G XG(8),0) — oy (G X5()*,0)] g
\0—9(t)|1<b
< CZX@H —i1 () = X1 (8) llgns

< CZXZ SXO G —i+1).

The result now follows as in the proof of Lemma 8.7(i) with Assumption 7.3(A7’).
(ii) We have for n large enough that

=1, ()1 = [m—0()|1+|n2—bn0' (t)[1 < ¢/2  implies  |(m4n2(u—t)b,)—0()[1 < |m—0(t)[1+[n2l1 < ¢

and |0 — 6(t)|1 < ¢, |u—t| < b, implies |6 — O(u)|1 < ¢ due to uniform continuity of (-).
Therefore, we have for n large enough:

sup |M;(t,n,u)| — sup | M;(t,m,u)*||
41n—"p,, (1) 1<t/2 =", () [1<t/2
< sup |y, (u— )] - [g(Zi(w),my + m2(u — )b, ") — g(Zi(w),my + n2(u — )b, )|

4 |n—"b,, () 1<¢/2

< sup | K, (u—t)| - |Goqu) (Gy Xi (), 0) — Goguy (Giy Xi(w)*, 0)]
,10—0(t)|1 <t

Koo sup  [Gou) (G Xi(), 0) — o (Gr Xi(w)*,0)].
[0—0(u)]1<¢

IN
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The rest works as in (i).
(iii) For n large enough, it holds that [u—t| < b, implies that supc(g 1] [0(t)+sdu(t)—0(u)| <
¢ due to uniform continuity of 6(-). Thus

[sup [M2) (1, )| = sup M ¢, )|

< ‘fﬂoosupwﬂ(s)’oob% sup @0 (CZ? z() 0) — g@(u (Gis z( )*79)‘
s |0—0(u)|<e

The rest works as in (i). O

LEMMA 8.9 (Lipschitz properties of Gy,). Let s > 0.

(i) Let g € Hs(My, My, x,C). Let Assumption 7.1(A5) hold with v > 1+ s. Then there
exists some constant C' > 0 such that

Gn (t —Gn (¢,
sup Hsup’ 1) 77‘“ <C,
te[0,1] ' n#n’ In—n'|1
and
Gt n(t ~
Hsupsup| (t,n) i !H <2,

t£t n#£n’ |t—t’|+|77 77|1

(ii) (for tvGARCH) Let g be such that gz(y, x,0) := g(F(x, 0,y),x,0) fulfills §j € ’Hm“lt(M M, x®),C6)
with xgs) = O>i~4M). Let Assumption 7.3(A5°) hold with r > 1+ s and let 0(-) be
continuous. Then there exists some constant C®) > 0 such that

Gt n(t
sup H sup |Gn(t,n) — N \H <o),
te[0,1] i In—mn \1

[7=7b,, (D)1 <t/ 2|0 =10, (B)[1<2/2
and
G t

lp aw GGy
t#t n#n’ ’t —t | + ‘77 n ’1

[1=nb,, ()11 <t/ 2,0 =1, (F')]1<e/2

PrOOF OF LEMMA 8.9. By Lemma 8.3(i), supcpo 1] HRMy,Mx(ZO(t))HSHl < oo. This is
needed several times in the fgllowing.
(i) Since g € Ho(My, My, x,C) and |i/n —t| < b, inside the sum, it holds that
(8.53)

|G (t,m) =Gt n)] < Cly—11'l1-(nby) Z\Kb (i/n—t){ Roz, r, (Zii/n) >+ Rog, v, (Zili )21}
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Furthermore, (nb,) ™' Y1, |Ky, (i/n —t)| < |K|oo. This yields the assertion.
Since g € Hs(My, M, x,C), we have with some constant C' > 0:

’Gn(t’ 7]) - Gn(tla 77/)|

< ()™ D 1R i/ = £) = K (ifn = )] - sup{lg(Zii/n).6)| + ll(Zii/m).6) 1}
=1
(nba) ™S K, (/1 — )] 19(Z: /), + 2/ — 008,) = g(Zali /), s -+ (i — )0
=1
< o Lglt — 14 0 R leolln = oy + boal -1t = #1027 S {Rug, g (Zilifm))

=1
1R gy p, (Zi(i/m) 511}

Since sup, ¢ g, [172/1 < 0o is compact, this gives the result.
(ii) We now have

’Gn(ta 77) - Gn(ta 77,)|
< (nbp) MY K, (i/n = )] - |Gogim) (o Xii/n)sm + mai/n — £)b, ")
=1

—Goi/n) (Gir Xi(i/n), my + mp(i/n — )b ).

Here, | — mp, ()| < ¢/2 implies |(m + n2(i/n — t)by ') — 6(t)| < ¢ for n large enough. Since
0(-) is uniformly continuous, |# — 6(t)|1 < ¢, |i/n —t| < b, imply |# — 0(i/n)|1 < ¢ for n
large enough. Since g; € ’H??L“”(My, M,,x®),C®)), we obtain

|Ga(tsn) = Gu(tn)| < CPln—n]1(nbn) ZIKb ifn =) { Ry (1, Xi(i/m) o (14 |G[M)F

HIRazar (1, Xi(i/m) (1 + G111}

giving the result.
We have

|Gt 77)—@ (')
< Z|Kb /n—1t)— Ky, (i/n—1)]

xsup {|Gogisn) (G Xii/n),m + ma(i/n — )b, )| + 1o m) (Gis Xi(i/n),m + na(i/n — )b,
[n—7p,, (£)|<¢/2

nby) ! Z | Ky, (i —t)] - G0 /) (G Xi(i/n),m +me(i/n — )b, 1)
=1

—30(i/n) (Gi Xi(i/n),nh +nh(i/n— )b, ).

Dl
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The same argumentation as before allows us to use the Lipschitz properties of gg(;/n) w.r.t.
0, giving the result.

For the proof of the following lemma, we will make use of the adjusted dependence
measure || - [|4,o Which is defined as follows (cf. [57]): For some zero-mean random variable
Z,let | Z||g,a == supmzo(m + 1)O‘AqZ(m).

LEMMA 8.10. Let v > 1. For s > 0, let XES) = (X,Es))z'eN be a sequence with XES) =
O(i~4)). Recall the notation from (8.1). Assume that either (in the case (a)) Assumption
7.1(A5), (A6), (A7) or (in the cases (b),(c)) Assumption 7.3(A5°), (A6’), (A7’) hold with

some 1 specified below.
(i) Let r > 1+4¢, < > 0 and assume either that ¢ =0 and g € Ho(My,Mx,X(O),C(O)) or
¢ >0 and for all s > 0 small enough, g € Hs(My, My, ), C’(S)). Then

I sup sup |Gn(t,n) — G5 (t,n)|lls = O((nbn) ™).
te(0,1) n€E,

(ii) Fizt € [0,1] and assume that nb, — co. Let r > 1+¢, ¢ > 0.
(a) If for all s > 0 small enough, g € Hs(My,Mx,X(S),C_'(S)), then

sup |G(t,n)| = op(1).
neky,

(b) If for all s > 0 small enough, g;(y, =, 0) := g(F(y,z, 0),x,0) fulfills §j € H™HE (M, x®), C®)),

S,L

then )
sup  |Gn(t,n)| = op(1) if b, — 0.
[n—=nb,, (£)|<¢
(c) If for all s > 0 small enough, g fulfills (7.6) and g € Hs(2M,,2M,, x>, C)),
then R
sup |Gn(t,n)| = op(1).
nEEn

(iii) Let > 2+, ¢ > 0. Define 3, = log(n)l/z(nbn)*lﬂb;l/z.
(a) If for all s > 0 small enough, g € Hs(My,Mx,X(S),C_'(S)), then

sup sup |Gy (t,n)| = Op(By).
te(0,1) n€bn,

(b) If g is such thaf 95y, x,0) := g(F(y,x,é),w,G) and for all s > 0 small enough,
g € (M, x(*),C), then

sup sup  |G(t,n)| = Or(Bn).
te(0,1) [n—mp,, ()1 <t
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(¢) If for all s > 0 small enough, g fulfills (7.6) and g € Hs(2My, 2M,,x®),C®)),
then

sup sup |G (t,n)| = Op(Bn).
te(0,1) n€ELn

PROOF OF LEMMA 8.10. We abbreviate x = x®) and C' = C').
(i) By Lemma 8.3(i),(ii) and by Assumption 7.1(A6), we obtain (independent of (7.4) or
(7.5)) that for some C' > 0:

”3‘18 9(Z:,0) — g(Z5,0)|ln < CD X3l Zi — Z5illar <20 xillZijlle <2CDY " x;
c - . —
.7:0 J=1 Jj=t

Similarly, we have in the case (7.4) that

IN

C (1% = Yiti/m)llne + 3 x5l X5 — Kigi/m) )

Isuplg(Zi,0) — g(Zi(i/n),0)l|
00 =

< CCalxhin™t,
while in the case (7.5) there exists Cy > 0 such that

Isup l9(Z:.6) ~ 9(Zi(i/m).O)ll1 < Ca 3" x5l Xsy = Kigi/m)las < CoCalxchn™.
€ =

Thus

| sup sup |Gn(t,n) — Gy (t, 7)1
te(0,1) nEE,

< [Kloo(nbn) ™' | sup|g(Zi,0) — g(Z¢, 0|11
‘= 0O
< 20D|K|oo(nbn) ™'Y Y " xj + [Koo(C V Ca)[x|r (nbn) .
i=1 j=i

Since x; = O(j~1*7), it holds that Y7 , > ;=i x; = O(1) and the assertion is proved. The
proofs under Assumption 7.3 are similar in view of Lemma 8.4.

(ii) (a) Fix @ > 0. Let k > 0. Let EY be a discretization of E, such that for each
n € E, one can find 1/ € E,(f) with |p—n'|1 < k. Note that #Eff) does not need to depend
on n. Then

P(sup |Gult,n)| > Q) < #EL) sup P(|Gn(t,n)| > Q/2)
nEER nekn

(8.54) +P( sup  |Galt,n) — Gult, )| > Q/2).
In—n'li<k
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By Markov’s inequality, we have for 0 < s <,

G () 1153
(@Q/2)1**

Using Burkholder’s moment inequality (cf. [7]) and Lemma 8.7(i) applied for ¢ = 1 + s,
s > 0 small enough, the computation

(8:53)Cn(t,m) 1+

P(|Gn(t.n)| > Q/2) <

< ZHZKb b/m P g(Zili/m),mn + malifn 18|
< L(nby) 12 (HZKI’ (i/n — t)>P? 19(Z;(i/n),m + no(i/n — )b, )Hi:iz)l/(us)
< 5 ( b ) s/(1+s) |K| Z sup 5sup9€@ l9(Z(2), 9)|(l) O((?’Lbn)_s/(1+s)),

1—o t€[0,1]

shows that the first summand in (8.54) tends to zero. For the second summand, Lemma
8.9(i) implies
A A , 2Ck
P( sup ‘Gn(t’ 77) - Gn(t’n )| > Q/Q) < —
In—n'li<k Q

which can be made arbitrary small by choosing ¢ small enough. So we have shown that
(8.54) tends to zero for n — oc.
(b) The proof is similar to (a) by using 8.9(ii) and Lemma 8.8(i) instead of Lemma 8.9(i)
and Lemma 8.7(i).
(¢) The proof is similar to (a) by using Lemma 8.7(i)(*) instead of Lemma 8.7(i).

(iii) (a) We use a chaining argument. Let 7 = n® and let E,, be a discretization of
E, such that for each n € E,, one can find 1/ € E,, with |n — /| < r~1. Define 7,, =
{i/r:i=1,...,r} as a discretization of (0,1). Then #(E, , x Tn,) = O(r?*+1). For some
constant Q > 0, we have

P( s (Gult,n)] > QB,)

nE€En te(0,1)

< P( s [Galtn)] > QBu/2)

NEEn + t€Tn,r

(8.56) +P( s (Galt) = Gt )] > QBaf2).

[n—n'|<r=1,t—t[<r—1

Let o = 1/2. Let M;(t,n,u) = Ky, (u — t)g(Zi(u), m + n2(u — t)b;!). By Lemma 8.7(ii)

applied with ¢ = 2+ s, s > 0 small enough, we have sup,, A;lf;’" ‘M(t’”’“”(k) — O(k,—(l-i—’y)).
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Thus
o — _ (0% Supt,n |M(t7777u)‘
Woisa = sup |[sup|M;(t,n,u)l||24+sa = sup(m +1)% sup sup A, (m) < oo.
u€l0,1]  &m m>0 u€el0,1] t,n
(independent of n) and
Waoa = sup sup||M;(t,n,u)|2,e = sup(m +1)* sup sup Aé\/l(t’n’u) (m) < o0
u€el0,1] t,n m>0 u€el0,1] tm

(independent of n). Note that | = 1Alog #(En r X Tnr) < 3(2de+1)log(n) and QB (nby,) =
QM 10g(n)V2 > \/ulWa o + 0V CHIBLW, |y o 2 0t/ log(n) V2 + 01/ 2+) Tog(n)¥/2 for Q
large enough. By applying Theorem 6.2 of [57] (the proof therein also works for the uniform
functional dependence measure) with ¢ =2 + s and a = 1/2 to (M;(t,n,i/n))tcT, . neEn.rs
we have with some constant C,, > 0:

P sup  |Gult',n)| = QBa/2)
ﬂIEEn,r:tIE%,T

Con - l1+s/2W2+S 2)2 b ))2
) o 0o (- CQUD a0
(Q/2)**5(6n(nbn))>* Wi
~1
< n~5/2 4+ exp ( _ (nbn)by, log(n))
n
(8.57) —~ 0.
By Markov’s inequality and Lemma 8.9(i),
N N b727471
(8.58) P sup (Galt,m) = Gl 1)) = CBaf2) = 0P ).
In—n'i<r= 1=t/ |<r =t P

We have b, 2r=131 = b;27f3(7”Lbn)1/2b71/2 log(n)~/? — 0. Inserting (8.57) and (8.58) into
(8.56), we obtain the result.

(b) The proof is similar to (a) by using 8.9(ii) and Lemma 8.8(ii) instead of Lemma 8.9(i)
and Lemma 8.7(ii).

(c) The proof is similar to (a) by using 8.9(ii)(*) instead of Lemma 8.9(ii). O

LEMMA 8.11. Forg:R xRN x© — R. Let

A~

By(t,1) = (nba) ™' Y Ky, (i/n — t)g(Zi(i/n), m +n2(i/n — )b, ).
i=1

(a) If Assumption 7.1(A5) is fulfilled with r > 1+ s, s > 0 and g € Hs(My, My, x, ),
then

~ (1=t)/bn N
sup sup [EBa(t,) — / K (@)Eg(Zo(t), m + maw)da| = O((nby) ™" + by).
t€(0,1) nEE, t/bn
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(b) If Assumption 7.3(A5°) is fulfilled with r>1+s and g is such that gz(y,z,0) =
9(F(y,z.0),2,0) fulfills g € HI (M, x, C), then

. (1=t)/bn .
sup  sup ’EBn<t777)_/ K(2)Eg(Zo(t), m +nax)dz| = O((nbn) ™" +by).
te(0,1) [n—mp,, (t)[<e —t/bn
If the supremum is taken overt € T, instead of t € (0,1), then fS/_bi)/b" can be replaced by

Iy

PROOF OF LEMMA 8.11. (a) Let B,(t,n) = (nb,)" '3, Ky, (i/n — t)g(Zi(t),m +

ne(i/n — t)b,!). By Lemma 8.3(i), we have with some constant C' > 0 that either in
the case of (7.4),

lg(Zo(i/n),m +m2(i/n — )b, ") — g(Zo(t), m + ma2(i/n — )b, ") |11

< O (I¥a(i/m) = Vo)l + 3 il Xoi(i/n) = Xi(t)llr) < CCB(1L+ Xl

i=1

or in the case of (7.5),
lg(Zo(i/n),m + n2(i/n — )by ") = g(Zo(t),m + n2(i/n — )b, )1
= éixz‘\lfﬂi(i/n) — X_i(t)|lar < CCBlx]1bn.
i=1
Thus
IIBn(tm)n— Bu(t,n)h
(nba) ™D [Ks, (i/n — )]
=1

x|lg(Zi(i/n),m + ma(i/n — )b, ") = g(Zs(t), m + na(i/n — )b, )|x
< CO|K|wCp(1+ [x]1)bn.

IN

Since K is of bounded variation and 6 — Eg(Z(t),6) is Lipschitz continuous due to
g € H(My, M,, X, C) and Lemma 8.3, a Riemannian sum argument yields

Bu(t,n) = (nba)™" > Ky, (i/n—t)Eg(Zo(t),m + na(i/n— )b, ")
=1

A-)/bn )
_ / / K (@)Eg(Zo(t),m + mox)dz + O((nbn) V),
—t/bn

uniformly in ¢ € (0,1), n € E,,.
(b) The proof is the same by using Lemma 8.5 with ¢ = 1 instead of Lemma 8.3. O
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LEMMA 8.12.  Let ny, (t) = (0(t)7, 0,0 (t)T)". Let Assumption 7.1 hold with r = 1 or let
Assumption 7.3 hold withr =2 +¢, ¢ > 0.

(i) Then uniformly int € T,
(859) BV Ly, (6 (1) = BEE2V(00"(0) + O + (nb,) ™).

Furthermore, it holds uniformly in t € (0,1) that
(8.60)
b2

) (1=t) /bn 2
BV, () = 5 [ K (3] e VOO 0) + 00 + (b))

(ii) If Assumptions 7.1, 7.2 or Assumptions 7.3, 7.4 hold with the r specified above, then
uniformly in t € Ty,

EV L5, (8,10, (1)) = U2 52V (D)bias(t) + O(b, + (b)),
where bias(t) = 100)(t) + V() 'E[0:V2(Zo(t),0(1))] - 0"(t), and the term O(bY) in
(8.59) can be replaced by O(by).

PROOF OF LEMMA 8.12. (i) Let U; ,(t) = (K, (i/n—1), Ky, (i/n—t)(i/n—t)b;1)T. By
a Taylor expansion of #(i/n) around ¢, we have

0(i/n) = 0(t) + 0 (t)(i/n —t) + ra(t),

where 7,(t) = 9”(t)M + 6”’(5)@ and t is between ¢ and i/n. We conclude that

n

VLo b, (676, (1)) = (nbn) ™D " Uin(t) @ Vol(Zi(i/n), 6(i/n))
i=1

n 1 -
(8.61) = (nb,) ™" Z Uin(t) ® {/0 V3U(Zi(i/n),0(i/n) + sra(t))ds - ma(t) }.
=1

Using V¢ € H(My, My, x,C) (if Assumption 7.1 holds) or V2¢ € H,(2M,,2M,, x,C) with
s > 0 small enough (if Assumption 7.3 holds), we obtain with Lemma 8.3 for |i/n—t| < by:

(8.62) IV50(Zi(i/n), 0(i/n) + sro(t)) — V3U(Zi(2),0(2))ll = O(bn +n71).

Using (8.61), EVyl(Z;(i/n),0(i/n)) = 0 (by Assumption 7.1(A1),(A3) or Assumption
7.3(A1), (A3’)) and (8.62), we obtain

EVy L5, (0, (t))

= (nb,)™! zn: Ui n(t) @ {EVE(Zi(t),0(t)) - 9”(t)(i/n;t)2} +0®m3 +n7t)
=1

son = ("ENOTO) Lot vt
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which shows (8.59).
(8.60) follows by a more careful examination of the above Riemannian sum: Under As-

sumption 7.2, we have r,(t) = 9”(t)M + 60 (t) (i/nﬁ_t) +0W (¢ )( i/n—t)" , where t is
between ¢ and i/n. We now use a more precise Taylor argument as in (8. 61) We have

VLS, (t 1, (t 1ZUM ) @ Vol(Zi(i/n),0(i/n))
(8.64) = 12Um ) @ V20(Zi(i/n), 0(i/n))ra(t)

1
+(nbn)—1 Z Uin(t)® {/0 ng(zz(z/n), 0(i/n) + sry(t))
=1

§U(Zi(i/n),0(i/n))ds - (1) }.
Since V3¢ € H(M,, My, x,C) (if Assumption 7.1 holds) or V3¢ € Hy(2M,,2M,, x,C) for
s > 0 small enough (if Assumption 7.3 holds), we have by Lemma 8.3:
(8.65) [[V36(Zi(i/n),6(i/n)+sra(t)) = V3l Zi(i/n),0(i/n))||, = O(ra(t)) = O(fi/n—1]?).

This shows that the expectation of the second summand in (8.64) is O(b%). We now discuss
the first term in (8.64). Put v;(t) := V20(Z;(t),0(t)). By Assumption 7.2, t > wv;(t) is
contmuously differentiable. By Taylor’s expansion, v;(i/n) = v;(t) + (i/n — t)0w;(t) +
(i/m—1) fo Ovi(t + s(i/n —t)) — Owvi(t)ds. We have

2 HK,2 "
(8.66) 12% ® vi(t)ra(t)] = (bg HKMY(())@H( >(()>> +0(n"" +by),

since K has bounded variation and [ K (x)z3dz = 0 by symmetry. Similarly,

Z U; n ® 815”1 ) n(t)}

0
8.67 = . +O0(n~t +b2).
(367 (b% UEAE[O. V3 Zo(t) 9(t>>]9”<t>) )
Finally, Lemma 8.6 applied to g = Vgﬁ (use Assumption 7.2 or 7.4) yields:
(8.68) |0 (t + s(i/n —t)) — Owi(t)]|1 = O(li/n — t|).

The results (8.66), (8.67) and (8.68) imply

- Z Uin( Zi(i/n),0(i/n))ra(t))
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which together with (8.64) gives the result. O

LEMMA 8.13 (Lipschitz properties of II,). Let s > 0. Suppose that Assumption 7.1
holds with r > 1 or Assumption 7.3 holds with r» > 1. Define

I, (t) == Z A(t,ifn) —EM(t,i/n)),

where .
MO (t,u) = K, (u—t)- / M;(t,w)ds - du(t),
0

M;(u,t) = Vgﬁ(%(u), O(t) + sdy(t)) and dy(t) = 0(u) — 0(t) — (u—1t)0'(t). Then there exist
come constants C,1' > 0 such that
H I, () — I () |H

sup
/
At <o [Tt !1

Proor or LEMMA 8.13. We have
M (,u) — MO (' w)|
< Ky, (u—t) = Ky, (u—t)| - [ Mi(t,u)] - |du(t)]
Kb, (u = )| - [Mi(t,u) = M(t',u)| - |du(t)]
| Kb, (u = )| - [M;(t',u)] - |[du(t) = du(t')].
If Assumption 7.1 holds, we have

|Mi(t,u)| < sup|g(Zi(u),0)],
6co

6co 0 —0'1

As long as [t — u| < 1 and [t — ¢/| is small enough, we obtain [¢' — u| < 1. So in the case
that either |t —u| < 1or [t —u| <1, Llpschltz continuity of 6(-),0'(-) implies that there
exists some constant C > 0 such that |dy(t) — du(t')]1 < Clt —1t'],10(t) — 0|1 < Clt —t|,
[du(t)h < C.

This implies

(M () — MO (¢ w)| < éb,:lLkgggrg<z<u>,e>|-rt—t'\

—}—2|IA(‘OOC~'28U.I) |g(ZZ(u)>9) g/(ZZ(u)ve)
0co |9 -0 |1

(8.69) +|K|ooC - sup [g(Zi(u), 0)] - |t —¥'].
0cO

e
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With Lemma 8.3(i) we obtain the result.

Suppose now that Assumption 7.3 holds. As long as [t — t| is small enough and n is
large enough, |u — t| < b, (or |u — /| < b,) and the twice differentiability of 6(-) imply
that sup,cpo1] 10(u) — (0(t) +vdu(t))l1 < ¢, sup,epq) [0(u) — (0(') +vdu(t'))l1 < t. We then
obtain

|M;(t,u)| < sup  |Gou) (G Xi(w), 0)],

[0—6(u)|1<¢t
_ Go(u) (i Xi (1), 0) — Goguy (i Xi(u), 0/
Mt u) — My(#' )| < O sup |0 () (Gi» Xi(u), 0) 9/9( ) (Gir Xi(u), 0')]
007 10—0(u) |y <10/ —0(w) [y <t 0 —0"|x
<{10(t) = 011 + |du(t) — du(t')]1,
giving appropriate results for (8.69) and thus the assertion with Lemma 8.5. O

LEMMA 8.14. Let U; () := Ky, (i/n—1t)- (1, (i/n—t)b; ). Let Assumption 7.1 or 7.8
hold with some r =2+¢, ¢ > 0. Then it holds that

Sup ‘V Ln ,bn (t Moy, ( )) - Ev'ﬂiz,bn (t777bn(t>)
te(0,1)

12 Uin() @ Vol Zi(i/n), 0(i/n))]| = O (Bul?).
PROOF. Note that EVgl(Zi(i/n),0(i/n)) = 0 by Assumption 7.1(A1),(A3) or Assump-
tion 7.3(A1%),(A3’). Put
I, (t)

= (nbn)_lei,n(t)®{[Voﬁ(Zi(i/n)ﬁ(t)+(i/n—t) (1) = Vol(Zi(i/n),0(i/n))]

~E[Vol(Zi(i/n),0(t) + (i/n — )¢ () — Vol(Zi(i/n),0(i/n))]}.

We have to prove that sup,cr. |II,(t)| = Op(8,b2). Define M;(t, u) fo V2(Zi(u),0(t) +

s(0(u)—0(t)— (u—t)0'(t)))ds and M (t, 1) = Uy (£) @ { My (t, u {9( )—0(t)— (u—1)0' ()} }.
By a Taylor expansion of Vgl w.r.t. 6, we have

I, (t) = Z A(t,i/n) —EMP (t,i/n)).

We now apply a similar technique as in the proof of Lemma 8.10(iii), namely we use a
chaining argument similar to (8.56) to prove

P( sup [T, (1) > QBub2) —
te(0,1)



60 S. KARMAKAR ET AL.

for some @ > 0 large enough. Define the discretization 7y, = {{/r : | = 1,...,r} with
r = n°. By Lemma 8.13, we have with Markov’s inequality for Q > 0:

b271

P sup [Iy(t) — Ia(t')] > QBaby/2) = O(5—5-),
[t—t/|<r—1 ’Bnbn

which converges to 0. Choose o« = 1/2. By Lemma 8.7(iii) or Lemma 8.8(iii) applied with
(2
q¢ =2+ s (s small enough), we obtain that sup, A5"! M (t’u)l(k‘) = O(k~(+)). Thus

2+s
7 u @) (tu
Wotsa = sup sup || sup ]M( )(t w2460 = sup(m+ 1)04A;+P;\M (t, )‘(m)
u€(0,1] t€l0,1]  &m
(8.70) = 0(1)721)

(the constant being independent of n) and

[ @
Waa = sup ||Mi(2) (t,u)]l2,0 = sup(m +1)* sup sup A" “(m)
tau m>0 ue[o 1] ¢

(8.71) = 0o®?)

(the constant being independent of n). We now apply Theorem 6.2 of [57] (the proof therein
also works for the uniform functional dependence measure) with ¢ = 2+ s, @« = 1/2 to

(Mi(2) (t,i/n))ieT,., where [ = 1V #(T,,) < 5log(n). For Q large enough, we obtain with
some constant Cy s > 0:

P( sup |Ia(t)] > QBab2/2)

VETn,r
s 2
B Casn - IHSPPWEES e eXp(_ca,s(Q/zyg/anbg(nbn))?)
T (Q/2)F e (Bubi(nbn))2 T T Wi,
-1
oy o (b)by log(n)
S n e . log(r)
— 0,
which finishes the proof. O

8.2. Proofs and Lemmas for the SCB. From Lemma 1 in [59], we adopt the following
result:

LEMMA 8.15. Let Fu(t) = S0 Ky, (t; — t)Vi, where Vi,i € Z are i.i.d. N(0, Lsxs).
b, — 0 and nbn/logg(n) — 00. Let m* = 1/b,. Then
(8.72)  lim IP( sup |Fy ()] — Bg(m*) < ———

< —=) = exp(—2exp(—u)).
n=0 \og oVnbn teT, 210g(m*)) ( (Zu))

where By, is defined in (3.7).
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The following lemma is an analogue of Lemma 2 in [59]. Since we use other Gaussian
approximation rates from Theorem 8.17, we shortly state the proof for completeness.

LEMMA 8.16. Let the assumptions and notations from Theorem 8.17 hold. Define
Dj (t) := IZKIJ i/n— t)hi(i/n).

Assume that X (t) is Lipschitz-continuous and that its smallest eigenvalue is bounded
away from 0 uniformly on [0,1]. Assume that log(n)4(bnn(%*“ﬁg)/(g*h“%))71 — 0 and
bplog(n)3? — 0. Then

. v/nby, 1 u
873 h P su D= t ()] — © m* < — ) =exp(—2exp(—u ,
873) Jim P sup [S7OD0)] — Bim) < ) = exp(-2exp(-)

PrOOF OF LEMMA 8.16. By Theorem 8.17 and summation-by-parts, there exist i.i.d.
Vi ~ N(0, Is«s) such that

(8.74) 26+2v+ 27(3+<) v+ /
STaYTYS Y S SY—S | —1
_ n 2s+8y+4vs log(n) S+4v+2v¢ log( ) (b n<+4v+2'y< )
D~ t — t - O =

where E(t) = (nb,) "' 320", Ky, (i/n — t)5; (i/n)V;. Here, (8.74) is op((nb,) /2 log(n)~1/2)
due to

log(n)4 (bnn(2'y+<'yf<)/(c+4'y+2'yc)) -1 .
Since X (+) is Lipschitz continuous by Assumption (b), we can use a standard chaining argu-
ment in ¢ (as it was done in Lemma 8.14 for II,,(¢)) and the fact that (nb,) ™' Y1 | (Z; (i/n)—
E,;(t))f(bn (i/n—t)V; ~ N(0,vy), with |v,]e < C’%” for some constant C' > 0 to obtain

te(0,1)

sup |2(t) — (nbn) 'S5 (0) Y Ky, (i/n — t)Vil
=1

= sup |(nby) "' Y K, (i/n — 1)(5(i/n) — S5(0)Vi]
i=1

te(0,1)
B by, log(n) B bnlog(n)3/2
(579) = O (Gapy) = (G gy )

which is op((nby,) /2 log(n)~/2) due to b, log(n)3/? — 0. So the result follows from Lemma
8.15 in view of (8.74) and (8. 75) O

_ For the following results, let us assume that there exists some measurable function
H(-,-) such that for each t € [0,1], hi(t) = H(t,F;) € R® is well-defined. Put S; (i) :=

Sy hi(i/m).
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THEOREM 8.17 (Theorem 1 and Corollary 2 from Wu and Zhou [53]). Assume that for
each component j =1,...,s:

(a) supyeo,1) 1ho()jll2+c < oo,

(b) subgpeqo 1ho(t); — ho(t);ll2/]t —t'] < oo,

(¢) supeio 1) (5212 (k) = O(k=O+D) with some v > 1.
for some ¢ < 2. Then on a richer probability space, there are i.i.d. Vi, Va, ...~ N(0, Isxs)
and a process SO( )= Y5 (3/n)Vj such that (S;(1))i=1,...n 4 (Sg(i))izl,m,n and

7j=1
max |S;(7) = S2(7)| = Op(ma).

where

(8.76) 7, = n(26H27+79)/ (25+87+479) log(n)27(3+§)/ (s+4y+275)

and

= (Y Elho(t)hy(t )2

PROOF OF THEOREM 3.3. By Proposition 9.1. Assumption 2.1 implies Assumption 7.1,
7.2. By Proposition 9.2 or Assumption 2.2 implies Assumption 7.3, 7.4. The results now
follow from Theorem 8.18. O

THEOREM 8.18 (Simultaneous confidence bands for () and 0'(-)). Let C be a fived
k x s matric with rank s < k. Define 6y, c(t) = CT6y, (t), Oy, c(t) == C’T«%n(t) and
Oc(t) = CTOt), Ac(t) = V(t)"'C, TZ(t) = AL(t)A(t) Ac(t).

Let Assumption 7.1 be fulfilled with r = 2 + < for some ¢ > 0. Assume that, for cezp =
(27457 = )/ (s + 4y +275), log(n) (bune=r) " = 0.

(i) If nb! log(n) — 0, then

. nb -1 A o MK,2
lim P ”’Et@ t—et—b’”t(
Jim P52 sup [0 (0 {0, (1) — o (t) - 12552061
(8.77) —Bg(m*) < #> = exp(—2exp(—u)),
2log(m*)
(ii) If additionally, Assumption 7.2 is fulfilled and nb2log(n) — 0, then with K(z) =
K(x)x,
lim IP’(nbgLMK’z sup )zgl(t){é,; () — O (t) — 2 LK Cszas(t)H
n—00 OK,2 teTn w 2MK 2
(8.78) ~Bi(m*) £ —————) = exp(~2exp(—u),
2log(m*)



SIMULTANEOUS INFERENCE FOR TIME-VARYING MODELS 63

where in both cases T, = [bp,1 — by], m* = 1/b, and

(8.79) Bi(m*) = \/2log(m*) + log(Ck) + (s/2 — 1/2) log(log(m*)) — log(2)
2log(m*) ’

with
1 / 2 2 1/2
{ LK )Pdu/o% g |
o [(s/2)
The results hold true if instead of Assumption 7.1, 7.2, Assumption 7.3, 7.4 with some
r > 2 is assumed.

PROOF OF THEOREM 8.18. Let k;(t) := Vgl(Z;(t),0(t)) and K(z) = K(z) or K(z) =
K (x)z, respectively. Define

Qc(t) = (nby) ™' > Ky, (i/n—t)Ac(i/n) ki(i/n)
=1

and D (t) = (nby,)" ' 30, Ky, (i/n — t)k;(i/n). Similar to the discussion of IL,(t) in the
proof of Lemma 8.14 (note that the rates in (8.70) and (8.71) then change to O(by,) instead
of O(b2)), we can show that

b/ * log(n) )
nby)1/2log(n)t/2/)’

(8.80) sup [Qc(t) = Ac(t)" - Dy(t)] = Op(Bubn) = O
te(0,1) (

which is 0]1»((71(),1)_}/2 log(n)~1/?) since by, log(n)? — 0.
hi(t) := Ac(t)Tk;(t) is a locally stationary process with long-run variance E}%(t) = X2,(t).
By the result of Lemma 8.16, we have that

Vnbn sup [E51 (#)Qc(t)| — By (m*) < Y

O%k,0 teTn ~ /2log(m*)

(i) By Theorem 8.2(i), we have

(8.81) lim IP’(

n—o0

) = exp(—2exp(—u)).

sup [V () {0, () — 0(0)} — 6252V (6" (1) — Dy (1)

= Op (b2 + (nby) "1, %1og(n)>/? + (nb,)~/2b, log(n))
op<<nb; log(n))!/? + (nb; log(n)~*)~'/2 + by 1og<n>3/2>

(8:82) - (nba) 72 log () 7

which is op((nb,)~/?log(n)~1/?) since anLAlog(n) — 0, nb2 log(n)~* — oo and b, log(n)? —
0. Together with (8.80) and (8.81) (with K = K), this implies (8.77).
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(ii) By Theorem 8.2(ii), we have

sup [pigc 2V (1) {0, (1) = 0'()) — b5
t€Tn 2
= Op(by + (nby,) 102 log(n)? + (nb,) /2, log(n))

= op((nby) "2 1og(n)"1/2),

V (t)bias(t) — Dy (t)]

as above. Together with (8.80) and (8.81) (with K(z) = K (z)z), this implies (8.78). [
8.3. Proofs of Section 4.

PROOF OF PROPOSITION 4.1. (i) Lemma 8.10(i),(iii), Lemma 8.11 and the notation
therein applied to g = V3¢ imply

SUP |1x¢,0,b, (6) Vo, (1) = fixc,0,, () V (2)]

teTn
< sup |Gi(t,n) —Ga(t,n)|+ sup  |Ga(t,n)
teTn,nEER te€Tn,nEER
+ sup  [EBy(t,n) — VO(t,n)| + sup [VO(t, i) — fixop, (H)V(E)]
teTn,nEEn teTn
(8.83) = Op((nbn)~") + 0p(8n) + O(bn) + sup Vot b, ) — fir 0,0, )V (E)].
€Tn

We obtain similar as in the proof of Theorem 8.2(i) ((8.30) therein) that

sup |, () — My, (£)] = Op((nby) ™ /? log(n) + (nby) ™" + Bab7 + b7).
teTn

Since n — V°(t,n) is Lipschitz continuous by Lemma 8.3, the result follows from (8.83)
and by, log(n) — 0.

(ii) follows similarly due to Vgl - VolT € H(2M,,2M,, X, (:}’) with some C > 0.
L]

PROOF OF PROPOSITION 4.3. Similar as in the proof of Theorem 8.2(i) by now using
the explicit result of Lemma 8.11(a) applied to g = ¢ (both for Assumption 7.1 and 7.3),
we obtain

sup sup |Ly, (t,1) = Lj (t,1)] = Op(Bn + (nbp)™") + O(bn),
te(0,1) nekn

where Egn (t,n) = f_(iﬁjtj/b" K(z)L(t,n + nex)dz. By optimality of 7, (t),

0 < Ly, (8:6(8) = Ly, (&7, (1))

< Lj,(t,0(8) — L (¢, () + 2 sup Lo, (80) = L, (8, m)].
ne€Ltin
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This implies
0 -~
min { /_1 K(z){L(t, Oy, (1) + bnby, (t)x) — L(t,0(t)) }dz,

1 ~, ~
(3.84) /O K@)t o (0) 4 528, ()0) — L8 00}y <2 sp (L5, (1) = I, (1.0

Assume that for some ¢ > 0, limsup,,_, SUpye(0,1) [, (t) — (0(t)T,0)T| > 1. Then there
exists ¢ € (0,1) such that either (cl1)

1, (1) — 00| > 31, (1)
and thus |6 (t) — 0(t)] > ¢/3, or (c2)
0r(8) = 600)] < 5168}, (1),

and thus |bn§gn (t)] > 2¢/3.
In case (c1), we have |0y, (t) + bub) (t)x — 0(t)] > |0, (t) — 6(t)| — |z][b0; (1) > & for
z € [0, 1], thus with some co > 0,

1/4

1 —~, A~ —~
/O K (2){L(t, 0, (t)+bs0}, (t))—L(t,0(t))}dz > i K(z){L(t, 0, (t)+bpb; (t)x)—L(t,0(t)) }dz > co

since ¢ — L(t,0) is continuous and attains its unique minimum at 6 = 6(t).
In case (c2), we have |0y, (t) + but, (L)x — 0(1)] > |2[|bn8;, (1)] — [0, (1) — O(t)] > § for
S [%, 1], thus with some ¢y > 0,

/O K (@)Lt B, (6)1baB), (D2)— L (2, 6(0) b > /3 ;4 K (@){L(t, 0y, (1) 10uB), (t)2)—L(t, 0(t)) Yz > co.

In both cases, (8.84) becomes a contradiction. Therefore,

sup |7y, (t) — m,, (t)] = op(1).
te(0,1)

Using summation-by-parts and Gaussian approximation similar to that presented in
Theorem 8.17 for the process Vgl(Zi(i/n),0(i/n)), there exists i.i.d. Vi, Va, ... ~ N(0, Iyxs)
on a richer probability space such that, for m, as in (8.76)

(8.85)

tesg)pl) |(nbn)_1 ZKbn(i/n—t)(Vgﬁ( i(i/n),0 Vi) } = Op((nby) ™ 'my) = Op((nby) ™% log(n)).
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Thus one can replace supyc7, by supc(o,1) in (8.27). A careful examination of the rest of
the proof of Theorem 8.2(i) (with Lemma 8.12(8.59) replaced by Lemma 8.12(8.60)) now
yields the result

(8.86) S, Vi () - (7, () =16, (8)) = Vi L, (8, (0)] = Op (1),
te(0,

where (we shortly write jig j(t) = fix jp, (1))

Cro o /jLK, (t) ﬂK, (t)
Vo 8) = (m«ff(t) fm,im) BV().

By Lemma 8.10(i), Lemma 8.12 and Lemma 8.14, we obtain furthermore with U; ,,(t) =
(K, (i/n—t), Ky, (i/n —t) - (i/n — )b, )T

- o,c 32 MKQ(t) "
s (VL35 6 () < (Gre2)) @ e

(8.87) —(nby)~? Z Uin(t) @ Vol(Zi(i/n),0(i/n))| = Op(Bab2 + b3 + (nb,) ™).
i=1

Recalling the proof of Lemma 8.16, (8.74) and (8.75) and the proof of Theorem 8.18, (8.80)

we see that there exist i.i.d. V; ~ N(0, Isxs) such that both for K = K and K (z) = K(z)-x,

sup |Ac(t)" (nby) ZKb (i/n — t)Vol(Zi(i/n),0(i/n)) — Sc(t)(nby) ™Y Ky, (i/n — 1)V,
=1

te(0,1)

SY—¢ 1

27+ /2 1/2
lo) ) b ns+4y+2vs bn log n 3/2 bn 10g n
i) I 0 )Y~ Oy

(h)172 log(n) (nba) 2 1og(n) /2 " (nby) 2 log(n)

With (8.86) and

oot _ (Bro(t) Ama(®) .
V)t = (ﬂ;?(t) g;;(t)) @ V(t)™!
_ 1<ﬂK,2(t)V(t>—1 —ﬂK,1(t)V(t)_1>
/fLK,Q(t)leS)(t) —ak1 V)Y age@V(E)Tt )
we obtain:
sup \Néff) (t) - {Ob,.c(t) — Oc(t)}
te(0,1)

o,c 1 , t o,c
AT L, (o ®) ~ P 4 (079,125 (8, (1] = 06D,
fix 2(t)
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With (8.87) and (8.88), we have

sup | N(t) - {Bp,,.0(t) — 6c(1)}
te(0,1)

NS 00) - Se ]l (0 - o 0)]

= Op(7y") + (Buby, + b)) + (nbn) ") + wy),
which finishes the proof. O
9. Proofs of Assumption sets.
9.1. Case 1: Recursively defined models.

PROPOSITION 9.1. If Assumption 2.1 holds, then Assumption 7.1, 7.2 is fulfilled with
every r =2+ a, a < a, the corresponding M and v > 2 arbitrarily large.

It holds that V(t) = A(t). If (i) E¢3 = 0, or (i) u(z,0) = 0 or (iii) o(z,0) = By and
Em(Xo(t)) = 0, then

I, 0
I(t) = (o meg-ynsas2) -V 0,

where 1y denotes the d-dimensional identity matriz.

PROOF OF PROPOSITION 9.1. Choose 0 < @ < a small enough such that (2.5) holds
with [[Coll(24a)m Teplaced by [[Coll2as (this is possible due to continuity of the term in
a=0).Let g=(2+aM. Let v = (vg,...,4)" and m = (mq,...,mz)". As known from
Proposition 4.3 and Lemma 4.4 in [13] the process (Y;)i=1,...» described by (2.1) exists and
fulfills Assumption 7.1(A5), (A7) with 6} (i) = O(c") for some 0 < ¢ < 1 and ¢ > 1 if the
recursion function G¢(y,t) := u(y, 0(t)) + o(y,0(t))¢ obeys

H G (y,t) — G (¥, 1) !H

(9.1) sup sup
te[0,1] yAy’ ’y Yy’ X,1
and
~ G t) -G t
(9.2 sup [CK(®)ly < 00, Cly) = sup 100D = Gl Dl
t€[0,1] tAt/ it —t|

where [2|y 1 := 7 [2i]xi for some x = (xi)i=1,..p € RE with [x|1 = 227 xi < 1. Here,
we can bound

k

(9'3) ‘ <y70) <y/7 9)‘ S ’ ZHy y/’K]i.,l S ’y y/‘,‘g(ﬂ) o). 1
! ! (o)
=1
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where ") () := Zle |avj| k.. Furthermore,

’U(ya 0)2 - U(ylv 0)2| < Zﬁz|yz - Vz )|

IN

Z VBily = lpi1 (\/ﬂzl/z(y) + \/ﬁiVi(y/))

IN

Z\/Ely Ylpa (0(y,0) +0(y.0)),

(9.4) 0(5:0) =04/, 0)] <1y = ¥/l o191
where x(7)(8) := 3L, V/Bipi.. Define
x " = s D (a)] g = sup (B0,

Since 8(t) = (a(t)T, B(t)T)T € ©, we have that

P P
S0 +lcallgx ) =S ( sup [x W ()] + lICollq sup [ (B(1);1) < 1.
7j=1 7j=1 t

Define x; := xﬁ“’m“x) + ||C0qu§-g’maz). Then we have for all ¢,y # v

1y, 0(t)) — u(/', 0(8)] + lISollglor(y, 0(£) — o (', 00| < 1y — ¥'lx1,

which implies (9.1). Proposition 4.3 from [13] now implies the existence of Y}, the stationary
approximation Y;(¢) and sup, ||Yo(t)||q < co. By Lipschitz continuity of § with constant Lg,
we have

k
(9-5) lu(y. (1)) — p(y. O(t))| < Lolt — 1] |mi(y)

=1

and

oy, 0(t))* = o(y,0())’]

IN

L9|t—t|z\/7 1/2 (VBi(Ovily) + v/ Bi(t")wi(y))

mzn

%1/2 £ Z 'z )+ oy, 0(E))),

mn



SIMULTANEOUS INFERENCE FOR TIME-VARYING MODELS 69

which shows that
9.6) oy, 0(0)) — oly.0(t))| < %Li > Vo).

Note that (2.4) implies
mi(y), Vvi(y) < Cilyli + Co,

with some constants C1,Cy > 0. By (9.5), (9.6), we have for ¢ # ¢/

1Ge(y,t) = Geo (' )lg < |y, 0(t)) — uly, 0| + 1Collglo(y, 0(2) — a(y, 8(t))|
Cslt — | (1 + [yl1),

IN

with some constant Cs > 0. Since sup, || Yo(t)|l, < 0o, (9.2) follows.
We now inspect the properties of the function ¢. First note that the recursion of the
stationary approximation,

Yi(t) = pl(Xi(t),0(t)) + o (Xi(t), 6(t))Gi,

implies EYy(t) = 0 and E}}O(t)f = Eu(Xo(t),0(t)? + Eo(Xo(t),0(t)% > BminVmin > 0.
Furthermore, for L(t,0) := El(Zy(t),0) it holds that

L(t,0) — L(t,0(t)) = E(“(Xo(t)f()j(—o(ﬂg);(t),9(t))>2

o(Ko().60)°  o(Kolt), 6(1))?
©7) S R r T o

In the following we use the notation |z|% := 2T Az for a weighted vector norm. Note that

E(M(Xo(t)ﬁ)jM(Xo(lf),@(t)))2
o(Xo(t),0)

with ¢o = (maxgee max; 07)~" and M (t) = E[T}Eigg;ﬁ%i;?;] If M;(t) was not pos-
itive definite, this would imply that there exists v € RF such that v'M(t)v = 0, which
in turn would imply v u(Xo(t))u(Xo(t))v = 0 a.s. and thus non-positive definiteness of
E[1(Xo(t))pu(Xo(t))T] which is a contradiction to the assumption.

By a Taylor expansion of f(x) =z — log(z) — 1, we obtain

E[a< o000, o(Ko(t),0(1) ]
Xo(),02 0 o(Xo(t), 0)?

(9.8) > cola— a(t) 3,

> EE[ (o(Xo(t),0)* — o(Xo(t), 6(1)*)° }
~ 2 L(o(Xo(t),0)2 — o(Xo(t), 0(t))2)2 + o(Xo(t), )4
(9.9) > 1/3 B Ay
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where M (t) = E[%] is positive definite by assumption (use a similar argu-
mentation as above). By (9.7), (9.8) and (9.9) we conclude that 6 — L(¢,0) is uniquely
minimized in @ = 0(t). This shows 7.1(A3).

Omitting the arguments z = (y, x) and 6, we have

(9.10) ¢ = 1[W+1og<g,y>},

2 (B,v)
Vem y—m vg<0'2) y—m 2
Veﬁz—a<0>+ 52 [1— U)}
(9.11) - _%<y;m) _ By (Y — <Oéam>)2
v 1 _ (y—m)\2 v (1 _ (y—={a,m)) ) )
202 [1 ( o ) ] 2{B,v) (B,v)
T — 0T 2 T 2
vgg _ VGmUVQQm + (y Um) ) [VemVQ(a) O-ZVQ(O' )ng B vz-m]
Vi(a?) y—m.21  Ve(e®)Ve(a®>) 1. 1y —m. 2
* ;02 [1_( o )]+ : 2040 [2< o )_1]
_ man;T " ~muT
St eml g [20057)" - 1]
mm" y=(om) T
01 = (pulll o et )
W vm st 2 -

Since (; is independent of X'g(t) € Fo and E¢; = 0, E¢? = 1, we conclude that

1(X;(t),0(t)) v(Xo(t),00t) . B
G 800)° T 2oty s~ D] =0

E[Vol(Zo(t), 0(t)) | Foa] = E| -

ie. Vol(Zi(t),0(t)) is a martingale difference sequence, showing that V(t) = A(t). We
furthermore have that (we omit the arguments (Xo(t),0(t)) of u, o in the following):

s
0 E |3

V(t) = EV2(Zy(t),0(t)) = (E[T%] 0]> '
(B2

With a similar argumentation as above, we conclude that V' (¢) is positive definite (which
then implies by continuity that the smallest eigenvalue of V(t) is bounded away from 0
uniformly in ¢). By the martingale difference property, I(t) = A(t). Omitting the arguments
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I(t) = E[Ve(Z;(t), ())Ve(Zo() (®)")

ot
_ ( B B m)
E[G}] - E[42] %]1EVJ
m, |+

B E[i m i 0
- 2l s o )

which is positive semidefinite since E[gg] = E[¢(¢Z — 1)] < E[GVE[(G — 1)Y]/? =
(E[¢d] — 1)'/2. Positive definiteness follows from the fact that (vy,ve)TI(t)(vi,v2) = 0
implies vTvy = 0 a.s. from the last summand and v]m + [CO]UzV = 0 a.s. from the first
summand, i.e. v]m = 0 a.s. which leads to a contradiction to either the positive definiteness
of E[vvT] or E[mmT]. So we obtain that Assumption 7.1(A4) is fulfilled.

A careful inspection of (9.10), (9.11) and (9.12) shows that £, Vol, V3¢ € H(2,3,%,C)
with some C' > 0 and x=(1,...,1,0,0,...) consisting of max{k, [} ones followed by zeros,
which shows Assumption 7.1(A1). In the special case u(x,8) = 0, it seems as if no direct
improvement of the value M is possible. In the special case of o(x,0)% = By, we have

1y = {e,m))?
E = §[T+10gﬁo:|,
m(y_<a77n>)
Vot = <1ﬂ° (w={o.m)?\ | »
%(1_ Bo )
mm’ y—(a,m)m
Vit = | ytam 1 2(y—ﬁ<ga,m>>2 0l
B2 m ﬂ[ Bo o ]

which implies that £, Vol, V3¢ € H(2,2, %, C).

Now suppose that Assumption 7.2(B1) is fulfilled. We use results from Section 4 in [13]
to show that the first derivative process d;Y;(t) exists and fulfills a Lipschitz condition. By
assumption, with some constant C' > 0,

‘8%' G (z,t) — aﬂvj G ($/’ t)]
< [a(t),0z;m(z) — 9pym(a’))]

(B(t), Duyv(@))  (B(1), Duy(a))
oG, v ~ 2060, 1@
< la(t)|xCla— 2y
1 /
H@«Q@@wwmawm—mw@m
[(B(), 0 v(a') (B(8), v(x) — v(a))]

! 2 (B(E), v(@)/2(B(1), v() 2 ((B(t), v(2))1/2 + <B(t)ﬂ/(w’)>1/2))'
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By assumption,

[(B(), O, v(x) — Oy (a"))| < ClB(H)]oolz — 211

Furthermore,

[(B(t), v(z) — v(a"))]

IN

l
Y BV vile) = Vi) - 1V vix) + V(e
1=1

IN

I
B ol — "1 D (Vi) + V().
i=1

Since each component of 3(t) is lower bounded by Bin and therefore (B(t),v(x))/? >
Bmin/Vi(z) for each i, we conclude that

[(B(1), v(z) — v(z))]
(B(), v(@)2((B(1), v(x))/? + (B(t), v(2'))!/?)

with some constant C' > 0. Finally, let e; be the j-th unit vector in R*. Notice that for all
i,

<Clx —2'1,

|0, vi(2)| V@) = il Fhey)| o |heg
B 202l — 919, Vui(z)] < 21 <1 <1.
@iz~ 20 Vviz)] < 2lim 7] oo |h]

W is bounded and we obtain that for some constant > 0,

9a, Gy (1) — D0, Gy (), 8)] < C(1+ [ — 2|1

This shows that

With similar but simpler arguments we obtain that
9 (. 1) — DGy (!, B)] < C(L+ |Gl — 2]

and

10, Gy (, 1) — D, Gy (2, 1)
t =] |zl

[0:Ggo (1) — DyGigy ()]
6 =t [zh

< C(1+ |¢ol), < C(1+ |Col)-

By Theorem 4.8 and Proposition 4.11 in [13], we obtain 7.2(B3) with My = 2M.
Finally, straightforward calculations show that each component of 9, ng and ng is in
H(Ma, M, x,C) with x = (1,...,1,0,...,0) consisting of p ones. This shows Assumption
7.2(B2).

O
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9.2. Case 2: tvGARCH.

PROPOSITION 9.2.  Let Assumption 2.2 hold. Then Assumption 7.8, 7.4 is fulfilled with
everyr =2+4a, a < §, M = 2 and v > 2 arbitrarily large. It holds that A(t) = I(t) =
(EG — 1)/2)V(1).

PROOF OF PROPOSITION 9.2. We abbreviate M;(t) := M;(0(t)). Let M = 1. Fix t €
[0, 1]. Consider the recursion of the corresponding stationary approximation

Yit) = &:i(t)°¢,

m l
(9.13) Gi(t) = aolt) + Y og()Yii(t) + > ()5 (1)
j=1 Jj=1
Define
Pi(t) = (Yi(t),...,Yicme1(t),6:(8)2, ..., 65 101(0)>)T,
ai(t) = (ao(t)¢%,0,...,0,a0(t),0,...,0)T.

For brevity, let M;(t) = M;(6(t)). Following Section 3.1 in [51], the model (9.13) admits
the representation

(9.14) Bi(t) = Mi(t) P (t) + ai(t).

Therefore, Py(t) = G, (Pi—1(t),t) with G (y,t) = M(t) -y + ai(t). Let Wy(y,t) :=
Ge,(Ge,_,(...G¢, (y,t)...)). Then we have

Wn(yvt) - Wn<y/7t) = Mn(t)Mn—l(t) Tt Ml(t) ’ (y - y/)-
Note that M;(t) are i.i.d. matrices and for ¢ > 1 they are also independent of y. Thus
E((Wa(y,t) = Wa(y/,1)%%) = E(Mo()**)"E((y — y)*?).

From the assumption p(E[M(#)*?]) < 1 and Theorem 2 in [52], we obtain existence

and a.s. uniqueness of Yj(t) = H(t, F;), SUPye(o,1] 1Yo(t)|l; < oo and SUPye(o,1] 6;/(t)(k) =

1Yi(t) = Yi(t)*||l, = O(c¥) for some 0 < ¢ < 1 and ¢ = 2+a,a < a/2. We can choose ¢ to be

slightly higher than 2 using continuity on moment index. This shows Assumption 7.3(A7’).
(9.14) implies the explicit representation

%s) k

-1
(9.15) Pi(t) = > (T Mis(®) ) asi(t).
=0

k=0 j
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We therefore have for ¢,¢ € [0,1]:

o k-1
12:6) = Py < DS TT Mics®) llMicat) = Mica ()
k=0 [=0 0<j<l
A TT Mm50) o - lase @)l
I<j<k—1
(9.16) +ZH(HMH )) lallaix() = ai k¥l
Jj=

By Lipschitz continuity of 0(-) we have

llao(t) — ao()llq = lao(t) — ao()|(IG 14 0, - -,0,1,0,...,0)" = O(Jt — ')

and

1Mo (t) = Mo(t)lq = (IG5 llalf (0(2)) = F(O(F))], 0, ..., 0, |F(B(£)) = £(0(t))],0,....,0)" = O(|t~1']).

Finally for the products of M; matrices again note that they are independent and thus we
can apply the same kronecker product technique along with the assumption p(IE[Mg(0)®2]) <

1 as above and use continuity on the moment to deduce || (Ha<j<b M;—j(t))|lq < cbmott
for some 0 < ¢ < 1. We conclude from the first component of (9.16), that for all ¢,¢' € [0, 1]:

(9.17) I¥i(t) = Yi(t) g < C- |t =¥,

with some constant C' > 0.
Put P, = (Yi, ..., Yicm+1, 012, e ,a?le)T. Similarly to (9.14), we have

(9.18) Mi(i/n)Pioy + as(i/n), i=1,...,n.

Note that i iterations of (9.18) lead to Py = Fy(0), thus existence of Y; follows from
existence of Y;(0). We have

125 = Bi(i/n)llq 10 (i/m)llgl| Py = Piea(i/m)lg
[1Mo(i/n)ll gl Pi = Pia (i = 1) /n)llq

HIMo(i/n) gl Po(i/n) — Po((i = 1)/n)llg-

<
<

Iteration of this inequality leads to

i k
1P; = Pi(i/n)lly < Y | ( T Mo - j)/ﬂ)) ol Po((i — k) /n) — Po((i — k — 1) /n)lg-
k=1 j=0
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For the product of M; matrices the above technique is used. With that and (9.17), we
conclude from the first component that ||Y; — Y;(i/n)|l, = O(n~"). This shows Assumption
7.3(A5).

Let X(z,0) := (o(z,0)?,... ,U($(l_1)_>,¢9)2)T and A(z,0) = (ag + D71, ajaj, ..., a0 +

Sty ajzi)T, and

B ... B
1 0 0
BO)=| o
0
0 0 1 0

As said in Theorem 2.1 in [36], p(EM(0)®?) < 1 is a necessary and sufficient condition for
the corresponding GARCH process with parameters 6 to have 4-th moments. We conclude
that p(EMy(f)) < 1 which by Proposition 1 in [19] implies p(B(f)) < 1. We have the
explicit representation

(9.19) o(z,0) = i (B(0)* A2, 0)) .-

Since A(0,6) = (ayp,0, ...,0)", we have

k=0
From (9.19) we also obtain that
(9.20) o(2,0)? = co(0) + Zc] - Zj,
7j=1
where ¢;() > 0 satisfies
(9.21) supc; (0)] < C -

0co

with some p € (0,1) and co(0) > 02, > 0 (due to ag > ymin > 0). Due to the explicit
representation (9.19) with geometrically decaying summands, it is easy to see that o(z,6)?
is four times continuously differentiable w.r.t. § with

(9.22) Vh(o(x,0)%) = Vhco (0 —i—ZV@c] xzj, ke {0,1,2,3,4},

where (VEc;(0)); is still geometrically decaying with supgeg |Ve;(0)]e < C - p/, say.
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From (9.22) we conclude that (component-wise) for k = 0,1, 2, 3:

VE(o(x,0))
VE(o(x,0))

IN

C|I_x,|(pj)j,17
10— 6" - Sup Ve (o (2,0)%)|c0 < C10 =01 - ] (pi), 1-
€

A

Vi(o(a',0)?)]
V(o (x,0')?)]

(9.23)

We obtain that ¢(y, z,0) is four times continuously differentiable and

y.2,0) = ;(dxy@)z +log(o(2,0)?)),
Vo(o(z,0)?
Vo(o(z,0))Ve(o(z,))T  V2(o(z,0)?
Vita0) = [T 22;233,2()4( P gg(i,mg (- ~9F)
L Volo(@,0)°)Vo(o(z,0))" ~ y
20 (z,0)* o(x,0)%

It was shown in the proof of Theorem 2.1 in [19], that 6 — L(t,0) = El(Zy(t),6) is
uniquely minimized in § = 6(t), which shows Assumption 7.3(A3’). As in the proof of
example Proposition 9.1, we obtain that

V(t) — E[VQ(J(X()@), 9(t)~)2>V0 J(Xo(t), H(t))Q)T

( 2
20(Xo(t),0(t))*

E¢y—1

| =1(t)

Furthermore, 3
. V(o (X;(t),0(t))?
Vol Zi(t), o)) = YT OS) oy
20(Xy(t),0(t))
which shows that Vgl(Z;(t),(t)) is a martingale difference sequence w.r.t. ;. Thus A(t) =
I(t). It was shown in the proof of Theorem 2.2 in [19] that V(¢) is positive definite for each
t € [0,1]. By continuity, we conclude that Assumption 7.3(A4’) is fulfilled.
Proof of Assumption 7.3(A1’): It holds that

1 1 1
2/e(y, ,0)—t(y' 2", 0)| < |y—y’|~a(x 9)2+\y’!- c@ 07 o 9)2‘+|log(a(m,9)2)—10g(0'(:n',9)2)].

Since o(z,6)? > o2, > 0, Lipschitz continuity of log on [n,o0) and (9.21), there exists

min
some constant C’ > 0 such that
1 1
o(x,0)2  o(a',0)21

(9'24) 2|€(y,:1:,0) - e(ylvx/79)‘ < C/(‘y - y,’ + ‘x - x/‘(pj)j,l) + ‘y/‘ ’ ’
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Note that

S5 O] _ & ¢ (6) |5 — )
‘a@c,e)? a<x',e>2‘§ (e 077) szl<mm+c]<e>xj>< in T & (O)75)

The last step holds due to the following argument: It holds either |z;—’| < z; or [z;—2}| <
;1:; since x;, 33; > 0. Therefore, one factor in the denominator can be lower bounded by ¢,
and the other one by oyin + ¢;(0)|z; — x%|. Following the ideas of [19], for arbitrarily small
s > 0 we use the inequality Hix < z° to obtain

o0

1 1 1 , C
o(z,0)2 - U(x/,g)Q‘ < JEESE ch(e)s‘xj S AT 2s |z — x’(pjs)j,s

min j=1 min

Together with (9.24), we obtain (7.6).
Using directly (9.24) and (9.23), we obtain
|6(2,0) — £(',0)]

sup sup < o0.
0c0 222 |2 — 2 |(piy; 1 (L + Ravr—12m-1(2) + Ron—1,2m-1(2'))

Note that with some constant C’ > 0,

0(331‘9)2 - 0(331«9’)2 +|log(o(x,0)%) — log(o(x,6")?)]

C'(1+ [y]) - lo(2,0)* — a(x,6')?].
Together with (9.23), we obtain

200(2,0) = £(z,0")] < |yl

IN

S 0(2,0) — £(2,0)] < o
97&419)/ 2 |6 — 01 - (1 + Ranronm(2) + Ranmr o (2')) ‘

This shows ¢ € Ho(2M,2M, (p’);, C') with some suitably chosen C' > 0.
Let s > 0 be arbitrary. It was shown in [19], (4.25) therein that with some small ¢ > 0
only depending on s, 0, it holds that

O'(ZL‘, )2 ~ s
(9.25) ‘ésilél‘l oz, 0)2 <C(l+ |x’(p15)j,s)‘

Similarly, one can obtain for £ = 1, 2,3 that

Vko(z, HN)

(9.26) sup oz, 072

i C+ 2], o)-
[0—0]|<¢
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In the following we show that Vel € Hs(2M,2M, (p?);,C) with some suitably chosen
C > 0. We have (component-wise):

2‘V9€(y7 z, 0) - Vgg(y/, xlv 0)|
1 |Vg(a(z,0)%)] 1 1| |Ve(o(z,0)%)

< — /- " B
= Omin 0(:0)* i o(x,0)2  o(a',0) o(x,0)?
Y1 Y (IVolo(@.0) = Vo(o @, 0%)| _ [Volo@ 0] ., .
+(1 * o-’?nzn) . ( 0'r2nin 0(33/7‘9)2072m'n |0-($79) _0-(3379) |)

Using (9.23) and (9.26), we obtain (component-wise) with some suitably chosen C' > 0:
(9.27)
2(Vol(y,,0) = Vol(y',2',0)| < Clz—2'|(piy, 1 - (1+ Rans—1.2m-1(2) + Ranr—120r-1(2) .

We have (component-wise):

2|Vgl(2,0) — Vgl (2,0))
1 1 |Vo(o(x,0)?)]
< Wl ’0(3:,6?)2 T o@e) o(z,00
+(1 + Ly‘ ) . (’V9(0($,9>2) — V9(0($,9/)2)| + |v9(0—($79/>2)’|a(1,’9)2 —O'(SL’,Q,)QD.

o2 oz, 9’)2072m-n

man min

Using (9.23) and (9.26), we obtain (component-wise) with some suitably chosen C' > 0:
(9.28) 2|Vol(2,0) — Vol(2,0')| < Cl0 — 0|1 - (1 + Ranrane(2) + Ranrone(2)1 .

We conclude from (9.27) and (9.28) that Vgl € Hy(2M,2M, (p’);,C). The proof for V3¢
is similar in view of (9.23), (9.23) and (9.26) and therefore omitted.

Let s > 0 be arbitrary and ¢ > 0 such that (9.25) and (9.26) hold. In the following we
show that Vgl € HI (M, M, (p7);,C) with some suitable chosen C' > 0. It holds that

- Vo(o(xz,0)? aw,9~2
Vols(y,x,0) = W(l —905%9;2)‘

We have for |0 — 0|1 < u:

2‘v9g§(ya ‘T’G) - vegé(yvxlv 9)‘
o(z,0)2 — o(a’,0)? oz, 0)?
|y|.{|( ) (@07, ol,0)

[Valo(z,0)%)

= o2 o(a',0)202 o(z,0)" —o(a’,6)"| o(z,0)2
oz, 0)2 o(z,0)?) — o(z’,0)? o(z',0)?
+(1 + |y‘ . UE£/:Z§2> . <|V9( ( 70) )0—2 VG( ( ,0) )‘ + Z(i(/ 2)27002)” ’U(x’0)2 o U(x’0/)2‘)_
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Using (9.23) and (9.26), we obtain (component-wise) with some suitably chosen C' > 0:

(929)  2iVelyy.2.0) — Valsly.a',0)| < COL+lyl) - & = /[y, 1 - 2l ey -

We have for | — 01,10 — 0], < ¢:

2‘V(9£§(ya z, 9) - V@l%”(@/, xz, 0/)‘

o(z,0)2 oz, 0)?
<yl (;(3;(9)’200)2,"7(“”9)2 —o(z,0)? - W
o(z,0)? o(x,0)?) — o(x,0)? o(x,0)?
+(1 + |y‘ . J((m:g/))2) . <|v9( ( 79) )O_zmnve( ( )9) )| + Z(Q;’ 0(/);3727)”:| ’O’(CE,G)Z - O'(.CE,G/)QD.

Using (9.23) and (9.26), we obtain (component-wise) with some suitably chosen C' > 0:

(930) Q‘Vggé(y, J,‘,G) - vagé(y,x, 0/)‘ < é(l + |y|) : |0 - 6/|1 . RM,M(Lx) : ’$|L(§pjs)j,s'
We conclude from (9.29) and (9.30) that Vel € H??}‘lt(M, M, (p?);,C). The proof for V3¢
is similar in view of (9.23), (9.23) and (9.26) and therefore omitted.

Regarding Assumption 7.2, notice that from the explicit representation uniformly in ¢
we have that

oo k—1
abt) = Y. M) oM [T Mios () ais(t)
k=01=0 0<j<l l<j<k—1
o k—1
+3° (T Mi5(8)) duai ()
k=0 j=0

exists a.s. and has ¢-th moments, so does its first component 8t}~/t(t). Similar arguments
that were used to prove (9.17) can be applied here and yield for ¢,¢ € [0, 1]:

oY (t) — .Y (), < C" - |t — ],
q

with some constant C’ > 0, i.e. Assumption 7.4(B3’) is shown.
From (9.20) and supyce p(B(0)) < 1, it follows that z; — o(z,0)? is differentiable for
all i € N and
0p,Vh(o(x,0)?) = VEci(0), k=0,1,2.
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Let M’ = 1. Similar as above it can be seen that V3/ € HI (M, M, (p7);,C). Note that

0:,Vils(y, ,0) [_ Voei(0) Vo(o(w,0)))T  Vy(20(x,0)%) Vgci(0)T

o(z,0)2 20(x,0)? o(x,0)? o(x,0)?
ci(0) Vo(o(z,0)*)Ve(o(z,0)*)7
o(x,0)? o(x,0)*

V2Ci(9) c;(0) vz(o(xve)Q) U(x’é)2

20?3:,0)2  o(z,0)? ;a(x,H)Q } (- ya(x,9)2>

 Balola. 0 Vo 0P ol 0] o) ofe.0)"
20 (z,0)* 20 (x,0)2 o(z,0)% o(x,0)?

+similar terms (derivative of second summand)

_l’_

Each summand contains a factor Vc;(6) which is geometrically decaying by (9.26). Sim-
ilar as above one can therefore see that V3{; € H’s"}ﬂlt(M’,M', (p")j,Cp"). This shows
Assumption 7.4(B2’). O
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