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1 Statistical decision theory

1 Statistical decision theory

Basic difference between machine learning and statistical learning:

e Machine learning invents models and algorithms which can ’learn’ from training
data and are available to generalize these findings to predict new outcomes

e Statistical learning is a discipline of mathematical statistics which formalizes the
models from machine learning and quantifies their (statistical) uncertainty. Fur-
thermore, the theoretical findings can be used to invent new or at least improve
existing machine learning algorithms by proposing meaningful rules for tuning
parameters.

Im this lecture, we consider the subdiscipline of supervised learning. In this setting, we
observe pairs of data (X,Y’), where X is called input and Y is called output. The goal
is to predict Y from X.

1.1 Statistical decision theory
Let (£2,.A,P) be a probability space.

Definition 1.1 (Supervised learning setting). Let ¥ C R?and Y = {1,..., K} or Y = R.
Let P5Y) be some distribution on & x V. Let (X;,Y;),i = 1,...,n be ii.d. random
variables with distribution P&5Y) | the so-called training samples or training data.

o If Y ={1,..., K}, then we say that the training data stems from a classification
problem,

e If Y =R, then we say that the training data stems from a regression problem.

Throughout the lecture, let (X,Y) ~ P&Y) be a realization independent of (X;,Y;),
1=1,..,n.

General goal of machine learning: Find a mapping fn : X — Y (computed from the
training samples (X;,Y;), ¢ = 1,...,n), such that the expression fn(X) is near to Y. This
is formalized as follows. We equip X, ) with the Borel-o-algebras B(X'), B()) such that
measurability is well-defined.

Definition 1.2. e A decision rule is a measurable mapping f : X — ).
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e A loss function is a measurable mapping L : Y x Y — Rsg. Application of a
decision rule f to some X produces the loss L(Y, f(X)).

e The risk of a decision rule f is defined by R(f) := EL(Y, f(X)).

Example 1.3 (Examples of loss functions). e For regression problems )Y = R:
Quadratic / squared loss L(y, s) = (y — s)? or absolute loss L(y,s) = |y — s|.

e For classification problems Y = {1, ..., K'}: 0-1-loss L(y, s) = L{yxs}-

Given a loss function L and a distribution P5Y) | one can define the optimal decision
function associated to the corresponding supervised learning problem.

Definition 1.4. A measurable mapping f* : X — ) which satisfies R(f*) =
Min . vy meas. 2(f) is called Bayes rule or Bayes classifier (for classification problems).
The corresponding risk R(f*) is called Bayes risk.

For specific loss functions, one can provide more explicit expressions for f*.

Remark 1.5 (Optimal decision functions when P&*Y) is known). e Regression
problem, squared loss:

R() = EL(Y, (X)) =B[(Y - 0P = [ (= 1) aB¥==() dP¥()
is minimal for f*(z) = E[Y|X = z] (conditional expectation of Y given X = z).

e (lassification problem, 0-1-loss:

R(f) =EL(Y, (X)) =P(Y # f(X)) = /P(Y # f(X)|X = z) dP*(z)
is minimal for
ff(x) = argmin P(Y # k| X =2) = argmax P(Y = k| X = z).
ke{l,...K} ke{1,...,K}

f*(x) selects the class which is most probable for the given observation z (f* is

also called MAP-classifier, MAP = maximum a posteriori).
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1.2 Evaluation of algorithms

Given training data (X;,Y;), i =1,...,n, our goal is to define a decision rule f,, which is
as near as possible to f*. The function f,, which maps the training samples to a decision
rule is called algorithm.

Definition 1.6 (Algorithm). A measurable mapping fn : Qx X — Yis called algorithm,

if
(i) For each # € X, the mapping f,(z) : © — Y is measurable with respect to
T = (X5, Y5))i=1

(ii) For each w € Q, f,(w) : X = Y is a decision rule.

With some abuse of this terminology, we also may call fn a decision rule (in the sense of
(ii)). The evaluation of an algorithm takes place in two steps: For given training samples
(X;,Y:), 1 =1,...,n, the expression fn is a decision rule and therefore can be evaluated by
the risk R(f,). Note that this expression still is a random variable dependent on (X}, Y;),
i = 1,...,n. By performing another expectation ER( fn) the influence of the training
samples on the decision rule fn is averaged. ER( fn) is a real number which therefore
expresses the ’average risk’ of fn There are specific names for these quantities.

Definition 1.7. Let fn be an algorithm.
o R(f,) or ER(f,) is called generalization error,
e R(f,) — R(f*) or ER(f,) — R(f*) is called ezcess Bayes risk.

An algorithm learns with convergence rate ¢ (n), if

R(f.) — R(f*) < ¥(n).

In the following chapters, we will also use a different formulation for convergence rate
results of an algorithm, namely

Vi>0: P(R(f,) — R(f*) > ¢(n) + 1) < p(t)

with some function p : [0, 00) — [0, 1] which is decreasing in ¢ and satisfies lim; o p(t) = 0.
Such statements can be interpreted in the sense that R(f,,) — R(f*) is at most ¢)(n) with
large probability.
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Based on model assumptions on P&Y) and the specific approach which is used to derive
an algorithm, the decision rules produced by f,, lie in some function class

F=F,C{f: X — Y measurable}.

In general, one cannot hope that the model is 'correct’ in the sense that f* € F.
Therefore, one typically has the following decomposition.

R(fn) = R(f*) = [R(fa) = inf R(H)] + [inf R(f) = R(F)].

J/ N J/
-~ -~

estimation error approximation error

A larger class F leads to a smaller approximation error but to a larger estimation error.
With the next example, we provide an intuitive explanation of the approximation error.

Example 1.8. We consider a regression problem with X = Y = R and squared loss.
We assume that the distribution P&5Y) satisfies the following relation:

Y = fo(X) +e¢

with some non-continuous function fy : R — R and ¢ independent of X with Ee = 0.
Note that this does not describe the whole distribution PCOY) | but it clearly puts some
conditions on the relation between X and Y. These conditions are enough to derive a
meaningful expression of f* and the approximation error. It holds that

f(@) =EY|X =a] = folz) = R(f")=EL{Y, (X)) =E[.

If the algorithm fn is obtained from a procedure which forces fn eFc{f: R—
R, f continuous} then it holds for f € F that

R(f) =E[( X_ —f(X))’] =E[(fo(X) — f(X))*] + E[’].

=fo(X)+e

Then, the approximation reads inf ez R(f) — R(f*) = inf jez E[(fo(X) — f(X))?] and is

clearly nonzero if F can not approximate non-continuous functions well.

1.3 Standard approaches to derive algorithms

Let F C {f : X — Y meas.} be some function class and L a loss function.
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Definition 1.9 (Standard algorithm). Given some loss function L, the minimizer of the
so-called empirical risk R, (f)

feF

fucamgminf(f),  Ralf) == >0 LY, f(X0)
=1

is called standard algorithm.

If F is large, then the above optimization problem has no unique solution. There may
even exist f € F such that Rn( f) = 0 (overfitting’). In this case, one typically in-
troduces a penalty term J\(f) which penalizes solutions with wrong properties. Here,
A € A is called dimensionality parameter or tuning parameter.

One example could be that one only wants to derive mapping with small second deriva-
tive. Then one could choose J\(f) = X- [, f"(z) dz.

The corresponding optimization problem then reads as follows.

Definition 1.10 (Standard algorithm with penalization). Let L be a loss function and
J : F — R a mapping. The minimizer of the empirical risk

fax € argmin { B, () + Jr(f)}
fer

is called standard algorithm with penalization J.

Instead of L, one sometimes uses different loss functions L in the empirical risk. Then

R, (f) is replaced by R,(f) = Ly L(Y;, f(X;)). This will be often the case for
classification problems (see the later chapters).

For standard algorithms from Definition and Definition [I.10] the following very
simple bound for the excess Bayes risk holds. We will never use this elementary bound,

but it gives an idea how the typical proof strategy looks like.

Proposition 1.11 (Basic inequality). Let f e argmin ;. R(f). Then for fn from
Definition [.9 it holds that

~

R(fa) — R(f) < 2sup|R..(f) — R(f)|-

feFr



1 Statistical decision theory

Proof. 1t holds that

A ~ ~

R(fn) - R(f) = Rn(ﬁ%) - Rn(f) + [R(fn) - R(];)} - [én<fn) - Rn(f))}

Definition f, = R,(fn) — Ru(f) <0 =

~

R(fn) = R(f) < 2sup|Ru(f) — R(f)].

feFr

Remarks:

e Many machine learning algorithms (or at least parts of them) can be written in the
above standard algorithm form. The representation as an optimization problems
also allows for many approximative solution techniques (for instance, gradient
descent methods or iterative solvers).

If we boil down all machine learning algorithms to the above standard algorithm
formulations, different algorithms only differ in the choice of the function class F
and the corresponding penalty Jy(f). Theory is then derived under different model
assumptions on P5Y). One goal of this lecture is to introduce several machine
learning algorithms and to work out the corresponding values of F and J.

The basic inequality given in Proposition is too weak to derive sharp results
for the convergence rate of the excess Bayes risk. However, it yields an important
information which quantity has to be analyzed theoretically: The supremum over
function classes sup .z {Rn(f) — R(f)}.



2 Linear algorithms for regression problems

2 Linear algorithms for regression problems

In this chapter, we consider regression problems with X = R%, ) = R and loss function
L(y,S) = (y - 8)2'

Definition 2.1 (Model assumption: Linear regression). With parameters g* =
(B, .-, B5) € R? it holds that

d
Y=0B)"X+e=) 85X
j=1

where ¢ is independent of X with E[e] = 0, E[e?] = o

If this model assumption holds true, we have

d

fr@) =E[Y|X =a2] =) Bz;.

j=1

This means that the model assumption implies some special (linear) structure of the
Bayes rule. Thus it is reasonable to search for corresponding decision rules also in the
space of linear functions,

d
Fi={f:R'">R: f(x) =) Bz; with 8 = (B,.... 8)" € R"}.

J=1

In the following, we abbreviate R(f) = R(f) for f(z) = ijl Bjx; € F.

Lemma 2.2 (Risk and Bayes risk). Let ¥ := E[XX7T]. Then it holds that

R(B) — R(B*) = |=Y*(8* - B)I3
and R(3*) = E[¢?].

Proof. 1t holds that

R(B) = E[Y - TX)?’ ] =E[((Y - (8)"X) + (8" = B)" X)?]
= E[’]+E[e- (8" — B)"X] + E[(6" — 8)" X)?]
= E[? +E[|SY3(8" - B)II3],

10
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where we have used E[¢|X] = 0 and E[(a” X)?] = «"E[X X ]|a = aT¥a = ||X!/2a]|3.
The statement R(3*) = E[e?] can be obtained from the above formula by plugging in
B =B =

We now apply the standard approach to derive an algorithm.

Definition 2.3 (LS estimator). Let (X;,Y;) be training samples and

n d

Rn(ﬁ) = %Z (Y% - Zﬁinj)Q.

i=1

The estimator R R R
B = p"? = argmin R, ()

BERA

is called least squares estimator (LS estimator) of 8. The corresponding algorithm reads

d
fulz) = fX9z) =) Bj=;.
j=1

Lemma 2.4. Define the design matrix X, the regression vector Y and the noise vector
e via

X11 500 de Y’l €1
X= : o0 2 : f

an .. Xnd Yn E:TL

Then the training samples fulfill Y = X" + e and the empirical risk has the form
Ry (B) = IIY — X8B3

Moreover, it holds that (X7X)3 = XTY (the so-called normal equation). If X has full
rank, then it holds that

B =(X"X)"XTY.

Proof. These are basic calculations. The representation of B can be obtained by setting
the derivativ equal to zero,

0= R, (8) = 2XTY — 2XTX§5.

11
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We now try to calculate the excess Bayes risk of the corresponding algorithm. Define
= %XTX. Then it holds that

BKQ — (XTX)_IXTY — (XTX)_leXﬁ* + (XTX)_le(B — /B* + (XTX)_IXT(B,
thus

R(BX?) - R(B") = ||=¥*(B"° —p")

_ 1 . o X'e
A e R

1
= | Ael|?
| el

where A = 21/22*1%.

We analyze this quantity by first calculating the excess Bayes risk under for given X.
Since e is independent of X, tr(+) is linear and due to the rule tr(ABC') = tr(CAB) for
matrices A, B, C, we have

E[R(3“O)[X] ~ R(5") = ~Ef|Ac|3Ix]

1 1 2
- —E[tr(A@@TAT)‘X} = ~tr(AE[eeT] AT) = Z|| A%
n n —— n
=02I4xa

r(2SIES 181

~

(TR,

S| LS|

We conclude that if 3 = 257" X, XT ~ E[XX7] = ¥, then it holds that ER(fX?) —
R(p") ~ =2,
This approximation does not take into account the variation of X. Due to the inverse,
it is not easily possible to derive an upper bound for the expectation of S Therefore,
we only obtain a result for the excess Bayes risk which holds with high probability and
under additional assumptions (which could be relaxed but would lead to much more
complicated proofs). Throughout the lecture, we call a constant ¢ universal if it is a
number not depending on any variable defined before (so in principle, it is something
like ’32’ but we are too lazy to provide the explicit value).

Theorem 2.5. Let ¢ ~ N(0,0%), X ~ N(0,3). Then there exist universal constants
c1, ¢y > 0 such that the condition

Amin(2) > Clngn(max{lo?f(n), d})1/2

12



2 Linear algorithms for regression problems

implies for all ¢ > 1:

2

PuaBKQ>—za53:>4§tJ%¥>gezﬁ+n1

Proof. Let ||A]| denote the spectral norm, ||A||% the Frobenius norm and M, (A) the
smallest eigenvalue of the matrix A € R4,

The basic idea is to define an event on which 3 is near to . Put

)‘mm(2>
2 s

On E, it holds that Amin(2) > 222 and thus 151 <

By = {Hi -3 <

—). On E,, it holds that

mzn(

A

A7 = tr(A4") = tr(Z 5! ) = tr(Igxa) + tr(Z7H(S - 2))
12714_(271_271)
< A+ (=R -2
< ddETH B -2 < 2d (1)

Now we have

P(R(B%?) = R(B) > 7n) P(R(B%?) — R(8") > vn, Bn) + P(EY)
E[P(R(5"?) — R(5") > 7|X)15,] + P(E;)
E[P(]|Ae[l3 > 77, [X)15,] + P(ER),

To discuss these quantities, we use two lemmas from [7, Theorem 1] and [8, Corollary
2.2] without proof (so-called isoperimetric inequalities for normally distributed random
vectors): There are universal constants ¢, co > 0, such that for all s,¢ > 0,

(IS - 51> el mas 4 /420 1) < e ®

P(||Ae|ls > cy0]|A||r max{1,V1}) < e (3)
Let t > 1. Based on these inequalities, on FE,, it holds that

o2d
P(|| Aell; > 4c5t - —IX) = P(f|Aeflz 2 oVio|AlplX) < e

IA N CIA

With n > d and s = log(n) it holds that max{<, \/;, 2 /2 = M)I/Q Then

for Amm( > ¢ HZ”(max{log( )d})1/2

B(Ep) < BIE-2) > 22 _pis gy > o sfmact /2,2 S

13
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Problem: In many applications, d is large, in particular it may occur that d > n. Then
XX is no longer invertible and the LS-estimator is not unique.

2.1 Ridge Regression

In the following, we use the following basic assumption: Only few components of X
are relevant for Y, that is, many components of 3 are zero or at least near to zero.

Thus we introduce a penalization for the size of the entries of S.

We use the following standard approach with penalization Jy(8) = X - [|8]|3.

Definition 2.6 (Ridge estimator). Let A > 0 and

d
IA(B) = MBlIZ =21 8.
j=1

The Ridge estimator is defined as

A

Br= 7% = argmin{R,(8) + JA(8)}

BER
= argmin {||Y — XB||5 + \||B]|3}-
BER

The corresponding algorithm is

A

d
far(@) = F59%(x) =) Brjz;.
=1

The ridge estimator has an explicit representation.

Lemma 2.7. Let A > 0. Then

By = (XTX 4 Anliq) 'XTY.

Proof. Building derivatives equal to zero for 5 — R, (8) + X - J(f). O

14
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Remarks:

e In ridge regression, the matrix X7X is 'made invertible’ by adding a positive mul-
tiple of the identity matrix. Therefore, the ridge estimator also can be used in the
case d > n.

e The name ’'ridge’ stems from the fact that the optimization problem is equivalent
to

min R, () 5.t 18]]2 < t

BeR
for some suitable ¢ > 0. Here, some explicit limit is provided for ¢.

We now start to analyze the excess Bayes risk of the ridge estimator, again given X. It
holds that

Br—B" = —2n(XTX+ Mlyg) 16+ (XTX + Andyug) ' XTe
N 1 -
= A+ M) P+ E(Z + Mywq) ' Xe,

thus

i . 1 2 1
R(B) = R(F) = B+ el = |BIE + (B, Ae) + | e

where A = 21/2(2+A]dxd)*1§—2 and B := /\El/Q(ZA]Jr)\Idxd)*lB*. Since Ee = 0, we have

0.2

E[R(BIIX] = R(8") = —[Alz+ 1Bl
2
o ~ A A ~
= tr(E(E + Mya) P22 + )\[dxd)*l) + )\2]\21/2(2 + Maxa) 1875

To discuss the approximation 3 &~ ¥ in more detail, one has to define a similar event
as for the LS estimator, but this would be much more complicated here. Therefore,
we restrict ourselves to a "heuristic’ analysis of the ridge estimator by simply replacing
Y~ X. Let ¥ = UDUT be the spectral decomposition of ¥ with orthogonal matrix

U and diagonal matrix D = diag(si, ..., sq) (entries are the eigenvalues of ). Then it
holds that

2

N o
E[R(B\)[X] — R(B7) %'5*NHE+XMMAE@+*MMY5+AW?”@+WhmYWW§
2
- %nuuxD+AhmruxD+A@mrw+AWDV%D+AQMY%WWM
o’ 53 L s (UTB)2
= IN e NI P
n ; (s +A)? ; (55 +A)?

15
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If all eigenvalues are equal, that is, s; = s and if additionally (U?73*); =b (j = 1, ...,d),
then the above expression simplifies to
o%d 52 sb?d

PR IR peryy

i 02d b%s o2d

2 n C42s T o0
n

g8

.

\
i

2
A

|
o
¥

We see that for a suitable choice of the penalization parameter A, the excess Bayes risk
of the ridge estimator can be smaller than the corresponding upper bound of the LS
estimator.

2.2 LASSO estimator

Approach: The most obvious choice to penalize 5 would be of the form ||5]o = #{j =
1,...,d: B; # 0}. Then, one would simply penalize the number of non-zero entries of 3.
However, this leads to NP-hard optimization problems whose solutions are not accessible
in practice. One therefore uses a different norm which has similar properties but leads
to convex optimization problems.

Definition 2.8 (Lasso - Least absolute shrinkage and selection operator). Let A > 0
and

d
KB =118l =2 1B;l-
j=1
The LASSO estimator ('least absolute shrinkage and selection operator’) is given by

B/\ = Bf\asso € argmin {Rn(,ﬁ) + Jx(ﬁ)}

BeR?

't
= argmin {~ ¥ — XB|3 + X+ 8ll:}.

BeR

The corresponding algorithm reads

d
far(z) = fo2o(z) = )~ Baja;.
j=1

There exists no easy closed-form solution for 3i%*5° besides some special cases.

Remark: ’selection operator’ means that BA really ’selects’ components j of 5*. The
quantity £, has some entries which are exactly zero.

16
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2.3 Restricted Eigenvalue property

We now investigate the theoretical properties of the LASO estimator. In the following
we work with the following assumption: Only few entries of X are relevant for Y, that
is, many entries of 5* are zero.

Definition 2.9 (Notation). For 3 € R?, define

S(8) = {j € {1,..d} : B; # 0}.

For S C {1,...,d} and v € R?, put vg := (v;1jesy)jm1,....a-

If it would hold that d < n, then 3> would be invertible and the smallest eigenvalue
would satisfy (we use the Rayleigh quotient formulation of the smallest eigenvalue)

A

v

Amin(2) = inf ——— > 0.
vek? [|v]l3
Then 3 would be one-to-one (injective) and the linear equation system 26 = %XTY
would lead to the (unique) least squares estimator.

In the case d > n, one has )\mm(f]) = 0. The important difference is that we only search
for estimators 8 which non-zero entries at the components S(3*). This means that in
principle we only need injectivity of X on the set

C={BeR:5(8)=5(8)} = {B€R": ||Bs(gryell = 0},
or translated to the smallest eigenvalue,

T Ty
vee |[vll3  vec llussll3

However, a theoretical statement cannot pose assumptions on the random matrix 3.
Because of the noise in the model, we also cannot transfer condition directly to X.
Instead, we ask that on the set

C = {B (- Rd : ||6S(5*)c

1}

1 < 3||Bs(s)

it holds that .
b
Amm(Z) = inf U—,UQ > 0,
veC ||US(B*) 5

the so-called restricted eigenvalue property (REP). Using A,:,(2), we can state the
following theorem for the LASSO estimator.

17
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Theorem 2.10. Let ¢ ~ N(0,0%), X ~ N(0,%) and ¥;; = 1 (j = 1,...,d). Define
s := #S5(0*). Then there exist universal constants ¢y, co > 0 such that the condition

Y
n > 01#&)28 log(ed/s)

implies: For each t > 0 and

A > %\/log(d) + t,

it holds that R S

) < e+ 2de "

Proof. We abbreviate S = S(*). The basic idea is to define two events on which we
can replace ¥ &~ Y. These events read

_ .3
By = {vj € {1,....d} : 5;; < 0%}
and 1
By i={wv e O —=| 0] < 1220l

Then it holds that

P(R(3) - R(8") > 16>\2Am;<2))

< 1204 p*\(|2 2 S

26— g* _°
< B[PV - 61 > 1605 5[

, B1 N By) + P(Bf) + P(B5)
)Lz, | +B(BY) + B(BS).

In the first probability, we can consider all terms depending on X as deterministic, that
is, one only has to analyze the variation from e.

1. Basic inequality: R,(3) + Jx(6) < Rn(8*) + JA(3) implies

K- BB MBI < TG - 8) + MB s

2 D * *
< EH@TXHoo'Hﬁ—ﬁ 1+ AllB* -
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2 Linear algorithms for regression problems

. Define A := {2e”X||oc < 3}. On A it holds that

2 rn g 2 . . .
Sx@-i < A { 1B-g w208 -2 18l
5,_A/ N——" A\,—/A
=[8s—B5lli+Bsellx =185 =lBslli+lBsellx
< A+ {118s = Ball = 13se I + 2001850 — 13sl) }
< )\'{3||Bs—/6§||1—||556||1}.

. Because of (2), on A it holds that: B—preC.

A

. On B it holds that

>3

1 n
P(ASX) = P(jgaxd]EZXijei
=1

1 < W

2 ~
NN(O,L :'L:l X?j):N(O,OQE]']')

n

< d. 2(1 B (I)( )\\/ﬁ )) au%D Qdexp(_ %()\gg_ﬁ)2> Conditgnonk ot

because of 1 — ®(z) < e (® the distribution function of N(0,1)).

. On By it holds that A,(2) > 22 On AN By it holds that

5 (|2 5 o 1 Do Amin(2), (3) 8172 A |12 2s
18s = Bslli < s-[18s — Bsll2 < HZ (B—-5 )”%A—(Z)
=LIIX(8-8%)I3
. On AN By it holds that
2 A *\ (12 A * 2) 2 *
—IX(B =Bz +A- [IB=0"1 < AN8s — Bsllh
n N——
=[|Bs—B%ll1+Bsll
(5) 1 A 25 1/2
2 Lkl ()
4ab<a?+4b> | A S
< ZIX(B = 892 S
Subtracting 1 [|X( — 4*)||3 from both sides yields
A A 1 A S
21/2 _R*\]||12 — X _R*\]||2 < A2 ]
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2 Linear algorithms for regression problems

7. Replacement of ¥ by ¥: On AN By it holds that

1205 _ 39|12 < 2 S

8. Bounding the probability of By, By: [20, Theorem 1.6] (cf. also [I3]) implies that
2 slog(ed/s) it holds

there exists constants c¢i,cy > 0, such that for n > ¢

Amzn(2)2
that
P(BS) < 2exp(—can).
Thus,
A 3%, - 3n
c < > JJ < 2 _>
P(B) < d max P(%; > = )_djgnlﬁfdP(E;Xzﬁ >
()
< dGeiy,

since 1 — Flany(2n) < (2e!72)"/2 (here, F2(,) is the distribution function of the
x2-distribution, cf. [6, Lemma 2.2]).

O]
Remarks:

e The upper bound for the convergence rate of the excess Bayes risk of the LASSO
estimator is minimized for A = 6v/2 - \/Lﬁ\/log(d). Then, it reads

Zahl o?s
16327 — 7% og(d).

This rate can be interpreted as follows: B \» behaves like the LQ estimator in a model
with s instead of d dimensions / components instead of d. The LASSO estimator
B,\ has to 'pay’ with a factor log(d) for the missing insight which components are
non-zero. This is a rather small price to pay even if d is large.

e One can prove similar theoretical statements without the conditions € ~ N (0, 0?)
and X ~ N(0,%) and still can preserve the small log(d) term.

e Regarding the REP: Under the normalization condition Y;; = 1, the eigenvalues of
3 and ¥ are small if many components of X are strongly correlated (for instance,
¥ is not invertible if the first components coincide, X; = X3). ¥ would also be
non-invertible if one component of X has no variance, but this is excluded by the
assumption that 3,; = 1. Therefore, the smallest eigenvalue \,;,(X) measures

20



2 Linear algorithms for regression problems

how strongly the components of X are correlated. Note that a strong correlation
of X is a problem for estimation of 5*, but not for the excess Bayes risk itself: In
the extreme case X; = X, it is clear that B cannot distinguish the values of 3}
and (3, but it can still provide good predictions through X B Unfortunately, our
proof technique transfers the estimation quality of §* via to an upper bound
of the excess Bayes risk, therefore this fact is not adequately represented in the
result.

Roughly speaking, the REP reduces the condition on the injectivity on ¥ to a
condition on the injectivity on the components with indices S(3*).

e The assumption X;; = 1is only to provide an easier result. In practice, this normal-
ization can be obtained by standardizing X, ..., X,, before computing the LASSO
estimator (that is, center X; and divide by the empirical standard deviation).

2.4 Exercises

Task 1 (Discussion: Proof of Theorem . Let A € R and @ ~ N(0,014x4).

1. Show that
P(]|Aelz > o||AllpVT) <

| =

2. Discuss in which sense this result is weaker than the result given in the lecture,

P(||Aells > coo||Al|F max{1, \/%}) <et.

Now let Xi,..., X, : @ — R? be i.i.d. N(0,%) distributed. Let E, := {||2 — % <
’\’"T"(E)} Denote by [|2|| the spectral norm and [|X||% = ijzl 32, the Frobenius

nori.

(c) Show that

o L{orE) + [IZ]17}

f— :L‘Z .
Hint: It holds that ||S| < ||X||p and E[XF;X7,] = 55550 + 253,

P(|% -~ 2| > 2)

(d) Conclude that

S 1 2 21\1/2 1
P15 - 2l 2 o= {ur (D) + |ZIF ) < o5

(e) Discuss in which sense the above inequality is weaker than the lemma from the
lecture,
~ d |d
P15z el mas 42 5 <
nVnn \n
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2 Linear algorithms for regression problems

Task 2 (Ridge estimator). In practice it is common to consider the linear model Y =
XT3+ ¢ with X; = 1, that is, the first component of X is constantly 1 and not random.
In this case, the ridge estimator is replaced by

d
3 € arg min {Rn(ﬁ) + A Zﬁ?},
=2

BERC

that is, the first component is not penalized in its size.
1. Why this is meaningful?

2. Derive an explicit expression of A3 in terms of X, Y.

Task 3 (Large deviations).

1. Let X ~ N(0,1). Show that for ¢ > 0, P(X >t) < exp(—%).

2
Hint: You may use Markov’s inequality with g(t) = e and appropriately chosen
c>0.

2. Let X ~ N(0,0?). Show that

2

t
P(|X| > ot) < 2exp(—), P(|X| > ov2t) < 2e7.

Let X1, .., X,, be i.i.d. with E[X?] = ¢? and | X;| < M, where 0%, M > 0 are constants.
Then, the so-called Bernstein inequality holds: For all x > 0,

1 < 1 2?
IP’(— X, —EX;) > >< (__—).
D

(c) Discuss the relation between Bernstein’s inequality and the statement in (a).

(d) Show that for any t > 0,

IP( Xn:(Xi _EX,) > aoVi+ Mt) < et

=1

(e) Show that with probability > 1 — ¢ (6 € (0,1)), it holds that

n

> (Xi —EX;) < 2Vno log(%) +4M log(%).

i=1
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2 Linear algorithms for regression problems

Task 4 (Discussion: Theorem [2.10)). The convergence rate of the LASSO estimator from
Theorem 2.10] reads
1 o?s log(d)
—_— e ———— . O .
Ain(D) 1P

One of the assumptions in the theorem is that n > ¢ H H 579 log(ed/s).

=2

1. Compare this assumption on n with the assumption n > ¢ - 5 - d stated in

the theorem of the LS estimator.

2. Recall: Why the additional factor + r— ( j occurs in the rate of the LASSO estima-
tor which is not present for the LS estimator?

Regarding the Restricted Eigenvalue Property: Recall that

v ¥
Apin(Z) = inf ———. = R : |lvge|: < :
wnl®) = inf T, o= v €RY sl < 3lslh}
(c¢) Show the following statement: If 3 = I;.4, then A,,;,(2) > 1.

(d) Discuss why the scenario in (c) in not realistic, in particular for large d.

Consider for p € (0,1)

1 0 ... 0 p
0 .
=1 p
0O ... 0 1p
p ... p p 1

One can show that the eigenvalues of ¥ are given by {1, ..., 1, 1—(d—1)"/2p, 1+(d—1)/2p}.
(e) Determine a condition for p such that A, (2) > 0.

(f) Let S ={1,...,s}. Derive a lower bound for A,,;,(X) which only depends on s but
not on d. From this, derive a condition for p such that A,,;,(3) > 0.

Task 5 (Proof of Theorem [2.10 Analysis of B;). In Theorem we defined the event

_ - 3

where $ = E[XXT], =137 X, X7 and 5j; =1 (j € {1, ..., d}).
1. Show that for t < %, one has
P(BS) < d-((1—2t)e3)~"/2,
Hint: For Z ~ N(0,1) it holds that Ee”” = (1 — 2t)~1/2,
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2 Linear algorithms for regression problems

2. Let ¢ := 2 +1log(%) > 0. Show that for n > 2(log(d) + z), we have P(Bf) < ™.

Task 6 (Generalizations of Theorem [2.10)). In the situation of Theorem [2.10, we inves-
tigate the probability

2 A 1<
- > = — i X
PG e Xl > 5[3) =B max, [ =3 e,

and the corresponding choice of A. For simplicity, we assume that X is deterministic and
satisfies T 5" | X2 = 1. Additionally, let ;, i = 1,...,n be i.i.d. with E[e}] = o°.

1. Repeat the proof of the lecture: Show that if e ~ N(0,0?), we have

2 A 1.\
P27 % ] > 3) < 2dep (- L)),

2. Prove that

P2 1%l 2 ) <d- (5)"

3. Let p > 2. Show the following statement: If E[|¢[’] = pb with some s, € R, then

it holds that 12
2 4

P(Z 07X > 3) <a-(Z L)

n 2 A/

Hint: For independent random variables A;, i = 1,...,n the inequality E[| Y1 A;[P]/P <
P23 E[|Ai[P)2P)Y2 holds (cf. [?], Theorem 2.1).

Starting from now, suppose that | X;;| < C (i =1,...,n, j =1, ...,d) with some constant
C>0.

(d) The following inequality is called Nemirovski’s inequality (cf. Lemma 14.24 in [5]):
For independent random variables A; € R? i =1,...,n, we have

n n

B[ max | 3o(4, ~E4y)|] < (8log20)"* B[ max 3 42"
i=1 =1

Show that

2 - A\ 4(8log(2d))?Co
= > — )< .
P(GIe" %l 2 5) < =500
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3 Basics of classification problems; linear models in classification problems

3 Basics of classification problems; linear models in
classification problems

In this chapter we assume that X C RY, Y = {1,..., K} with K € N the number of
classes, L(y, s) = Ly, the 0-1-loss. We know that in this case, the Bayes rule reads

f*(z) € argmax P(Y = k| X = x).

Caution: For regression problems, f* is PX-a.s. uniquely determined. In classification
problems it can happen that f* is nowhere unique. For instance, in the special case of
K =2 classes it could be that for all z € X, P(Y =1|X =2) =P(Y =2|X =1) = 3.
In this chapter we make the high-level assumption that f* is uniquely determined.

3.1 Decision regions, decision boundaries, discriminant functions

Each decision rule f : X — Y partitions the space X into decision regions which are
separated by decision boundaries.

Definition 3.1. Let f : X — ) be a decision rule. Then
W(f) ={zeX: f(z)=k} kel
is called the decision region associated to f and class k. The set
O (f) := 02 (f) N OQ(f)

is called decision boundary between the classes k,[ € V.
Accordingly, Q} = Qg(f*) and 0, := 0Qu(f*) are called optimal decision regions /
decision boundaries.

In many classification problems, it is hard to estimate f* directly. One therefore tries
to transfer the estimation problem to so-called discriminant functions.

Definition 3.2. Let f : X — ) be a decision rule. Measurable mappings 6y = 0x(f) :
X — R are called discriminant functions with respect to f if

Q(f) ={x € X : §(z) = %%}Xél(ff)}-

Accordingly, 9} : X — R are called optimal discriminant functions if

QO ={reX: )= IZHG%)X&(JJ)}.
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3 Basics of classification problems; linear models in classification problems

There exist ’standard’ discriminant functions.

Lemma 3.3. 1. The functions §;(x) = P(Y = k|X = z) are optimal discriminant
functions.

2. If h: (0,1) x X — R is strictly increasing with respect to its first component, then
51(z) = h(P(Y = K|X = 2),2)

are optimal discriminant functions as well.

Proof. 1t holds that

O ={reX: f(x) :k}:{xGX:]P’(Y:k:|X:;1:):%%JX]P’(Y:HX:;E)}.

The second statement follows from the equivalence

P(Y =k|X =2) = r{le})xIP(Y =X =1x)
=

— h(PY =klX =2),2) = rlneayxh(P(Y =X =2x),x).

[]

One standard approach to estimate f* is given by estimating J;, £ € ) under a spe-
cific model assumption. A very simple model is given by assuming that the decision
boundaries have a linear structure.

Definition 3.4. A decision rule f has linear decision boundaries if there exist linear
discrimininant functions for f. Formally: There exist 1), ..., %) € R? and discriminant
functions 8 (f) such that 0 (f) = 27p% k=1,.. K.

A distribution PXY) has linear optimal decision boundaries if there exist linear optimal
discriminant functions.

The motivation for this definition is as follows: The decision boundaries are sets where
two discriminant functions coincide. That is,

OU(f) C {z e X : 2T p® = T30
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3 Basics of classification problems; linear models in classification problems

are then subsets of a line.

Caution: If a distribution has linear decision boundaries, then one only knows that
optimal linear discriminant function ezist, but there are a lot of other nonlinear (optimal)
discriminant functions. An example is given in the next subsection.

3.2 Logistic regression

Approach: We want to define a model with optimal linear decision boundaries, that
is, we ask the model to allow for linear optimal discriminant functions. A possible
assumption could look like

P(Y = k|X =) = 0j(2) = 27 3*®
with some g*®) e R k=1,..., K.

Problem: This is not a reasonable approach since the left hand side attains values in
€ [0, 1], but the right hand side can attain all values in R.

Instead, we make use of Lemma [3.3(ii): We assume that

MPY =k|X =2),2) =6(z) =2Tp®, k=1, K

with a suitable h : [0,1] x X — R which is strictly increasing with respect to its first
argument.

Definition 3.5 (Model: Logistic regression). For k = 1, ..., K — 1 there exist 3**) ¢ R?
such that for all x € X,

PY = k|X = z) T ol
lo (P(Y:K|X:x)> = 5. (6)

Lemma 3.6. The following conditions are equivalent to the model assumption from
Definition @

T n*(k)
P(Y =k|X =) = e);p_(f b T) — b=l =1,
14> exp(aTp*k))

1
1+ ZkK:_ll exp(zT B*k)) '

PY =K|X=1) =
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3 Basics of classification problems; linear models in classification problems

Proof. Apply exp on both sides of @ and make use of S P(Y = kX =2)=1. O

Remark: The name ’logistic regression’ is based on the representation of Lemma [3.6]
P(Y = k|X = x) is modeled by a so-called logistic function 1j7

We motivate an algorithm by using a standard technique from statistics, the maximum
likelihood approach for estimation of the parameters 5**), k =1, ..., K — 1. We will see
later that this approach is equivalent to minimizing an empirical risk.

Let f(x1,y1,...,%n,ys) denote the joint density of the random variables (X;,V;), i =
1,...,n, fxy the density of (X,Y’) (with respect to the product measure of the Lebesgue
and the counting measure), and fx the density of X with respect to the Lebesgue
measure. Then it holds that

logf(xhyla"wxrwyn) = Zlog fX,Y(xhyi)
— —

f (%4,95)
:%'fx(%)

= ZlogIP’(Y =yl X =x;) + Zlog Ix(x;)
i=1 i=1

unknown, we will omit it!

The maximum likelihood approach asks for maximizing this quantity with respect to
pE k=1,. K —1.
Lemma [3.6] =

=

-1

K-1
logP(Y =y|X =2) = Z ﬂ{y:j}{xTﬁ(j) —log <1 + exp(xTﬁ(k))>}
Jj=1 1

B
Il

K-1
—1 =k} log (1 + Z exp(xTﬁ(k))>
k=1

S

-1

= { z Liy—r} - wTﬂ(’“)} — log (1 + exp(rtTﬁ(k)))

1

b
Il

Instead of f(X1, Y1, ..., X,,Y,) we can therefore minimize

n K-1 K-1
L(6) = %Z [log (1 i ; exp(XiTﬂ(k))> — ; 1yi—ry .XiTﬁ(k)} (7)

=1

with respect to 6 = ((3M)T, ..., (BE—NTT ¢ RE-1d,

28



3 Basics of classification problems; linear models in classification problems

Definition 3.7 (Classifier: Logistic regression). Let

0= ((BNT, .., (BE"NNT ¢ argmin L, ().

QGR(Kfl)d

Let R
51 () zT k) k:zl,...,K—l,‘
0, k=K

The logistic regression classifier is given by fEB(z) = arg MaXye( K} OLR(z).

3.2.1 Theoretical statements

The theoretical investigation of classification problems with more than two classes K is
often laborious. To some extend, the results for K = 2 classes can be generalized to
an arbitrary K classes. Therefore, we restrict ourselves to the investigation of problems

with K = 2 classes. Moreover, we use a different notation for the classes:

Y ={+1,—-1} instead of Y = {1,2}.

This leads to more compact formulas for the classifiers (the main advantage is that we

can express classifiers as sign functions of discriminant functions, see below). Put
A= {63(x) =2"B: B € R},

Since 1gy,—1y = 5(Y; + 1), we have the following expression.

Definition 3.8 (Logistic regression for 2 classes, risk minimization formulation).

L(y,s) :=log(l +¢°) — %(y +1)s.

Put
. - - 1 e -
i = — L(Y;,0(X;)).
S € argmin R, (d3), R,(9) n; (Yi,0(X5))

BERE

Put 6L%(z) = z73. The logistic regression classifier reads

1, z >0,
FER(z) = sign(65R(z)),  sign(z) =0, z=0,
-1, z<0.
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3 Basics of classification problems; linear models in classification problems

Contrary to the formulation before, we only have to define one discriminant function
(instead of two). Moreover, we have a simple expression for the classifier in terms of the
discriminant function.

Note that the loss function which is used in the above risk minimization problem is
not the 0-1- loss but a more complicated function. Since the logistic regression classifier
minimizes the risk with respect to L, theoretical statements can only proved 'directly’ for
the modified risk R(6) := EL(Y,§(X)). Therefore, our first goal is to show a theoretical
result for the excess Bayes risk with respect to L,

R(6;%) — R(6"). (8)

Afterwards we will think about how an upper bound can be transferred to the excess
Bayes risk

R(fy") = R(f")
with respect to the 0-1-loss. For the next statements, we use the following important
abbreviation.

Definition 3.9. n(z) = P(Y = 1| X = ).

We now have to convince ourselves that under the model assumption of logistic regression

(Definition
n(x) Tae g i o o d
log(————=) =a" * firein f*€R
1 —n(x)

the function dg.(z) = 27B* is a Bayes rule with respect to the risk R (even if we
minimize over all possible measurable mappings § : X — R!). Later in the proof of an
upper bound of the excess Bayes risk, we will need also a more specific property of R(+),
the so called quadratic margin property.

Lemma 3.10 (Quadratic margin property). Suppose that there exists ¢ > 0 such that
c<n(x) <1—cforall z € X. Then it holds that

R(6g-) = min R(5).

§:X—R

Suppose that X ~ N(0,%). Then, for all 8 € R? with ||X¥2(8— 8%)||l2 < ¢? it holds that

2
R(85) — R(65) 2 7 - IZ2(8 = 813
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Remark: The assumption X ~ N(0,Y) can be weakened. Here we stick to this assump-
tion since it simplifies the result and its proof significantly.

Proof. Proof of the minimization property: It holds that
E[L(Y,6(X))|X = 2] = —n(x)é(x) + log(1 + exp(d(x)) = g(8(x)). (9)

with g(s) = —n(z)s + log(1 + €°). It is enough to show that for all € X" it holds that
9(6(x)) > g(dp-(x)) (*). Then, by application of E[] to (9) we obtain: R(5) > R(d-).
It holds that

S S

e

1
Atey 19" [|loo < —=-

9"(s) = 673

9(s) = =n(a) + o

By our model assumption, we have dg«(x) = log(lf(;&)x)), thus

g'(0p:(x)) =0,  g"(0p-(2)) = (@) - (L —n(x)) > .

Thus g+ () is a (local) minimizer of s +— g(s). Since it is the only extremal point and
g is continuous, we obtain (*).
Proof of the margin property: A Taylor expansion of g in s = dg(z) yields:

o(5) = 9005 ()) + (5 = 0 (2) - (s () + 5(5 — 6 ()" - "B (2)
(5= b5 (0))? [9"(6) — o0 (2)],

where |€ — 3 ()] < |s — 0 (2)].

Thus,
R(S:) — RU6w) 2 SEI6(X) = 5" (0F]) - =Bl 6 COP]
1y *\ (12 1 T *\13
= =6 =50 - S ABIXT (5 - 51

For X ~ N(0,%) it holds that
E[IX7(8 - 87)1°] < 3PE[IXT (8 — B7)P]*? = 3*222(8 - 5Y) 5.
The condition on  in the lemma implies

2 1 2
R(d5) = R(55) = SIZY2(8 = 8713 = 7128 = 8113 = T8 - 7).
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To obtain an upper bound for the excess Bayes risk, we will need the following tech-
nical lemma (cf. [5], Theorem 14.3 and Theorem 14.4) which contains the so-called
concentration inequalities of Talagrand and Ledoux.

Lemma 3.11. Suppose that L : ¥ x R — R is such that |L(y, s) — L(y, s')| < £+ |s — /]
for all 5,8’ € R and y € J. Suppose that A C {6 : X — Rmeas.} is a set of functions
and 0* € A. Then it holds that

Esup| - Z{L Yi, 6(X,)) — L(Y;, 6°(X,)) — [EL(Y3,6(X4)) — EL(Y3, 6*(X1))]}

< 4¢-Esup —261{5 —5*(Xi)}‘>

where ¢;,7 = 1,...,n are i.i.d. and independent of (X;,Y;), ¢ = 1,...,n with distribution

P(e; = 1) =P(e; = —1) = 5 (so-called Rademacher variables).

Caution: From now on, we abbreviate R,(8) = R,(d3), R(8) = R(53).
We have the following result for the excess Bayes risk of logistic regression.

Theorem 3.12. Suppose that there exists ¢ € (0,1) such that ¢ < n(x) < 1 — ¢ for all
x € X. Suppose that X ~ N(0,%). Let ¢ > 1. Suppose that (4)/2¢ < < Then it

holds that . J B
P(R(B) — R(B") > (=)**= S) <

C

H—I»—t

Proof. General remark: In the proof, we introduce some variables v,a > 0. They are
first arbitrary and are chosen suitable at the end of the proof.

Derivation of a basic inequality: It holds that
Ro(5) < Ra(5),

thus

IAINA
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Now we use a ’trick’: If T € [0,1] and = T8 + (1 — T)5*, then convexity of L(y,-)
implies

ny )
3
=
VAN
~
myl
=
E>
x
|
=3
ny )

n(B%) < Ru(8Y).

R(B) = R(B*) < |Ra(B) — R(B) — (Ra(B*) — R(B"))] (11)
For v > 0, define

Then it holds that
B=B=TB-5) = [E@E-p)=TIS?B-8)<7.  (12)

From ((11)) we obtain

R(B) — R(B") < sup |R,(B) — R(B) — (Ru(B") — R(B"))| =: Z,.  (13)

BIZY2(B—B*)ll2<y

(The important point in this ’trick’ is the replacement of B by 8. Now we can bound
the right hand side of the basic inequality with a supremum over a bounded set).

Definition of a ’'nice’ event: Let A := {Z, <v-a}.
If v < ¢, then we have ||XV2(8 — 8|l < v < ¢ Lemmam =
auf A

2 ~ ~ o~ ~
SIS2(3 = B3 < R(B) - R(B) < -«

We obtain (note that in the following calculation, !’ is a condition we have to meet at
the end of the proof with our choices of a,~):

5723 - )l < ()2 < 1

c

From ((12)) we obtain

7“21/2(5_6*)”2 —|Inl/2 2 % < 7 Umstellen /2 5 <
v+ |ZV2(3 — 84|, 13558 = B9z < 5 = 15758 =B )2 <7

Now, we repeat the whole proof with 3 instead of /3 (starting from instead of )
Then on A, we have (cf. (13)):
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Upper bound for the probability of A¢: It holds that
- ~ 1
Ly, s) = Ly N < [y + DI - fs = s+ 1+ |s =5 < 2fs = ],

thus Lemma with ¢ = 2 implies

n

1
EZ, < 8-E  sup = X[ (8- 5
1=1/2(8-8")la<y 'V
3 einfiigen + CSU
< SE[  sup II—Z D2 |L,||Z2(8 - 8],
1217286 [2<~ i=1
Holder E[|Z|] < E[Z2]!/? 2 q1/2
T Bl el ]
=Z?:1(Z?:1 ei(571/2X;);)?
d n
(S S )
= i =Y .
J=1 i= 1¥ 71 \/ﬁ
d Markov’s ineq.

W2t = P(AY) <P(Z, > 7 a) < 3
c(wa)l/2 < 2 = Choose 7 :=a- (1)~

C

Choice of a,v: Choose a := §(
We have to meet the condition
Condition from above: v < ¢ <= (£)1/2. t < C
Thus we obtain the rate

N3

Logistic regression can also be performed with an additional penalization routine.

Definition 3.13 (Logistic regression with penalization for 2 classes). Put

B € s e {R.(B) + X+ |18l }-

Define 5£§(x) = azTﬁA,\. The logistic regression classifier with penalization is given by

(@) = sign(6:5(2)).
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We are now able to provide the following theoretic result by combining techniques from
Theorem [2.10] (Lasso) and Theorem [3.12] (Logistic regression without penalization). Put
S(B) :={je{l,..d}: B; # 0} and for v € R%, S C {1,....d}: vs := (vjLljes})jmt,..d-
Furthermore, set

T
Apin(2) := inf v

C:= cR%:
{v Ios(anell < veC ||lvg(ge)

(REC).

Theorem 3.14. Suppose that there exists ¢ € (0,1) such that ¢ < n(x) < 1 — ¢ for all
x € X. Suppose that X ~ N(0,X). Put s = #5(8*).
Let t > 1. Then for all

2> 8(

2 log(2d) )1/2”2”1/2 .t
n

with the property that (22629)1/2|3||1/2¢ > % dx: 5y, it holds that

16 \s >

1
=7 V< Z
62 Amzn(E) — t

P(R(Bun) — R(F") >

Proof. Abbreviate S = S(5*).
Deduction of the basic inequality: It holds that

Ro(B) + AllBlh < Ru(57) + AlIB7 1,

thus

R(B) = R(B) + AllBlh < (Ra(B) + AllBIL) — (Ra(87) + A5 1)
—{R() - R(B) - (Ru(8) — RN} + Al
< |Ra(B) = R(B) = (Ra(B%) = R(5))| + Al 1. (14)
Again we use the following 'trick’: Let T € [0,1] and define 3 = T + (1 — T)8*. Then
convexity of L(y,-) and || - ||, implies
Ru(B) + MBI < T(Ra(B) + ABll1) + (1= T)(Ra(57) + A5 1) < Ra(B57) + IS

<R (B%)+A]16% 11

As before, we obtain

R(B) = R(8") + MBI < |Ba(B) — R(B) — (Ba(8") — R(B) + AIB* L (15)

For v > 0, define
~

A+ BB
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3 Basics of classification problems; linear models in classification problems

It holds that

f-p=TE-5) = IB-=8h=TI3-5h<~ (16)
From we get
R(B)—=R(B")+ A5 < P |Ra(8) — R(B) — (Ru(B*) — R(B))| +AI87]11. (17)
YB=B*1 <y
=

Definition of a ’nice’ event: Put A :={Z, <~v-a}.
On A it holds that

R(3) = R(B") + AM|Bselli - <v-at+ AUBs1 — 1Bslh) < v-a+Al(B" = B)slh- (18)
Case 1: 2)\||(8 — f*)s|l1 > 7 - a. Then we have

(B = B7)se 1< a8 = B)sll < M8 — Bslh-

1 < R(B) — R(B") +A]| Bse
—_———

0<

= [f—peC i i i
If [[3)|V2y < ¢ (then [[BY2(5 — )]l < [B]V2 - 18 = 82 < [I5]V2 - 118 = 8]l <
1

|3||*/2y < 2, that is, the margin property from Lemma can be applied):

RB)—RB)+XA  ||IB-8"
S
=|Bsclli+1(B—B*)sll1

@ N
< v+ a+2M[(8" = B)slh
REP S 1/2 -
< . 1/2 %
S e (o) G-l
Lemma [B.10 s V2 2 - - 5 \1/2
< ’y-a—|—2)\</\.—(2)> 'E(R(ﬁ)—R(ﬁ ) /
4zy<z?4-4y? )\23 1, ~ =~ ~
< v-a+ 45—+ 5 (R(B) — R(8))
2= (R(B)-F(8")) Hhmin(%) 2

Rearranging terms yields

~ ~ ~ * ) * A
R(B) — R(B*) + 2X[18 — B[l < 27"”8W1j(2)'

Case 2: 2)\||(3 — f*)s]l1 <7 - a. Dann ist mit :

RB)—RB)+A-|B—81 <7v-a+2X(B—5)sli <27-a
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3 Basics of classification problems; linear models in classification problems

End of case distinction.

We conclude that if we choose A such that

4 .
C Amzn(2> =74
then on A it holds that
R(B) = R(B*) + A~ |5 = 8"l < 4y - a. (19)
If 4a < %, then it holds that
18— B*Ih < 5
From ((16) we get
7118 = Bl o reamanging 5 .
— = -5 <5 = 18 = B[l <.
v+ 18 =Bl 2

If we repeat the whole proof for /3 (now starting from instead of ), then we
obtain that on A it holds that (cf. (19)):

R(B) = R(5") < 47 - a.

Upper bound for the probability of A°: It holds that
~ ~ 1
200,5) ~ L) < 5+ Dl Js =] +1-]s — 8| < 2ls — /|,

thus Lemma with ¢ = 2 implies

n

1
EZ, < 8-E sup |- &X!'(B-p59)
! 18-B* <y |7 Zl

< 8E[ sup H—ZSZXH 18 —5,]

IIB Brlhsy M
< Ug|yex

Since X, ..., X,, ~ N(0,%), it holds that (this is left as an exercise):

,,,,,,,,,,
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3 Basics of classification problems; linear models in classification problems

We conclude that
EZ

Y

2log(2d)\1/2
<-8(2ELDY P gye

. 2log(2d)\1/2 1/2 Markov’s ineq.
Choice of a,7, A: Choose a := 8(=E=22)1/2||5||1/2.¢ = P(A°) < P(Z, > 7-a) <
1

2
It has to hold that 4a < 3, that is, A > 8a (this leads to one condition in the theorem).

It has to hold that 402/\’\—2_5(2) < va, that is, we should choose 7 := 4#2?(2).

S[[H2y < @ = 4205 < 22|72 (this leads to one

Condition from above: | e (™)

condition in the theorem).
The convergence rate then reads

Remarks:

e The condition (*) is a bound for the dimensions s,d. For instance, if we choose
the smallest possible A,

A =8

2 10g<2d> )1/2||2||1/2t
n Y

then (*) reads
4
(M)lﬂs < & Anin(B)
n 256 |||

and we obtain the convergence rate

16 N\s  Zahl log(d)s  |%]]
A2 Apin(X) 2 n Apin (22)

12

e Note that similar as in the LASSO case, the original dimension d of the space X
only shows up in the convergence rate via the much smaller log(d).

e In both theorems, Theorem and Theorem [3.14] much better upper bounds
are available with respect to t. We only used the simple Markov inequality P(Z, >
va) < % and obtained a result of the form

P(R(B) — R(8") > Rate - 1*) <

~ | =

Using more sophisticated concentration inequalities, one can obtain < e~*. This is
part of the exercises.
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3 Basics of classification problems; linear models in classification problems

3.3 Calibration condition and risk transfer formula

Up to now, we have investigates classifiers for K = 2 classes which had the form

~

falw) = sign(0n(2)), (20)

Here, §,, was obtained via a minimization problem

n

b, :€ argmin R,(0),  Rn(6) := 1 > L(Y:,0(X)))
SeA n-

(or with additional penalization). Mathematically speaking, d,(z) is a discriminant
function for class 1 of the classifier f, (and the discriminant function for class —1 is
the constant zero function). Computing 5, therefore means to estimating an optimal
discriminant function instead of the Bayes rule f*.

We obtained upper bounds for the excess Bayes risk of on with respect to R((S) =
EL(Y,5(X)), that is, upper bounds for

R(6,) — R(5%), 6% :€ argmin R(4).

6:X—=R
Question: Can we derive upper bounds for the excess Bayes risk of fn with respect
to the 0-1 loss L(y,s) = ly,.s from the above upper bounds? That is, can we derive
upper bounds for

~

R - R, fie agmin R() 2
f:X—={-1,+1}

We are interested to transfer the results to the 0-1 loss of the classifier fn since the 0-1
loss is the 'most natural’ loss function for classification: From it, one can directly infer
the expected number of false decisions.

Remark 3.15. The strategy to estimate optimal discriminant functions instead of the
Bayes rule f* and defining afterwards is a common approach in several machine
learning algorithms for classification. Many of these algorithms were originally motivated
by estimation of discriminant functions. However, one could also think of defining a
classifier directly via minimization over the 0-1 loss L(y, s) = 1ys,

N

fusmargmin (), Ralf) = 5 30 LY J(X0) 1)

feFr

(or with additional penalization). However, L(y, s) is non-convex and non-differentiable
in s, therefore the optimization problem is hard to solve in practice.

39



3 Basics of classification problems; linear models in classification problems

Due to and §,, — 0*, we expect that
fn = sign(éb,) — sign(6*).

On the other hand, we want that fn converges (as a function) towards f*. The ap-
proach therefore can only lead to meaningful algorithms if the following condition
is satisfied.

Definition 3.16 (Calibration condition). A loss function L : Y x R — R satisfies the
calibration condition if

f* = sign(6”).

To transfer an upper bound of the excess Bayes risk of o, to fn, we need the following
abstract condition.

Definition 3.17 (Risk transfer formula). A loss function L : J) x R — Rxq produces a
risk transfer formula if there exists a non-decreasing function G : R>y — R>( such that
for all measurable 0 : X — R it holds that

R(sign(d)) — R(sign(%)) < G(R(6) — R(6)).

Many loss functions L can be written in the special form

L(y,s) = ¢(—ys), (22)

where ¢ : R — R is non-decreasing. This can be motivated as follows: Starting from
the optimization problem in Remark [3.15] it holds for y,s € {+1, —1} that

L<y7 3) = 1{3}7&5} = ]l{ySSO} = ]l{—ySZO} ~ (b(—yS) = L(y,5>

Note that starting from the term 1;_ >0 in the above chain of equations, also s € R
(instead of s € {—1, +1} would produce a meaningful ’loss’ in the sense that the loss is 0
if s and y have the same sign. Thus, one can interpret the transition from estimating f* =
sign(d*) to estimating §* as a relazation of the original ’exact’ optimization problem.
Instead of searching for a decision rule f(z) € {—1,+1}, we now allow for all real
numbers §(z) € R and use a different loss function L(y, s).

We now convince ourselves that logistic regression indeed can be implanted into this
framework.
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3 Basics of classification problems; linear models in classification problems

Lemma 3.18. Let ¢yo5(x) = log(1l + e¥). Then for y € {—1,+1}, s € R it holds that

~ 1 <
Llog(ya 8) = _é(y + 1)8 + 1Og(1 +e ) = d)log(_ys)
That is, the loss function fjlog of logistic regression has the form .

Proof. Tt holds that Ljoy(1,5) = —s+log(14-€°) = log(14+e™%) = ¢rog(—5), Liog(—1,5) =
log(1 + €*) = ¢ro4(s). O

We now show some general results for loss functions of the form (22). Recall that
n(x) =PY =1|X = x).

Theorem 3.19. Let L(y, s) = ¢(—ys) with measurable ¢ : R — Rq. For € [0,1] let

©,(2) = ¢(=2)n + ¢(2)(1 — 7).
Then ¢*(x) :€ arg min,cp ®, ;) (2) is a Bayes rule for the risk R(5) := EL(Y,d(X)).

Proof. Tt holds that R(0) = E[E[¢p(—Y d(X))|X]], and

Elp(=Yo(X)|X =a] = o(=6(z))P(Y =1|X = ) + ¢(5(x))P(Y = —1|X = z)
= ¢(=0(z))n(x) + ¢(6(z))(1 — n(z))
= By (3(2))
> Dy (0°(2) = ... = Elg(—Y 6" (X))|X = al.
The tower property of conditional expectations yields the result. O

Based on this result, we can verify the calibration condition for logistic regression.

Example 3.20 (Logistic regression). Here, we have ¢;,,(z) = log(1 + €*), and

—Zz z

e
14+ e*

e
1+ e

D, (2) =log(1+e*)n+log(l+e’)(1—n), 0=20(z)=— URS (1-n)

= —n+e*(1—n) =0 = 2 = log(:L) = 6*(z) = log(;2%L).
Note that we already have seen a snmlar calculation in the proof of Theorem [3.10 but
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3 Basics of classification problems; linear models in classification problems

with an intermediate step using the linear model assumption. The above result was
obtained without any model assumption.

It holds that 1
(x) >0 <= n(z)> 5

Thus, f*(r) = argmax;eq_; 113 P(Y = k|X = z) = sign(6*(z)). This shows that Liog
satisfies the calibration condition.

We now prove a general result how to obtain risk transfer formulas.

Theorem 3.21. Let L(y,s) = ¢(—ys) with ¢ : R — R be convex and suppose that
¢»(0) = 1. Suppose that there exist Cy > 0, s > 1, such that for all n € [0, 1] it holds
that

=5l SCHU—H@),  H)=min®,(z), g(n) € argmin @, (2).

z€R 2€R

Suppose furthermore that g satisfies g(n) > 0 for n > % Then L satisfies the risk transfer
formula with G(r) = 2Cyr'/s.

Proof. Let 6 : X — R be measurable, f = sign(d) : X — {—1,+1}. Then it holds that
R(f) = EPY # f(X)X)] =EnX)Lreo=——1 + (1 = n(X)Lreo-1]
= E[n(X)1so0<op + (1= n(X)) Lisx)soy)-
With f*(x) = sign(2n(x) — 1), we obtain that
R(f) = R(f7) = En(X)Lsx0<op + (1= (X)) Lisx)>o0]
—En(X) L)<y + (1= n(X))Lyxs 1]
E[(2n(X) - DLy x>1.5x)<0y + (1= 277(X>)1{77(X)<%,6(X)>0}}
E[[2n(X) — 11 {@n0)-1s0x)<0]

1, :
2(E[[n(X) = 3 Li-nse<a])

Vorauss. 1/s

2CHE (1 — H(n(X))) Lieqx0)-1)5(x)<0} ]

We now show the following intermediate result: (*) If (2p —1)p < 0, then 1 < @, (p). If
this result is shown, we can conclude the result as follows:

R(f) = R(f*) < 20RE[®,x) (0(X)) — By (0"(X))] " = 205 (R(5) — R(5%)) """

case dist.

IA

P

Hoélder’s ineq.

IA

IN
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To prove (*), we use a case distinction. Note that convexity of ¢ implies that z — &, (2)
Is convex.

e If > 1, then g(n) > 3 and p < 0.
=0 € [p, g(n)]. Convexity of ®,(-) = 1 = ®,(0) < max{®,(p), ©,(g(n))} = ,(p).

1

e If » < 3, then p > 0. Based on the symmetry of z — ®,(n) we conclude that

g(n) = —g(1 —n) < 0. A similar argument as above yields 1 = ®,(0) < ®,(p).

Ifn= %, then ¢g(n) = —g(1 —n) implies g(n) = 0. Thus 1 = ¢,(0) = ®,(g9(n)) <
P, (p) for all values of p.

]

Example 3.22 (Logistic regression). Here, we have ¢j4(x) = log(1 + €®). Here, we
need a slight modification to make ¢y, fit into the setting of Theorem [3.21} Define

leog(w) = bigézr;)z). Then we have élog(O) = 1 (note that his does not change the

optimization problem since the objective is just multiplied with a positive factor).

1
n(2) = log(2

We have already seen that g(n) = log(1),

) (log(1 4+ e7*)n + log(1 + €*)(1 —n)).

1
log(2)

The function p(n) = 1 — H(n) satisfies

H(n) = @,(g9(n)) =

(10g(n)n + log(1 = n)(1 = m)).

_ 1Aty 1 Lo
-~ log(2) ~log(2)n(1 —n) = 4log(2)’

n l1-n
A Taylor expansion of p(-) around n = 1 yields with some intermediate value £ € (3,7)
that

(log(n)—log(1-n)),  p"(n)

P(n) = o2

1 1 1 1

p(n) = 5(n—3)°-p"(€) = e (n=3)"

= The condition of Theorem is satisfied with s = 2, Cy = 24/2log(2).
= The risk transfer formula of logistic regression reads

R(fER) — R(f*) < 4y/210g(2) (R(6ER) — R(6"))'"*.
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This result is a little bit unsatisfying: The (upper bound of the) convergence rate of
R(65%) — R(6*) is only transferred with an exponent 1 to the rate of R(fL%) — R(f*).
Instead of an upper bound % we therefore only obtain an upper bound for R( foR) —R(f")
of the form (%)1/ 2. Due to the exact calculation in the linear regression model, we are
somehow ’sure’ that the rate of R(6L%) — R(6*) cannot be better than 4. However for
R(fERY — R(f*) it is not clear if the rate (4)/2 could be improved. In [I7] it was shown
that even for the 0-1 loss one expects convergence rates of order n~! under specific

assumptions.
We now present a general result how specific assumptions on 7(z) can improve the risk

transfer formula from Theorem

Definition 3.23 (Noise condition). There are ¢ > 0, C' > 0 such that
1
VE>0: P(]n(X)—§] gt) < Cte.

The extreme case ¢ = oo is allowed and should be interpreted as follows: There exists
some ¢ > 0 such that |n(z) — 3| > cfor all z € X.

The variable ¢ in the noise condition can be interpreted as a measure how ’often’ n(z)
reaches %, that is, how often one has to make ’hard’ decisions. Under this condition, the
following improved risk transfer formula holds.

Theorem 3.24. Suppose that the conditions of Theorem [3.21] are met. Additionally,

suppose that the noise condition holds. Then the risk transfer formula is satisfied with
s(q+1) g+1

G(r) = 4C,* C wr - pas.
In the special case ¢ = oo we have G(r) = 2

s
H
0571 /”"

Proof. Starting from the proof of Theorem [3.21} it holds for f = sign(d), v > 0 and
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A= {(25(X) — 1)5(X) < 0} that

1
R(f) = R(f") < 2EH”<X)_§‘]1A}
1 1
= 2<EH77(X) = 51T aT -t ] FE[n(X) = 514 L1 D
Sﬂ{m}%
< 2y Bn(X) — 51 <) + B [ln(X) ~ 5[14])
- 2 sl 2
as in Thm. 321 ~ ~
(0 4 CalRe) - R ). (23)
noise cond. Yy -~
=:B

Now we choose v > 0 in such a way that both terms on the right hand side of are
nearly equal in size. This can be obtained by choosing

- &*

Putting this result into , we obtain

g+1

R(f) — R(f*) < 4C~ 7 Bt

In the special case ¢ = oo, the first summand in does not appear for the choice
~v = ¢ which then yields the result. O]

Example 3.25 (Logistic regression). To obtain the margin property in Theorem [3.10]
we had to assume that ¢ < n(z) < 1 —c for all z € X. Now we additionally suppose
that [n(z) — 4| > ¢ for all z € X, that is we assume that the noise condition holds with
q = oo. We then obtain the following risk transfer formula for logistic regression:

R(FR) - RO < 2B (sm - ).

In the situation of Theorem |3.12 we would obtain
- 32 .4.5d 1
P(R(FE%) - RUFM) 2 ()2) < 7.

" c n

This finishes the discussion of logistic regression.
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3.4 Generalization to nonlinear models

Even though linear models seem of quite limited use in practice, they can be used to
model nonlinear relations between Y and X.

"Trick’: The algorithms are not applied to (X,Y) but to (X,Y), where
X=n(X), h:X—XcCR%

Often one then has d>d. Additionally, the model assumptions have to be satisfied for
(X,Y) instead of (X,Y). Accordingly, also the conditions of the theorems have to be
satisfied for (X,Y).

Example 3.26 (Linear regression). The model

d d
Z Z X2+€

with a*,b* € R? corresponds to the model assumption of linear regression with
Y =X78"+e, B*=(a"b)eR¥ X =h(X),

h(z) = (21, ..., 24,73, ..., T2).

Example 3.27 (Logistic regression). The model

d d

n(x) * * .2
log(l_n( )) Zajx]+2bx
with a*,b* € R? corresponds to the model assumption of logistic regression with
log(ﬂ) = z7p, B* = (a*,b*) € R*, T = h(x),

h(z) = (21, ..., xq,22, ..., 2%) and 7j(z) = P(Y = 1|h(X) = h(z)) = n(z).

In the classification example, the linear (optimal) decision boundaries then change to
nonlinear decision boundaries as follows:

={rcX:3"8" >0} ={zx e X:hx)"s >0}
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In Example [3.27], this leads to
d d
L ={zxeX: Za;:cj +Zb;7:c]2 > 0},
j=1 j=1
that is, the decision boundaries are of quadratic form (ellipses).

Caution: There are several issues coming with these techniques:

e It is not clear which functions h : X — X C R? should be chosen if one wants
to model a more complicated relationship in the data. A more complicated and
diverse h often leads to d > d. A standard choice to overcome this selection
problem is to choose the components of h as bases from Hilbert spaces H C {f :
X — R}. This is discussed in more detail in the SVM chapter.

e Since one often has d > d, it is necessary to use algorithms with penalization of

8.

e The covariance matrix in the nonlinear formulation reads ¥ = E[X X7 = E[h(X)h(X)7].
In many results, the smallest eigenvalues of 3 play an important role. This may
lead to problems: If the functions h are not well-chosen, the eigenvalues of ¥ may
be very small even if X itself had nearly independent components. As an example,
consider X ~ UJ0, 1] (1-dimensional uniform distribution on [0, 1]) and

Then it holds that

~ . . 1 ~
Y, =EX' XN =EX'"*H=—°—  jk=1,..,4d
ik [ ] [ ] ]+ ]{3 + 17 j? ) )
Already for d = 3 it holds that )\mm(i) ~ 0.0002 since X, X2, X3 are strongly

correlated.

Therefore the choice of h has to be made with care. Often the penalization term has to
be changed and cannot be chosen simply as the 1- or 2-norm of /5 since then the results
depend too heavily on the properties of X.

3.5 Exercises

Task 7 (Discussion: Application of the proof technique of Theorem . In this task
we aim to apply the proof technique of Theorem [3.12f on the LS estimator in the linear
model with deterministic design, that is X1, ..., X,, are considered as deterministic and
3= LXTX = ¥. Moreover, suppose that &; ~ N(0,0?).

Recall that (# = arg mingeza Ry (8) with R, (8) = LY =XB3, R(8) = [2V2(8— )3+
o2
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1. Show that

R(B) — R(B") < |[(Ra(B) — R(B)) — (Ra(B") — R(8))).

2. Let v >0, T := and 3 := T3 + (1 — T)B3*. Show that | SV2(3 —

B2 <~ and

RB) - RB)<  sup  |[(Ru(B) — R(B)) — (Ra(8) — R(BY)| =: Z,.
B:IZY2(B—B*)l2 <y

—’YA
YHIZY2 (652

3. Let @ > 0. Show the following statement: If (ay)"/? < 1, then we have on the
event A= {Z, <a-~} that
I=2(8 = B2 < 7.
Conclude that R(3) — R(8*) < a - .

4. Conclude that

~

P(R(B) — R(6%) > a-7) < P(A°).
Now, we investigate the choice of a,~.

(e) Show that

~

(Ra(8) = R(B) — (Ru(8") — R(5)) = ——oTX(5 )

and | Z,| < Z[|eTXS12,.
Hint: Add X725 in the above expression and use that [vTw| < ||[v|2]|w]|z.

(f) Show that E|Z,| < 2vo(2)Y/2.

n

(g) Choose a,~y appropriately to obtain the following statement:

P(R(B) — R(3") > 16022 . 12) < -

n

Now, we aim to find a better upper bound for P(Z, > av).
(h) Show that —L=[e”XS 12|l £ |||y with W ~ N(0, Lyxa)-

(i) Show that
P(|W3 - 2E[[W|3 > t) < e /™.

Hint: Compute E||W |3, shift it to the right hand side of the above inequality and
then apply Markov’s inequality with g(x) = e=*/*. For S ~ N(0,1) it holds that
Elexp(5)] = V2, and one has v/2e'/? < 1.
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3 Basics of classification problems; linear models in classification problems

(j) Using the upper bound for Z, from (e), show that with a = \/LE\/ 2d + t it holds
that
P(AY) =P(Z, > ay) < e .

(k) Conclude as in (g) that

0.2

P(R(B) — R(8) 2 4% (2d + t)) <et,

Task 8 (Computation of the expected value in Theorem (3.14)). Let ¢;, ¢ = 1,...,n be i.i.d.
Rademacher distributed (P(e; = 1) = P(e; = —1) = 3) and X; ~ N(0,%), i =1,...,n
be i.i.d (independent of €;). We now show that

..........

1. Define W; := WZLI £;X;;. Show that conditionally on &;, i = 1,...,n, it
gy

holds that
W, ~ N(0,1),

...............

.....

Hint: It holds that Elexp(W?2/4)] = v/2.

Task 9 (Discussion: The model assumption of logistic regression). Let X C R? Y =
{+1, —1} (classification problems with 2 classes). Let (X,Y) < A X uz, where X\ denotes
the Lebesgue measure on X and py the counting measure on ). Let g, denote the
conditional density of X given Y = k, and m := P(Y = 1). Recall that n(z) :=P(Y =
1|X = x).

1. Derive an expression for the density g(z) of X in terms of m, g.
Hint: Use the law of total probability.
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2. Show that

o (22 <

Hint: Bayes’ theorem.
Now, let for k € Y

1 1 Tw—1
92) = Tt den(m) e P (=3t =m)"S @ =)

be the density of a N (uy, X) distribution, where 1, € R?, %), € R4 is positive definite.

(c) Derive a simplified expression for 10g(i11—(2))'

(d) Show the following statement: If £ = ¥y, m = 3 and p] S 'y = pZ 8 oy,
then the model has linear optimal decision boundaries and (X,Y’) satisfies the
model assumption of logistic regression.

(e) Provide a simple condition for p;, p_; such that pf Sty = pt X7y,

(f) Show the following statement: If ¥, = ¥, then the model has ’affine’ linear
optimal decision boundaries and (X,Y’) with X = (1, X) satisfies the model as-
sumption of logistic regression.

(g) Show that for general 1, 35, the model has quadratic optimal decision boundaries

.....

model assumption of logistic regression.

(h) Which convergence rates do we expect for the logistic regression classifier from
Theorem applied to (X,Y") in the cases (d),(f),(g)?

Task 10 (The Bayes risk in classification problems). Let X € RY, Y = {+1,—-1}
(classification problems with 2 classes). Suppose that the same assumptions as in task
2 are satisfied, in particular that X given Y = k is N(uy, ) distributed with density

1 1 Ta—1
gr(z) = (@) det(5))2 P ( — 5@ =) X (@~ Mk));

where 1, € R? and ¥ € R¥? is positive definite. In this task we derive an expression

for the Bayes risk R(f*).

1. Define §*(z) := log(lisﬁ)x)). Show that
f* = sign(d7),

and derive 6*(x).
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. Show that

R(f*) = mP(6*(X) < 0]Y = 1) + (1 — m)P(6*(X) > 0]Y = —1).

. Show that conditionally on ¥ = 1 it holds that 6*(X) ~ N(T + 3A,A). Show
that conditionally on Y = —1, it holds that §*(X) ~ N(T' — A, A), where

A= (pi—p—) " N —py) so-called Mahalanobis distance, T :=log (1 i >

. Show that

T4 1A
=),

where @ is the distribution function of the standard normal distribution.

R(f") = m@(——=2=) + (1= m) (1 - o

. Show that in the special case m = %, Y = lixa, fi—1 = —p1, we have R(f*) =
(|| l2)-
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4 Support Vector Machines

4 Support Vector Machines

In this chapter, we consider classification problems with X C R? and K = 2 classes ) =
{+1, —1}. The measure the quality of the classifier with the 0-1 loss L(y,s) = 1y.s}-
Goal: Find new methods which yield linear decision boundaries but also allow for better
generalizations to nonlinear decision boundaries.

We first present a very naive approach.

Example 4.1 (Classification with linear regression). Let (X;,Y;), i = 1, ..., n be training
samples. Naive approach: Apply the LS-estimator to (X;,Y;) with squared loss L(y, s) =
(y — )%

n

N

fimagminRul(B),  Ful®) = 7 3 LOLXT) == S (% - X7
i=1

peR? i=1

Put 6" (z) = 273 and [ (z) = sign(6V(z)).

Problem: If the training samples X; corresponding to different classes are linear sepa-
rable (that is, there exists a line or a hyperplane which separates the two point clouds
{X; Y, =1} {X; : Y; = —1}), then a classifier should yield such a separation. The
reason is that new training samples of class 1 are expected to be 'near’ to observations
which had class 1; therefore a clear separation of the sets {X; : ¥; = 1} {X; : ¥; = —1}
yields a ’safety buffer’ between the two classes. The above naive approach does not yield
such a solution.

4.1 Separating hyperplanes

We first collect some elementary properties of hyperplanes.

Definition 4.2. An (affine) hyperplane with normal vector 3 € R? and base 3y € R is
aset {z € RY: 278+ By = 0}. Let

A= {dsp,(z) =278+ fo| B €RY, B € R}

be the set of all hyperplane functions.
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Lemma 4.3. The distance (with sign) of a point z € R? to an hyperplane dg g, is given
by 175 (@78 + Bo).-

Remark: The sets {z € R?: d54,(z) < 0} and {z € R?: d54,(x) > 0} correspond to the
sets of points on both sides of the hyperplane dg 3, .
The basic approach is to define a classifier as in the case of logistic regression via

ful) = sign(9,(2)),

where 6,(z) € A. This means the problem of finding a classifier boils down to find a
suitable hyperplane. To derive an estimator §, we start with the following assumption:

There exists a hyperplane which separates {X; : ¥; = —1} and {X, : ¥; = +1}.

Such a hyperplane is also called separating hyperplane. Formally, this assumption can
be written as follows:

(A) 35/3750 <WANE Y; =—-1= 55750()(1‘) < 0 und }/z =+1= 55750()(1‘) > 0

Approach (motivated graphically): Find a hyperplane which separates the point
clouds corresponding to different classes such that on both sides of the hyperplane, there
is still a large distance towards the elements of the point clouds. In the special case of
d = 2, this can be visualized as follows: Find a street between the two point clouds
which is as broad as possible. The middle of this street then is the hyperplane we are
searching for.

Statistical justification for this approach: New points of class -1" are located closely
to the points which were already observed. The larger the distance of {X; : ¥; = —1}
towards the hyperplane, the more probable it is that new points of class -1’ lie on the
right side of the hyperplane and are therefore classified correctly through fn

Observation: Each hyperplane dg g, from (A) satisfies the following: If Y; is classified
correctly by f(z) = sign(dgg,(z)), then it holds that

Y - (5}3750 (ZL’) > 0.
Derivation of the separating hyperplane:

e Step 1: For each i € {1,...,n} let m; :==Y; -
towards the hyperplane dg g,. Let

M := inf m;

i=1,...n

Hﬁl\lz (XTB + By) be the distance of X;

be the minimal distance of all observations towards the hyperplane (note that
M < 0 implies that ¢z 5, misclassifies points)
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e Step 2: The goal is to find ds 4, such that M is as large as possible, that is, we
aim to solve the following optimization problem

1
max M s.t. Vi=1,...,n: Y —— (X + By) =m; > M.
8,60 1812

— Yi(X[B+ Bo) = M| B

e Step 3: (5, p) is not uniquely determined! Each (c¢- g, ¢ - 5y) with ¢ > 0 is also
a solution if (f,3y) is a solution. We therefore have to eliminate one degree of
freedom. Let ¢ be chosen such that ||||2 = 1/M (*). Then the above optimization
problem is equivalent to

1
%liﬁn§y\ﬁy|§ s.t. Vi=1,..,n: Yi(X'B+pB)>1
120

Definition 4.4 (Optimal separating hyperplane). Let B , Bo be solutions of

1 2
in - t. Vi=1,..n: Y (XT > 1, 24
aeﬁg}ﬁ%ek 2”ﬁ”2 i ' " X8+ fo) 2 (24)

then &?SH 1= 0 5, 18 called optimal separating hyperplane and ﬁ?SH(x) = sign(SgSH(x))
is the corresponding classifier.

Caution: Starting from the substitution (*) above (which assumes M > 0), the problem
has no longer a solution if (A) is violated. Graphically, the set

{ZL‘ e R?: (5&730("13) € [—1, 1]}

is the ’street” which separates the point clouds {X; : ¥; = —1} and {X; : V; = +1}.
Accordingly, {z € R?: §5 5 () = £1} is the roadside and {z € R?: d 5 (x) = 0} is the
middle of the street.

4.2 Support vector machines (SVM)
We now solve the issue that Definition [4.4] has no solution of (A) is violated.

Idea: We allow for misclassified points by introducing a tolerance parameter &; for each
point (the so-called ’slack variables’). Additionally, we minimize the sum of these slack
variables to obtain solutions which only make use of few misclassifications. To do so, we
change the constraint to

Yi(XTB+6) >1-¢&
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4 Support Vector Machines

with & > 0, > | & < D. Here, D > 0 is a limit specified by the user which should
be proportional to the number and strength of the misclassifications allowed. Note that
& > 1 corresponds to a misclassification.

New optimization problem:

min —||5]|5 s.t. Vi=1,..,n: Yi(XIB+Bo) > 16,
é.i Z 07

i & < D.
=1

As we have seen in the chapter [2[about linear regression (ridge and LASSO estimator),
we can find an equivalent formulation of the above optimization problem which replaces
the constraint y ', & < D by an additive term. This leads to the following definition.

Definition 4.5 (SVM classifier). Let C' > 0. Let Be, BO,C,E be solutions of

min ||B||2+CZ§L 5.t Vi=1,...,n: Y{(XTB+06)>1-E&,

BERE ByeR, LR 2

Define 65V () = 4,

b0 (©). The algorithm SVM(x) = 81gn(5SVM(x)) is called SVM
classifier. ’

Remark 4.6. As it was the case for the optimal separating hyperplane, {z € R? :
5SVM () € [-1,1]} can be thought of the ’street” which is put between the point clouds
by the SVM algorithm. According to the meaning of &;, we have to distinct between
three cases for each X;:

o & =0: X, is classified correctly and lies outside of the street or on the roadside,
e & € (0,1]: X; is classified correctly but lies ’on’ the street,

o & > 1: X, is misclassified.

Remark: The condition > ;" & < D is arather strong and unsatisfying constraint since
it introduces a maximal limit for the number of misclassifications. If D is too small, there
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4 Support Vector Machines

may not exist a solution. instead, the additive formulation with penalization C' )" | &
always has a solution.

4.3 Dual formulation of the SVM

In this chapter we reformulate the optimization problem from Definition 4.5l The new
representation allows for a deeper insight, justifies the name SVM and also is the starting
point for a generalization to nonlinear decision boundaries.

In the following theorem from convex analysis, inequalities which include vectors should
be understood component-wise!

Theorem 4.7. Let I/ : R"” — R, G : R” — R* be convex and continuously differentiable.
Suppose that there exists # € R" such that G(6) < 0 (the so-called Slater condition).
We consider the optimization problem

min F(6) st. G(F) <0. (25)

OcR" -

The mapping
L(0,p) := F(0) +p" G(9)

is called the correspondiLagrange function. Then the following statement holds:
25)

6 € R" is a solution of ( if there exists some p € Rgo such that the optimality

conditions

0=V,oL(0,p), GO)p=0, p>0, G(6) <0 (26)

are satisfied. In this case, (é, p) is also a solution of the so-called Wolfe dual

sup L(0,p) st. VyL(0,p)=0. (27)

pERY | HER”

Starting from the formulation in Definition [4.5] we define for 6 = (8, o, €):
1 - 1—& = Yi(X{ B+ 5o)),_
FO =15+ 0> 6 60 = (' 0 i),
i=1
The corresponding Lagrange function (with p = (o, ) € R%}) is given by

L(O,p) = F(O) + > ai(1 =& = V(X[ B+ Bo)) = Y _ wiki-
=1 =1

One can show (this is left as an exercise), that the Wolfe dual for the SVM opti-
mization problem from Definition (4.5)) is only an optimization problem with respect to
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a€R™ With Y := (V,...,Y,)T, 1:=(1,..., )T and Q = (Qi;)ij=1,.n defined via
Qi = YiV; X[ X,
the Wolfe dual reads
555 {%O{TQO{ — ILTa} st. Ya=0, 0<a<C.

Based on the optimality conditions , we can infer a solution of the original solution
from the Wolfe dual solution. From (26| we obtain

Bo=> aYiX;,  Poc=Yi—X/Bc with some i with 0 < 4; < C.

=1

This leads to the following theorem.

Theorem 4.8 (SVM classifier, dual formulation). Let C' > 0. Let & = (4, ..., &) be
a solution of

1
min {—aTQa - ]1Ta} s.t. Yo = 0, 0<a<C.
ackn | 2

Then the following holds: fc = Y27, &;Y;-X; and B0 = Yi— X[ fe, where i € {1,...,n}
is chosen such that 0 < &; < C.

Remark: We see that Bc is a linear combination of vectors X; which correspond to
&; # 0. The optimality conditions imply:
e 4;=0=¢& =0, 0408 o (Xi) = 1 (X; is classified correctly and is not located on
the street)

e & € (0,0) =& =0, 05,8, (Xi) = 1 (X; is classified correctly and is on the
roadside of the street)

o o, =C = é, £ 0, 630,30 c<Xi) > 1—&; (X, is either classified correctly or misclas-
sified and is located either on the street or on the wrong side of the street).

Note the following important property: &; # 0 does not holds for all i € {1,...,n} but
only for a small part of the training samples X;. More precisely, &; # 0 only holds for
those points X; which have an influence on the form and location of the street. The
equation BC = Y7 &Y X; can be interpreted in the way that the street itself is only
determined by those points with &; # 0 (which are those nearest to points of the other
class). These points 'support’ the street because of their location, thus they are also
called support vectors and the whole algorithm support vector machine (SVM).
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4.4 Generalized SVM
Problem: Up to now, the SVM only allows for linear decision boundaries since
05t € A ={0p4,(x) = BTz + Bo| B € RY, By € R}.

Solution: We apply the approach from Section [3.4 The original linear SVM algorithm
is applied to transformed data points

X =nX) with h:XCR'—>XcR%
This leads to the following algorithm: Define Q = (Qij)i,jzl ,,,,, » Via
Qi = yiy;h(X:)Th(X;),

and put

Definition 4.9 (SVM classifier, dual nonlinear formulation). Let C' > 0. Let & =
(&1, ..., &) T be a solution of

1 ~
m%@n {ﬁaTQa — ]lToz} s.t. Y'a=0, 0<a<C.
acR™

Put A = Yo &Y - h(X;), and with some i* € {1,...,n} with 0 < &+ < C: B{}lc =
Yie — h(X)T Bc. Put

B () = B s (h(2)),  FSEM () = sign(BSLM ().

Important observation: Contrary to logistic regression, the transformed training
samples X; = h(X;) must not be calculated to apply the classifier. It is enough to know
the values

K(z,2") := h(z) h(2)

for each z,2’ € X. We now show this in more detail. Note that Q,-j = yy, K(X;, X;),
and

5 @) = (BTh(e) + ARl

_ Z &:Y; - h(X;)Th(z) + {Y; — Z &;Yih(X;) h(X;)}

= > &Y K(Xpx)+ {Ye = Y &Y K(X:, Xir)}.

=1 i=1
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That is, all quantities which include h(X;) are removed. We obtain the following, so-
called "kernel-based” SVM algorithm (the terminology of a kernel is introduced below).

Theorem 4.10 (SVM classifier, dual formulation with kernel K). Let K(z,1') =
h(z)Th(z') with some h : X — R% Let C > 0. Let & = (&, ...,4,)T be a solution
of

1 .-
m]iRn {éaTQa — ]1Ta} s.t. Yl = 0, 0<a<C.
acR?

Let i* € {1,...,n} be such that 0 < &;+ < C. Then it holds that

VM () =3 4 - K(Xpy2) + {Yer — 3 &YiK (X, Xov) ).

=1 =1

The fact that h(X;) does not occur in the above formulas frees us from the problem to
compute the (possibly large) vectors X; = h(X;) before applying the SVM algorithm.
Moreover, the introduction of the function K allows us to formulate a more abstract
version of the algorithm. Note that we can interprete the SVM algorithm with a function

K: X xX—=R

in two ways:

e 1) The SVM algorithm is applied in the original space X C R? but with a new scalar
product K(x,x') instead of the standard scalar product x7z’. The nonlinearity
introduced by A can be interpreted as a change of the scalar product.

e 2) The observations are embedded in a high-dimensional space X C R? via the
nonlinear A and the SVM is applied in this high-dimensional space with the stan-
dard scalar product.

K is called kernel function or kernel. In the following we will assume that K is a Mercer
kernel. A Mercer kernel summarizes all properties which are needed to interprete K as
a scalar product.

Definition 4.11 (Mercer kernel). A mapping K : X x X — R is called Mercer kernel
on X if the following properties hold:

(i) K is continuous
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(ii) K is symmetric, that is,

Vo, €¢R?: K(z,7') = K(2,x)

(iii) K is positive semidefinite, that is,

VneN: vz . 2™ eRe: (K(x(i), x(j))) is positive semidefinite.

ij=1,..n

There exist several Mercer kernels which are often used in practice:

Example 4.12. (i) linear kernel: K(z,2') = 272/,

(ii) polynomial kernel of degree p € N:
Ky(z,z") = (1+ 272)*
(iii) radial basis functions (Gaussian kernel) with descent v > 0:

K, (z,2') = exp(—7 - |z — 2/[3)

By using kernels, we loose the graphical interpretation which nonlinear transformations
h of the original observations were considered. However, this can be deduced from the
kernels. For the polynomial kernel, we have the following result.

Example 4.13. For d = p = 2, it holds that
K,(z,2') = h(x)"h(z")
with b : RY — RY, d = 6 and

h(.’L’) = (17 \/51'1, \/§$27 .1'%, ZU%, \/51,1:1:2)’11'

We now present a more general result which shows that every Mercer kernel allows for
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such a representation. Define

L*(X) = {f:X — R measurable, || f||z2(x) == /Xf2(m) dA\(z) < o0},
? = {a= (ap)ren : ||a|le = Zai < 00}
k=1

Then we have the following representation theorem.

Theorem 4.14 (Mercer’s Theorem). Let K : R? x R — R be a Mercer kernel and
X C R? be compact. Then there exists an orthonormal basis hj, € L?(X) and A, > 0
(k € N) with

K(z,2') =) Mh(x)hp(z') 32" € X.
k=1

The function .
h() = (\/ >\l~c . hk())keN X — €2

is called feature map, is well-defined, continuous and satisfies

K(z,2") = h(z)Th(z), z, 2’ € X. (28)

That is, each Mercer kernel allows (in principle) for a representation of the form ([28]).

4.5 The SVM algorithm as a minimizer of an empirical risk

From Theorem we obtain the following result: A solution of the SVM optimization

problem has the form

onett™ ="K (X;,x) + b
i=1
with a;,b € R (i = 1,...,n). We want to represent 55}&M7nl as a minimizer of an empirical
risk to prove statistical results. To do so, we have to define the space of functions in

. SSVMnl 1.
which o, o lies.

Definition 4.15 (RKHS). Let K : X x X — R be a Mercer kernel. Let K, := K(z, )
and

Hy = Lin(K,:z€X)
= {ga,y(x) = Zai Kz, y®) gy, y™ e X ay, .., am €R,m € N}.
i=1
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For ga.4y, . € Hy, define the scalar product
TRPRITS ) S (TR
i=1 j=1

The closure of (Hy, (-, -)k) is denoted by (Hg, (-, -)x) and is called Reproducing kernel
Hilbert space (RKHS) of K. The corresponding norm is denoted by ||g|/x := /{9, 9) k-

Definition 4.16. Hb := {6 + 3y : 6 € Hx, Bo € R}.

Note that we have always
on Mt e H .

Theorem 4.17. (Hk, (-, ) k) has the so-called reproducing property:

Vge Hr: 9= (9, K:)k.

For h being the function from Theorem 4.14, we can find for each g € Hx a 3 € ¢? such
that

g=G%h.
Then, the following isometry property holds:

gl = 1181z

SVM.nl - . L. .. . .
We now deduce that 9, ™ is indeed a minimizer of an empirical risk with respect to

functions of H4 . To do so, we start from the original definition [4.5|of the SVM but with
nonlinear modified observations h(X;).

e Step 1: Let h: X — £2 be the feature map from Theorem [4.14] Then the original
definition of the SVM algorithm with modified observations h(X;) and 3 € ¢? reads

BEL2,BoER,EER™

1 n
min §Hmyg+02@ st Vi=1,..,n: Yi(BTh(X;)+ Bo) >1-¢,
=1

& >0, (29)
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and the classifier is given by

~

fuc(x) =sign(dnc(@),  dnc(r) = BER(T) + Foc

e Step 2: Due to Hx = {g = pB"h: B € (*} and ||8]12 = |l9|l%, is equivalent to

1 n
min §||g||%(+C'Z§Z- st Vi=1,..n: Yi(g(X;)+Bo) >1-¢,
=1

geH Kk ,PoER EER™

& >0 (30)

and R R
dn,o(x) = g(x) + Bo,c-

e Step 3: We now simplify the minimization problem by using the constraints. For
fixed g € Hk, Py € R, the optimization problem can be solved with respect to
&1, .., &t The objective £|gl|% + C >, & is minimal if

2 0, Yi(g(X:i) + fo) = 1,
§i(9, Bo) = (9(Xe) + o) = (1 -Yi(9(X;) +ﬁ0))+7
1 =Yi(g(X;) + Bo), Yi(g(Xi) + fo) <1

where a™ := max{a, 0}.

Plugging in and using the definition \ := %, we obtain that is equivalent
to
. 1< +
min — Z (1=Yi(g(X3) + Bo)) " + Algll%,

gE€EH K ,BoER N £ 1
1=

and R R
dn,o(x) = g(x) + Boc-

Thus, we obtain a third formulation of the SVM algorithm which is now accessible to
statistical theory.

Definition 4.18 (SVM, risk minimization formulation). Let A > 0. Let L(y,s) :=
(1 —y-s)" (the so-called hinge loss, a, := max{a,0}), and

. - - 1 o -
by € argmin {Ra(0) + - 1013}, Ra(d) == D LM6(X). (1)
SeH’, i=1

Put f,(z) = sign(d,(z)).
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We obtain the following theorem as a connection between the original formulation of the
SVM and the risk minimization formulation.

Theorem 4.19. If A = =, then 5, = 357%]\4’”[, where Sf}éM’"l is from Definition or

Theorem [4.10, respectively.

Proof. We have seen that 4, from Definition is a solution of Definition with
observations h(X;) replaced by X;. Theorem applied to h(X;) instead of X; yields
that this is equivalent to the optimization problem from Definition [4.9)or Theorem [4.10],
respectively. O

The SVM therefore tries to approximate §* with functions from H5..

4.6 Theoretical statements
Using Theorem and Theorem [3.21] one can show (this is left as an exercise) that the

hinge loss L(y, s) := (1 — y - s)T satisfies the calibration condition and the risk transfer
formula. To formulate the results, let

6* cargmin R(0),  R(6) = EL(Y,§(X)),
5:X—R

and f* € argming. y_,y R(f), where R(f) = EL(Y, f(X)). Recall that n(r) = P(Y =
1| X =xz).

Lemma 4.20. On {z € X : n(z) # 3} we have P*-a.s. 6* = f*. Then the risk transfer
formula holds with G(r) = r, that is, for measurable ¢ : X — R it holds that

R(sign(8)) — R(f*) < R(3) — R(6").

Caution: Contrary to the algorithms considered before we can not simply assume that
§* € MY, that is, we can not set the approximation error to 0. The reason is that the
elements of H% are (in general) continuous while 6* is not. A theoretical statement
therefore also has to contain the approximation error.

We need another definition, the so-called integral operator associated to a kernel. Let

L*(PY):={0: X - R, E[§(X)?] = /5(x)2dIP’X(:p) < oo}
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The following theorem is stated without proof (functional analysis). The quantities 7
occurring therein are used to formulate the theoretical result about the excess Bayes risk

of the SVM.

Definition 4.21 (Integral operator: Definition and theorem). Let K be Mercer kernel.
The integral operator associated to K and the distribution P¥X is defined via

Ty : L*(PX) — LA(PY), (Tkg)() = E[K(X,x)g(X)].

Tk is symmetric positive semidefinite and thus diagonalizable. Let v4 > v > 73 > ... >
0 denote the ordered eigenvalues. It holds that Y >, v < oo.

The operator Ty can be interpreted as the covariance matrix ¥, = E[h(X)h(X)T] of
the transformed observations h(X) (with h from Theorem 4.14, K (z, ") = h(x)Th(z")),
Heuristically, one can easily see that v, are the eigenvalues of >, If v is an eigenvector of
¥, (and thus also from X7) corresponding to eigenvalue A, then g(z) = v’ h(z) satisfies

(Tkg)(z) = E[K(X,2)g(X)] = E[L(X)"h(z)v" h(X)] = v E[A(X)h(X)"]h(z)
= vISph(z) = Wl h(z) = Ag(2),
that is, Tk has eigenvalue A. This interpretation is used below.
The following theoretical result is taken from [I], Theorem 3.1 therein. The statement

is formulated for the empirical risk minimizer from but in a little bit simpler case
where the minimum is taken with respect to the space Hx instead of the space Hb,.

Theorem 4.22. Let X C R? be compact. Let K be a Mercer kernel with
sup,cx K (x,x) < 1. Suppose that there exist 7,7 > 0 such that

1
Veed: [nz)—g[=m,  m<n@) <1-m (32)
Let
0 st 0
j>a

Then there exist universal constants cq,co > 0 such that the following holds: For each

t>0and log(log(n) + 1) + ¢
c1 og(log(n
2> E{v(n) + . } (33)

it holds that
P(R(Sn) — R(6") > 2 inf {R(5) — R(6*) + 50|12} + c2A(1 + ﬂ)) <et. (34)
deHK T]O
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Remarks:

e The basic assertion of the theorem is that R(3,) — R(6*) behaves nearly (factor 2)
as good as the optimal minimizer over Hg

2 inf {R(6) — R(6") + 5A||8]|%}, (35)
0EH K

but with some additional penalty term 5A[|0]|% included. The other terms coA(1+
%) have not such a big influence on the rate since they stem mainly from the
proof technique. A more detailed analysis of the approximation qualities of H g
can then be used to upper bound to obtain a convergence rate which includes
d,n. This was for instance done in [I5], Theorem 2.7 under additional assumptions
and using the Gaussian kernel. Here, we will not investigate these results in detail.

e Inequalities of the form are called oracle inequalities: They connect the quality
of 6, with the quality of the optimizer over the function set considered (here H)
who knows the distribution and the risk function. The underlying dimensionality
of the problem and the number of observations enter the convergence rate via A
and its corresponding lower bound given in (33).

e The assumption on the behavior of n(z) near % in corresponds to the noise
condition with ¢ = oco. In principle, this assumption can be relaxed to the noise
condition with some ¢ > 0. However, then the proof becomes a little bit more
technical.

We want to get a feeling which convergence rates can be achieved using the SVM clas-
sifier. We will do this by using the simple (but often wrong) assumption that §* € H.
Then, (34) would yield
P(R(5.) — R() = 10X|0" % + M1+ 1)) < e
7o

Thus, the rate of R(d,) — R(0*) is mainly determined by A||6*||%. Depending on the
complexity of 6%, ||0*[|% can be quite large (we will see in the proofs that in principle,
|0%||c can be in the worst case of size n). The reason is that a complex ¢* needs a lot of
non-zero coefficients 3 in the representation 6* = B7h to be well approximated (recall
that ||6*|% = ||B]|7.). Thus, ||6*||% should not be viewed as independent of d, n, but here

we will for simplicity assume exactly this and only investigate the rate through A. The
term A itself is dominated by 7(n).

Example 4.23. We now investigate some special cases of the sequence ~;:
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o If vy > 0 but 7; =0 for all j > 2, then it holds that

that is, the condition A > Z(y(n) + w is independent of the input
dimension d. i
The assumption made for 7; means that ¥, only has one eigenvector v € R? with
the property Var(vTh(X)) > 0 (all other eigenvector satisfy Var(vTh(X)) = 0),
that is, all values of A(X) are located on a line. In this case, the kernel was chosen
very suitable for the problem and the underlying distribution PX. Of course one
cannot expect such a good behavior in practice because one typically uses 'standard
kernels’ (like the Gaussian kernel) which are not adapted to the problem, and
furthermore the distribution P¥ is unknown. For the situation above, one would
obtain

)\~ C(l N log log(n))

n n

with some constant C' > 0.

e If instead 7; = 0 for j > k (k € N fixed), then we have

a=k k
y(n) ="
In this case, h(X) lies in a k-dimensional subspace. For the situation above, one
would obtain v T
oglog(n
A O+ g;g())

n n

with some constant C' > 0.

e In general, the variation of ~A(X) is much more complex and it typically holds that
7; > 0 for all j € N. Then, the variation of 2(X) can be measured via the decay

rate of ;. For instance, if 7; = 71 - p/ with some p € (0,1), then we have with
_ log(nm)

a= log(p)

< () L) ot o)

The rate of A therefore is now given by % (and additionally may depend on

d through 71, p). Slower decay rates of 7; = 715~ (o > 1) produce even slower
convergence rates for A (this is left as an exercise).
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To prove Theorem [4.22} we need some preparation. We start with a margin property
similar as in Lemma (for logistic regression). The margin property relates R(d) —

R(6*) to a more simple distance measure D(J,00) = E[(§(X) — 6(X))?]"/2. In the
proofs, mainly this more simple distance measure is used.

Lemma 4.24 (Quadratic margin property of the SVM loss). Let p > 0.

1. Suppose (noise condition). Then for each measurable 0 : X — R with ||§]|, <
p, it holds that . 5
D((S, 5*)2 < Cp{R<5) - R((S*)},
where ¢, = 2(2 + nio)
2. Suppose that K(z,z) < 1. Then for each 6 € Hg, it holds that |||/ < ||6]|k. In
particular, we have
1ol <p = 0l < p.

Proof. 1. Fix x € X. Without loss of generality, suppose that n(z) > % (= 6" (z) =
1). Then we have
@) - s @)
E[L(Y,0(X)) = L(Y,6*(X))| X = ]
(0 —1)
N1 =0y + (=1 +d)s—2(1-n)
where in the last step, we introduced the abbreviations § = 0(z),n = n(z). It

is now enough to show that A(z) < ¢, (then the assertion follows by applying
another expectation with respect to X). For n > % > 11, we have

Alx) =

__ =02 _ 2 _
n(1—-0)—2(1-n)’ 0 S 1’ (%) 4(|J5H00 + 0’ ) S 17 ||6|| 1
Alx) = 4 15, o>1, < gl o>1, <2 m°°+%).
-5 1
= sel-uy (L Sel

The upper bound provided in (*) is due to an elementary calculation: Put z :=
—6—1€10,]|0]lcc — 1]. Then we have

(1— 5)2 B (z + 2)2 (a+b)2§<2a2+2b2 222+ 8
n(l—406)—2(1—n) n nz+2(2n—1) - nz+212n—1)
a+b<2+§ 1
c+d—c d 22’ 2 77> 2
< =4 < 4)6]|o +

fiir a,b,c,d >0 1] 77_% Mo
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2. Let x € X. Then it holds that

Theorem E17 CSuU Def. || - || x from Def.
0(z)] =" [0 K| < (0]l (1K || t = -IléllxvK(m,x)SllcSIIK.
O

Remark: We therefore can only use the margin property for ¢ if it is known that
19]lx < p with some p > 0! This complicates the proof. Compared to the proofs for
logistic regression, we therefore have two additional difficulties:

(S1) Discussion of the approximation error

(S2) The margin condition does not hold uniformly for all 6 € Hg in the optimization
problem (and additionally, it is also not possible to upper bound the expectation
of a supremum uniformly over all § € H).

4.7 Simplified problem

Before considering Theorem [4.22 we will discuss a more simple estimation problem to
understand the structure of the whole proof. Let

B(p) = {6 € Hi - [|6]lx < p}

We consider
6 = 6/ € argmin R, (9). (36)
6€B(p)
We have replaced the penalization A||d||x by an optimization over a new function set
d € B(p) with fixed maximal radius p.
For each §y € B(p) (later, we choose dy € arg minéeB(p){R(é) — R(0*)}) it holds that

R(6,) — R(6*) = {R(d) — R(J)} + {R(d0) — R(6")}, (37)

Remark 4.25. In the proof of Theorem we introduced § = T9 + (1 — T)d, with

i — r+D€5,50) (= D(0,00) <r). We then derived the same inequality for 6 to obtain

R(0) = R(d) < sup  {R(0) = Ru(d) — (R(d) — Ru(do)) } =t Zr,p(00)-

5€B(p),D(8,80)<r
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In principle, we could use this proof technique to obtain a result for 5,{”” It would even
be possible to include the approximation error (this is left as an exercise). However,
here we aim to use the intermediate results of this simpler proof technique also for
the original estimator 65V™ (in particular, we want to deal with (S2)). To do so, the
introduction of 4 is obstructive. Therefore, we now present a different proof technique
for 67, Heuristically, an upper bound of Z, () for

5 — &

6= F—do4r —0—%
T+D((5,60)

means that we have to investigate a rescaled supremum.

We will see that without introducing 4, it is helpful to find an upper bound for the
supremum

)
V. ,(0g) :== sup
7P( 0) 5eB(p) r2 +
)

Let C' > 1 be arbitrary, r > 0 and A := {V} (0o

RG) - Ry < LEO =Tl

< CUD(6,680)% + 1)

With , we conclude that
R(0) — R(6") < CHD(d,80)? + r2) + R(8y) — R(5*).
Using the margin property from Lemma [4.24] we obtain

. ) (a+b)2<2(a?+b?)

D(5,50) 2D(5,6%)? + 2D(5*, 6,)

~ A ~ ~ ~

<
= 2¢,(R(0) = R(67)) + 2¢,(R(d0) — R(57)). (39)

Putting the results together, this produces an implicit equation for }?(5) — R(5%):
R(5) — R(6") < 2¢,C7HR(8) — R(6*)} + [1 + 2¢,C Y {R(%) — R(6*)} + C 12
Solving for R(4) — R(0*) yields

= oA = 1+2¢,C71 - - Cc!
_ * < I A . * 2
—1p7—1
Def. po, C =c,N Kith N large enough . ~  Dsk Cp N 9
= 2661237){}3(5) R(6™)} + T N-1" (40)
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Caution: r can not be chosen arbitrarily! It has to have a specific size so that P(A°) is
small.
The main part of the proof is to derive an upper bound for P(A¢). This is done in three
steps:

(a) Find an upper bound of E|Z, ,(d)| (only in this calculation the specific space over
which the supremum is taken plays a role)

(b) Find an upper bound of EV;, ,(d) by using the so-called "peeling device’

(c) Derivation of a concentration inequality for V. ,(dy) by using a Talagrand-type
inequality.

4.7.1 Step (a)

We first need a suitable orthonormal basis (ONB) of Hy which allows to calculate
variances of g(X), g € Hgi in a convenient way. Such an ONB is introduced by the
following lemma.

Lemma 4.26 (Calculation of the variance). There exists an ONB (¢);),en of Hx with
the following property: For g € H, it holds that E[g(X)?] = Zj‘;l Y549, V)%

Lemma 4.27. For all r,p > 0 and dy € B(p), it holds that

4 )
E|Z0(00)| < = inf (Var+2o /;%) =1 4,(r?). (41)

Proof. L(y,s) = (1 — ys), is Lipschitz continuous with constant ¢ = 1. Lemma m
implies that

E|Z,.,(0)] < 4-E sup —Zgz{a ) — Go(X;) }]

0€B(p),D(0,00)<r

with independent Rademacher variables €;, ¢ = 1, ..., n.
9,00 € B(p) = ||0 — dol|x < 2p. Defining g := § — dy, it follows that

E|Z:,(00)| <4-E sup - Zezg

gEB(2p) E[g(X)2]<r2 T
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We now make use of the ONB from Lemma [£.26, Each g € Hx has a representation
Go = D52 Qj3b; with

¥; ONB >
g% ZO@Z, Elg(X)*] =Y v
=1

j=1
Let

L'(p,7) - {a€€2 Za < (2R)? Zvjoz <7"}
Then it holds that
4
EZ,(8) < —E sup }Z&ga Xi)|. (42)

Now the goal is to eliminate the supremum Wlth respect to a by using pure analytical
methods. In the following, a parameter a € N is introduced over which we can optimize

later on. The introduction of a is not necessary but yields better upper bounds! By the
Cauchy-Schwarz inequality (CST) 3 a;0; < (32, a3)"*(30; 62-)1/2, we have

‘i&?iga(X < ‘ZO‘J\/TJZ&%
(;a;w“(z(;w—,y;f)”
(Se) (S (Sew))

(S () (X (S )l

j>a =1

O‘J

j>a

1/2

The right hand side does no longer depend on «. Therefore, we can upper bound the
expectation without taking care of the supremum with respect to a. Holder’s inequality
E[Z1/?] < E[Z]'/? for random variables Z > 0 yields

B(S (22200 < (SEEl(X 25 o x]))

ji<a =1
_ <ZE[Z b (X Dl/? Lemima EIE(Y; (X)= 0

i<a i=1

We use the same technique for the second term in (43) (then only v, is left). Plugging
in these upper bounds in and afterwards in (42)) yields the assertion,

EZ, ,(0) < IE sup Zelga J) 7<\/_r+2p<27]>1/2>.

a€el(p,r) j>a
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4.7.2 Step (b)

Lemma 4.28. For all ,p > 0 and ¢y € B(p), it holds that EV, ,(d) < 5¢”§§2).

Proof. Abbreviate A, (6) := R(8) — R,(8) — (R(6y) — Rn(0y)). Then for each = > 1, it
holds that

_ An(0)
Vrolbo) = W DG 007 + 12

wp O s . NG

< S b 2 B
T seB().DGa)<r D10, 00)? + 12t s p(pyirak <D (o by <rat et D0, 00)2 + 12
N’ ———
<5 |An(9)] SET(?'Q
1
< —< sup 5|+ Sup |An(5)|>.
r? éeB(p)7D(5750)<r ; 1+ 95% 8€B(p):D(8,60)<rak+!

Note that ¢,(rz) < ¢,(r)z"/? for 2 > 1. This implies

Lemmal£27 1 ¢ 2,2 k+1
BV (%) = r? < )+ 1+ 2k )
k>0
(%) ot (%)
= r? <1+ Zl—l—x% >§5 r2
k>0
—_——

2
. —k—_T
S D e

The last step is obtained by choosing x = 2. O

4.7.3 Step (c)

To derive a concentration inequality for V; ,(dy), we use a so-called Talagrand or Bousquet-
type inequality (cf. [4], Theorem 2.3).

Theorem 4.29. Let F := {f : YW — R measurable} be a countable set of functions
on W C R4 Let W;,i=1,...,n be i.i.d. random variables with values in ¥V. Suppose
that there exist 0%, M € (0,00) such that Ef(W) = 0, sup;.z Var(f(W)) < o* and
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supser || flloo < M. Let Z :=sup;cr > iy f(W;). Put v :=no®+2MEZ. Then it holds
for ¢ > 0 that

tM
P(Z2EZ+Vatv+ ) <e.

Let a > 0. Due to va+b < a + Vb und 2vab < aa + g, the right hand side can be
upper bounded as follows (motivation for this new bound is to eliminate v)

tM 11
IEZ+\/2tv+? < (A4+QEZ+V2n- -0+ (— +§)tM,
«

Lemma 4.30. Let r,p > 0 and 0y € B(p). Then, for all £ > 0 it holds that

P(Vr‘,p((SO) > 6¢p(r2) 4 2t . 22(P+1)t) < et

r2 nr? nr?

Proof. We apply Theorem to the space W = X x {—1,+1}, the random variables
W; = (X;,Y;), i =1, ...,n and the class of functions

1 R(8) — L(y,(z)) — (R(d) — L(y, d(2)))
= = — : B
F {fa(:c,y) - DG a2 417 de (p)},
since .

V., ,(0g) = su X, V).

() fejlg;f( )
Lemma M(u) implies that |L(y,d(x))| < 1+ |6(z)] < 1+ p. Thus, it holds that

4(p+1
il < 2EEL),

and (due to [L(y, s) — L(y, s')| < |s — s'|)

E(L(YV:6(X) — E(V,6(X)P) _ D0y s 1
n?[D(6,00)% + r?)? ~ n?[D(4,00)% + r?|? - n2r?’

Theorerm and the upper bound mentioned directly afterwards yields

Var(f5(X,Y)) =

[2t 11 ¢
> — — T3 )=
P(‘/;np(éo) Z (L4 BV, (00) 4/ 70+ 45 +3)(p + 1)m"> =0

Caution: Note that F is not countable here! We can still apply the theorem since Hy
is separable (this is left as an exercise). The assertion now follows by choosing o =
and using the result of Lemma [4.28]

[:]can
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4.7.4 Selection of r

The following lemma is pure analytical statement (see the appendix for a proof).

Lemma 4.31. The equation ¢,(z) = o has exactly one solution z7 . € (0,00). This
solution satisfies
Zpe, < 16¢5 - (n),
where v(n) is from Theorem [4.22] Furthermore, it holds that
4 *
—2@(2) = z22,.. (44)

Cp

Putting our preliminary results together, we obtain the following theorem.

and let 55“‘ be from (36)). Then there exists a universal constant ¢ > 0 such that for all
t > 0, it holds that

Theorem 4.32. Supe that the assumptions of Theorem [4.22| are satisfied. Let p > 1,
36)

P(R(B7) — R(E) 2 2 inf {R(5) — RE} +c o) +p- 1)) <e™

deB(p

Proof. From equation we obtain that on A = {V} ,(dy) < CPLN}, it holds for N large
enough (N had to be chosen large enough to obtain the ’2’ in front of the infimum) that
. - - N ¢, 'N7!

R(6) = R(5") <2 inf {R() = RO)} + 7= (45)

It is left to choose r? to provide a meaningful bound of the probability of A°. Lemma
4.30 implies that if

1 ¢p(r?) N 2¢,t N 22¢,(p+ 1)t
N r2 nr? nr? ’

then it holds that P(A¢) < e~*. The above inequality is satisfied if

2
b > 6c, bo(r )’ 1 N 2l | s N 22¢,(p + 1)t
3N 72 3N nr?’ 3N nr?
2t t
S P2, P2 BN S5 2 66NG,(p+ 1)
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where we have used Lemma for the first inequality. Therefore, we may choose any

2¢c,t t
r? > max {22718]\,%, (3N)*. %, 66Nc,(p + 1)5},
e.g. (cf. Lemma for the first term):
t
r=c(N) -cp{cp’y(n)—l—ﬂg} (46)

with suitable ¢(N) > 0 which is a universal constant only depending on N. Plugging
c(N)N—! 0
1+N -

this into yields the assertion with the universal constant ¢ :=

4.7.5 Discussion of the complex problem

We now provide the proof of Theorem [4.22 which discusses the estimator

0 € argmin { R, (8) + X - |0]/%}.
eHK

The main difference to 677 is that instead of optimizing over § € B(p), we now use
a penalization term A||§]|% and 6, € Hx has not known apriori to have a bounded
|| - || x-morm.

Proof of Theorem[{.23. We start similar to the proof of the simplified problem. We
choose

dy € argmin { R(3) — R(6") + 2X||0]|%}-
SEH K

As before, it holds that
R(d) — R(6") = {R(5) — R(%y)} + {R(J) — R(6")}. (47)

With a suitable chosen p > 0 (which is determined below), the first term can be upper
bounded as follows:

R(0) = R(%) = {Ra(d) = Ru(00)} +H{R(5) = R(8) — (R(0) — Ru(d0)}

-~

<AlI6olIF = Ad1%

< {MGollE = MONEY + Vip(do) - {* + D3, 60)°}. (48)

Caution: To ensure the last inequality, we need that 5 > ||0]|x so that 6 € B(p) (cf. the
Definition of V; ,(dy)). Moreover, we need that p > ||do||x to ensure &y € B(p). If these
conditions are fulfilled, we can apply the concentration inequality from Lemma [4.30
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Definition of a ’nice’ event A: In the proof of Theorem [4.32| the following was shown:
For fixed p > 0, 69 € B(p) and arbitrary N € N, the event

1
Apeln) = {Vig o l00) < 57} (49)

with (cf. (46))
t

rit =¢(N) - cp{cp’y(n) +p- ﬁ}
satisfies P(A,;(po)¢) < e
Problem: We need to upper bound the probability of the event A;;(dy)¢, where p is a
random variable (since p is determined by the size of ||d]| k).
We therefore have to ensure that the event A,,(dy) holds uniformly for all possible
p = p. Thus, our nice event should have the form A = [, Ap+(d). We can not
use this event since we have no possibility to find a meaningful upper bound despite

P(A%) <> ,o0 P(A):(d0)) which is infinity.

In the following, we therefore use a discretization R C (0,00) of the space of possible
norms ||0]|x of 8, &. Additionally, we search for upper bounds for ||6]|, ||0o||x. Then
we define A as the intersection over all A,:(d) with p € R. Of course, R should not be
too coarse because then we obtain not so tight upper bounds.

We start by analyzing the maximal size of ||0||x, [|0o||x. Since 0 € Hr, it holds that

Ry(8) + Alloll% < Ra(0) + A0]7 < 1. (50)

> -

a ~ A>n"t
SO <1 = 18 < A2 L w2 < (9
A similar approach for dy implies that ||do||x < n. (*)

Therefore, define
R={2":keN,0<k < [logy(n)]}

and put
po= 2ER, = Nogy(I8k)s T,
o= 29ER, ko= Nogs(ldollx)s ],
and

p~ = max{ﬁ, /00}
Then it holds that R
1005, 161 < 5,
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and vice versa, R
p < max{2[|d]|x, 1},  po < max{2[|do|[x,1}. (51)

That is, p and py are good approximations of ||0]|x, ||6||x in the sense that we loose at
most a factor 2.

If we would define A := per.ppo Apt(00), then we would obtain that

PA)< Y P(Aud))< Y e <Rl

PER,p=po PER,p=po
that is, we have an additional factor |R| which we do not want to have. To obtain e~*

instead, we therefore put
A= () A&), T:=t+log[R].
PER,p=po

Then we obtain
]P)(Ac) < ’R’67t710g|72| _ eft'

Derivation of the upper bound of the excess Bayes risk on A: On A, the results

and imply

~ ~

R(5) = R(b)
< {Mdoll% = Moz} + Vi, ,.5(00) - {r2; + D(3,80)}
~ 1 N
< {Aldolli = AllollE} + — - { 2 + D(5,0)°
Cp ——
=c(N)-cp(cpy(n)+5t) ™% zcﬁ{fa(é)fé(a*)}+205{R(50)7R(5*)}
A 2¢(N) t 2¢(N t 4c(N) v(n
< QB ~ MBI+ 25 o) + 5y 2Dy 4 Dy 4 2AD I

n Mo

2 . - 2 - N
—{R(5) — R(d" —{R(d) — R(6")}.
P {R() — RV)Y + A R(%0) — R(5))
In the last step, we made use of the structure ¢, = 2(£ + nio) and that p = max{p, po} <
p + po. This was necessary to replace p by terms involving p, pg.
Using and rearranging terms yields

R 1
_ < -
RO)=R(&) = 55—

G 5 —AlISIE ) +

(1 + )R~ R5) +

2(N) | o)

N T

We now only have to eliminate the (non-deterministic) term involving p to obtain a
deterministic convergence rate. Note that this term came into the upper bound due to
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the statistical variation of {R(d) — R,(8) — R(Jy) — Rn(d)}. The size of this term is
controlled by the penalization term A||§||% in the minimization problem for 4. Now, we
want to reflect this behavior in our proof (cp. the underlined terms above), that is, we
want to use the term A||0]|% to eliminate the term containing . To do so, we have to
find a connection between p and [|6]|%.

From (51)) and the elementary inequality max{2a,1} < 2max{a,1} < 2max{a® 1} <
2(a* 4+ 1), we obtain

p<200% +1), po < 2([160ll% + 1)

If A> 4cJ(VN)(77(:) N g)’ 52)
we therefore have
RO) - R < s [ )Ry - R+ Y 77(7?
MBI+ 2 1) (L 4 Ly
Xl + 0 il + 1 (4
< ﬁ [+ %){R(ao) — R} + 20|00% + 2\ + #%]
N

10

Now, we choose N so large that }fg%j < 2 (that is, for instance, N = 6). Then it holds
that

-~

R) ~ R(do) <2 {R(®) — RE") + 2010le) + A A +1),

Def. §g. ~ ~
L Oint e g g {R()—R(5*) 422513}

Choice of \: We simplify the right hand side of as follows: It holds that log |R| <
log([logy(n)] 4+ 1) < 2log(logy(n) + 1), thus

4¢(N) y(n) £, 8c¢(N) /v(n) log(logy(n) + 1)+t
N <T+ﬁ)§ N ( m n >

=:C1

The right hand side of the above inequality now coincides with the condition on A in
the theorem. This concludes the proof. O
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4.8 Appendix
The proof of the following lemma is mainly based on functional analysis.
Proof of Lemma[{.26 Let
T:Hg — L*(PY), gr—g
be the canonical injection and 7™ its adjoint. Then it holds that
(T g)) TR (K (), T )y TR (2,), ) o)
= /K z, 2" )g(2)dPX (z') = (Tkg)(x).

It follows that TT* = Tk. Now let C' :=T*T : Hx — Hg.
Functional analysis = C' has the same eigenvalues v; as TT™" = Tk.
Let (¢;)jen be a basis consisting of eigenvectors of C' := T*T : Hy — Hy corresponding
to these eigenvalues ;. For every g € H, it holds that
T(g)=g adjoint

Elg(X)?] = E[(Tg(X))’] = (Tg, Tg)r2pxy = (Cg,9)k

base representationg=> 52, (g,%;)9; >
=2.5=1\9%j/¥j 2

Proof of Lemmal[{.31 Let a € N and

Dpal2) = %(@m /Z \).

& can be rearranged as follows:
P

ZZ( a) = <\/—+ a+2\/—:0 /Z%> (z+y)? <222 42y 160 (a—l—\/_ /Z%) .

Then it holds 2} = z;(a*) for the minimizing value a* in ¢,(2). For each a € N, we have

The equation ¢,q(2) = &

|/\|/\

z

5’; = ¢(2) < Ppalz,),

that is, 25 < z3(a). Thus,

;<£I§z (a)<1nf£<a—|—\/_ /Zw)
j>a

The remaining analytical properties of ¢, can be verified easily. O]

P N1
cp 2

<
< 160?77(71).
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4.9 Exercises

Task 11 (Discussion of Example : the naive classifier). Suppose that we are given
i.i.d. training samples (X, Y;) of a classification problem with X' C RY Y; € {—1,+1}.
Suppose that L(y,s) = (y — s)*>. We use the abbreviation

A= {05(x) ;=273 : B € R}

We propose the following algorithm for classification:

n

B e argmin R,(85), R,(d) := lzi(Yi;(s(Xi)%

n
BER i=1

and f,(z) := sign(0,(z)), where 0,(z) := op(x) = 2T3. We can interpret the above
classifier as a simple linear regression applied to (X;, Y;).

1. Show that L(y, s) = ¢(—ys) with suitable ¢ : R — Rs.
2. Use Theorem to derive a Bayes rule 6* for the risk R(§) := EL(Y, 5(X)).
3. Does the calibration condition hold?

4. Which model assumption should hold so that 6* € A ? Which properties should
X have such that this can be fulfilled?

5. Derive a risk transfer formula with Theorem [3.211

6. Suppose that the noise condition with parameters ¢ > 0, C' > 0 hold. Derive the
risk transfer formula from Theorem [3.24]in the above setting, in particular in the
case ¢ = 00.

7. Let X ~ N(p,Ijxq) and n(z) = P(Y = 1|X = z) = 5 + 127 3*. Suppose that
B* € R? is chosen such that ||3*]] = 2 and p”B* = 0. Show that the noise
condition is satisfied with ¢ = 1.

Hint: The distribution function ®(t) of the standard normal distribution is concave
fort >0, thus it holds that 2P (t) — 1 < 29'(0)t.

Task 12 (Examples for calibration condition and risk transfer formulas). Given is a
classification problem with X C RY, Y; € {—1,+1}. Let L(y,s) = ¢(—ys), where we
consider the following two functions ¢ : R — Rx:

® O(x) = Phinge(r) = max{1l + z,0}, the so-called hinge loss,

o O() = Pesp(x) = €”, the so-called exponential loss.
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4 Support Vector Machines

1. Convince yourself that ¢ is non-decreasing, convex and satisfied ¢(0) = 1.

2. Use Theorem to derive a Bayes rule 6* for the risk R(§) := EL(Y, 3(X)).
Hint for ¢pinge: Due to monotonicity reasons, z — ®,(2) has to attains its mini-
mum for z € [—1,1].

3. Prove that the calibration condition is fulfilled in both cases.

4. Use Theorem [3.21] to derive a risk transfer formula in both cases.

Task 13 (Derivation of the Wolfe-Dual and the optimality conditions of the SVM). Let
C > 0. Let B¢, Bo,c,§ be solutions of

. 1oy & | :

min - +C 3 s.t. \V/’L: 1’_._’7/1/: }/; X@ + Z 1_ i

BERF,BER EERN ZHﬂHQ ;§ (X; B+ Bo) 3
& >0,

The optimization problem has the structure

min F(#) st. G(#) <0

OeRrR" -

with 0 = (57507€> and

! Y L= &= Yi(XT B+ By))

FO) = SIBB+CY & GO) = (< 6 = Yil g D). ) |
i=1

Now let p = (a, ) € ]RQZ%, and define the Lagrange function L(6,p) = F(0) + G(Q)Tp'

1. Show that VoL (6, p) = 0 is equivalent to
B=) aYXi, ) a¥i=0, Vi:C—a;—%=0.
i=1 i=1
2. Show that the Wolfe Dual supyegr pege  L(6, p) under the constraint VoL(6, p) =0
is equivalent to the optimization problem
1
min {gaTQoz — ILTa} s.t. Y'a=0, 0<a<C,

aeR”

where 1 = (]., ey 1)T, Y = (}/1, . Yn>T and Q = (Qij)i’jzl » it Qij = Y;YJXlTXJ

,,,,,
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4 Support Vector Machines

3. Conclude from the optimality conditions VoL(0,p) =0, G(O)Tp =0, p > 0 and
G(6) < 0 that the following connection is satisfied for the solution of the original
optimization problem and the solutions & of the Wolfe Dual:

Bo=> aY:X;,  Poc=Yi—X/Bc with some i with 0 < d4; < C.

Task 14 (SVM: Kernels and their nonlinear transformations behind). Let K, : R? x
R? — R, K,(z,2") := (1 + 272')? be the polynomial kernel with degree p € N.

1. Let d =2, p=2. Find a mapping h : R* — R® such that K,(z,2') = h(z)"h(z').

2. Let p,d be arbitrary. Find a mapping h : R — R™ such that K,(z,2') =
h(z)Th(z"). Provide an upper bound for m € N.
Hint: Define & := (1,z), &’ := (1,2") and write K,(z,2") = (Z,3)?.

Let K, : R x R? —» R, K (x,2') = exp(—y|jz — 2/||3) be the Gaussian kernel with
descent 7.

(c) Let d = 1. Find a mapping h : R — ¢? such that K. (z,2’) = h(z)Th(z').
(d) Let d be arbitrary. How does h look like?

Task 15 (Analysis of the convergence rates in Theorem 4.22). Let K : X x X — R be
a Mercer kernel. In the oracle inequality in Theorem [£.22] the convergence rate of the
estimation error is given by

1
v(n) = ﬁ;gg{f + > )

j>a

(here, we ignore 7, for simplicity) where 7; are the eigenvalues of the integral operator
Tk : L*(PY) — L*(PX), (Tkg)(z) == [ K(x,2")g(z') dP*(2). In this task we derive
(non-optimal) upper bounds for different decay structures of ;.

1. Suppose that there exists C' > 0 with 7; = 0 for j > C. Show that y(n) < €.

2. Suppose that there exists C' > 0 with v, < Cj57* (a > 1). Show that y(n) <
Ca (% +C T n_a%l), where ¢, is constant only depending on «.

Hint: Use without proof that Z]>aj @ < cqa” T with some ¢, > 0.

3. Suppose that there exists C' > 0 with 7; < Cp’ (p € (0,1)). Show that v(n) <
¢ (= + 212%?/02) ), where ¢, is a constant which only depends on p.
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Ifx = [0, 1]9 and PX = UJ0,1]¢ is the uniform distribution on [0,1]?, then we have
(TKg = [K(x,2')g(z')dz’. Let K(z,2') = h(z)'h(a’) with suitably chosen h :
RY — 62

(d) Show that if (hy)gen is orthogonal in L*(\), then we have v, = [ hy(z)*dz.

(e) Argue that the polynomial kernel K, (x, ') satisfies: y(n) < (d+ 1)P.
Hint: Use (a),(d) and Task[14(b).

Task 16 (Margin property of the SVM for the general noise condition). To prove the
quadratric margin property of the SVM, we have assumed in Lemma that there
exists some 79 > 0 such that |n(z) — 2| > no for all s € X, that is, the noise condition
is fulfilled with ¢ = co. In the following we suppose instead that the noise condition is
only fulfilled with some ¢ € (1, 00), that is, there exists some C' > 0 such that

1
vt >0: B(n(X) -3 <) <Ot

Let 6*(z) denote the Bayes rule with respect to L(y, s) = (1 — ys),. Show that for any
§: X — R with ||0]|cc < p it holds that

E[(o(X) — 5*(X))2] <¢C,- {R( R(5*)}q+1

where ¢, > 0 is a constant which only depends on p, 79,71, C.
Hints:

_ (@)=b*(@))? <
E[L(Y,0(X))—L(Y,0* (X)) X=2] —

e It was already shown in Lemma [4.24] that A(x) =
cp(m) = 2(£& + 5)-

e Introduce 1 = 1,y 115 + Lijp)-1j<y in E[(§(X) — §*(X))?] and choose a
suitable t (cf. the proof of the risk transfer formula, Theorem [3.24)).

e Finally, make use of the inequality R(c?) — R(é*) <(p+ 1)%(]:2(5) — ]N%((S*))q%l

Task 17 (An alternative way to prove the convergence rate of the simplified SVM
algorithm). Let H be the RKHS corresponding to some Mercer kernel K. In this task
we consider a fixed p > 0 and the algorithm

b € argmin Ra(6),  Bl(p) = {6 € Huc : 6]k < p},
5€B(p)
where R,(0) = 25"  L(Y;,6(X;)) and L(y,s) = (1 — ys), is the hinge loss. Let
D(6,80) = E[(é(X)—cS*(X))Q]l/Q. Let 8y € argmin,ep(,) R(8), where R(6) := EL(Y, §(X)).
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. Show that

. Letr>0and 6 :==T0+ (1 —T)d with T := T+D€8,60)

. Conclude that )
R(0) — R(6*) < {R(d0) — R(6")} + Z,,

whete Z, i= SuDye (), pis LR (0) — Fo(8) = (R(00) = (60}
Hint: Use that L(y, s) is convex in s.

. Define A :={Z, < ¢~ o =—(%)?}. Show that on the event A and under the assumption
R(6y) — R(6*) < —(5)2 it holds that

D(3,6) <

1=

Hint: You may use the quadratic margin property D(8,6*)? < c,{ R(6) — R(6*)}.
. Suppose the conditions from (c). Show that

R() ~ R(5") < {R() — RE)) + ()

8¢,

. It was shown already in Lemma that E|Z,| < ¢,(r?). Use Talagrand’s in-
equality (Theorem [4.29)) and the conclusion below with @ = 1 to show that for
each t > 0, it holds that

2t 16(p+1) ¢
P(Z, > 20,(r%) + JE g et )<t
n 3 n

Hint: For § € B(p), it holds that ||d]|« < p.

. Let

r—max{41920p’y )2, 96¢, 164/c,(p + 1 \/ 2(8c,{12(60)— (5*)})1/2}

Show that P(A°) < e~ and R(dy) — R(6*) < %(g) .
Hints:

e Upper bound all 3 terms in the probability in (e) individually by ﬁ(%)Q

e The inequality % > ¢,(r?) is satisfied if r* > 16(192¢,)*v(n), c¢f. Lemma

[£.51
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7. Conclude that with probability > 1 — e, it holds that

A ~ ~ ~ t

R(0) — R(6*) <2 inf {R(6) — R(6")}+c-{e,y(n)+ (¢, +p+1) =},
deB(p) n

where c is some universal constant.

Hint: For a,b >0 it holds that max{a,b} < a+b.

8. Discuss how one has to modify the proof so that the following assertion is obtained:
With probability > 1 — e, it holds that

R(B) — R() < (1+ ©){R(B) = RO} + e(e) - {n () + (o 4 p+ 1)+ -},

where € > 0 is arbitrarily small and ¢(¢) > 0 is some constant only dependent on
€.

9. Discussion: The proof assumes (basically without any justification) that there
exists some & € B(p) such that R(dy) = infsep(,) R(5). In general, one can only
hope that there exists some sequence (0,,)men C B(p) with R(ém) 1 infsep(p) R((S)
Therefore, the proof has to be performed with each d,,, m € N (instead of a fixed
dp). Summarize shortly where one has to modify the proof.

Task 18 (Discussion: Bernstein’s inequality and Talagrand’s inequality, separability).
In this task we discuss the relationship between Bernstein’s and Talagrand’s inequality.
Let X; € ¥ CR% i=1,..,nbeiid. and F C {f : ¥ — R measurable} be countable.
Suppose that Ef(X) = 0, supcx Var(f(X)) < 0® and supjcz || flleo < M. Let v :=
no® +2MEZ. Then for Z := sup;cr > 1 f(X;) and t > 0, it holds that

tM
P(Z > EZ + V2tv + T) < e (Talagrand),

- tM
IF’(Z f(X;) > V2tno + ?) < e (Bernstein).
i=1

1. Show the statement after Theorem[£.29]in detail: For a > 0, Talagrand’s inequality
implies
1

1
P(Z > 1+ «)EZ + V2tno + (— + g)sz) <et

a
2. Compare the statements from Talagrand’s and Bernstein’s inequality. Which term

is needed additionally to explain the variation of sup;.» > " | f(X;) in opposite to
Yo, f(X;) for fixed f € F? Interprete this result.
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3. Suppose that F is not countable, but (as a subset of a normed subspace (€, || - ||))
separable, that is, there exists a dense subset F,., C F. Moreover, suppose that
there exists some constant C' > 0 such that for all x € X and f,g € F, it holds
that |f(z) — g(x)| < C||f — g||. Show that it holds that

i=1

4. Application in the SVM proof (Lemma [4.30)): As a Hilbert space with countable
orthonormal basis, H is separable. Show with (c) that Talagrand’s inequality can

be applied to the set F C {fs(z,y) = (Ei(y"s(x))_EZ(Z’SE)((?;?)QEL%%"S(”C))_i(y"so(x))) (0 €
B(p)}-

Task 19 (Expected excess Bayes risk instead of large deviation inequality). In this task,
we derive upper bounds for expectations based on large deviations inequalities. This is
based on the equality

EZ :/ P(Z > z)dx
0
for random variables Z > 0.

1. Suppose that P(Z > A+ B-t) < g(t), where [~ g(t)dt < oo. Show that
EZ <A+ B- /g(t)dt.
2. Show that the estimator of Task [I§ satisfies

BR(5) - R(E") <2 int {R() = R@)}+c- {enn) + (e, +p+1) )
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5 A short excursus: kernel nonparametric statistics

This chapter gives a (very) brief introduction to standard kernel-based estimators from
nonparametric statistics and their convergence rates. It is important to have these results
in mind so that the improvements obtained by machine learning algorithms in the next
chapters can be appreciated. The results are (partly) discussed in the exercises.
Contrary to the chapters before, we do not assume any explicit parametric structure
on f* or on the optimal discriminant function ¢*. Instead, we ask for some structural
assumptions. To do so, we define the class

F(L):={g9g: X > R|Vz,2’ € X : |g(x) —g(')| < L ||z — 2'||oo} (53)

of Lipschitz continuous functions with Lipschitz constant L with respect to the maximum
norm || - ||o on R4

5.1 The kernel regression estimator

We first consider regression problems, that is, X C R%, } = R and L(y,s) = (y — s)?
with Bayes rule f*(z) = E[Y|X = z]. We work under the following assumption.

Definition 5.1 (Model assumption: nonparametric regression). Suppose that f* €
F(L) with
Y = f(X) +¢,

where E[e|X] = 0, E[£?|X] = o2

Caution: In the above model we have E[Y|X = z] = f*(z), that is, Definition is a
direct assumption on the structure of the Bayes rule f*.
As in chapter [2| we obtain the following representation of the excess Bayes risk.

Lemma 5.2 (Excess Bayes risk). For f : X — R measurable it holds that R(f) —
R(f*) = E[(f(X) — f*(X))’] and R(f*) = 0.

Because of Y & f*(X) the standard approach in nonparametric statistics to estimate
f*(z) at some z € X as follows: Search for all observations X; near to x and average
over the corresponding Y;. This leads to the following formula: For some parameter
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h > 0 (the so-called 'bandwidth’), define

sum of observations Y; with X; near to x

]En,h<x) =

number of summands
Zie{l,...,n}:|Xi—x|§h/2 Y;

Zie{l,...,n}:|Xi—x|§h/2 1
Yo LyXie oy

2oim LyXizs oy
i W (T
i W ()

with W (zx) = ]l[f%é](x). The bandwidth A should be understood as a limit which indi-
cates which observations are still considered as 'near’. W weights the single observations
Y; according to their distance |X; — x| towards z. Note that however in the above for-
mula, no real 'weighting’ takes place since all observations are given the same factor 1
(if | X; — x| < 2). We now allow for more complicated weightings.

Definition 5.3 (Kernel function). A mapping W : R* — [0, 00) with [, W(z)dz = 1
is called kernel function.

Using such a general kernel function, we obtain the following algorithm.

Definition 5.4 (Kernel regression estimator). Let A > 0 (’bandwidth’) and W a kernel
function. The algorithm
_ XL WERY.

XL (R

fn,h(x) :

is called kernel regression estimator.

In the following let g denote the density of X with respect to the Lebesgue measure on
X.

Theorem 5.5 (Convergence rate of the kernel regression estimator). Let X C R? be
compact. Suppose that g € F(L) and that there are constants ¢, > 0,Cy, Cyw,C, > 1
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such that ¢, < g(z) < C, for all z € X, |e;| < C. and

Jwwrdn, [ Wluleds, [ W?luldu, Wl < Cu.

Then the following statement holds: For all h > 0 with

Cqg 1280 CW SOW 1/d . log(n) 1/d
>h> 54
Lo, = v 2 mex 2 "3, | (== (54)
we have
. 8C2C2 o? h?

ER(fon) — R(f*) < v(n,h) = —2 . L B+ L% — oo +C)?n L
Rlfnn) = RO 3 B) i= == g+ W L g 481 oo+ G
Proof. The proof is left as an exercise. n

Remarks:

e Only the first two summands of v(n, h) are relevant for the convergence rate, the
others are of smaller order. If we optimize the convergence rate with respect to h,
1
we find that A* = n~ @2 yields

v(n, h*) ~ const. - now,

e We see that the upper bound n~ 7+ for the excess Bayes risk is very slow in n if d
is large (even for the optimal h). d slows down the rate exponentially in n. This is
called the ’curse of dimension’. The reason is that our model assumption is very
general and does not produce much structural information on f*. Since we only
know that f* is Lipschitz continuous, the observations X; have to be located very
dense in X'. As an example, consider X = [0, 1]%. Then we need at least a? training
samples to guarantee that in each dimension, there lie a points. Vice versa, given
n training samples, one can only use ¢ = n'/? points along each dimension for
estimation. This is a heuristic explanation of the exponent 1/d appearing in the
convergence rate obtained above.

e X is compact is only needed to realize the assumption that g has a lower bound
(that is, g(x) > ¢y).
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5.2 Classification

We now consider classification problems (for simplicity, again only with two classes),
that is, ¥ C R, Y = {—1,+1}, L(y, s) = 1{,s. The Bayes rule reads

f*(x) = argmaxP(Y = k| X = x).
key

To motivate an estimator, we start by recalling Bayes’ theorem.

Lemma 5.6 (Bayes’ theorem). Let A denote the Lebesgue measure on RY. Let 7 :=
P(Y = k) and let g denote the conditional density of X given Y = k with respect to A,
and g then density of X with respect to A\. Then it holds that

P(Y = k|X = 2) = T 96@) oy

g9()

Given a kernel function W, an estimator of the density g(z) is given by

imte) = s 3 (),

Here, for each z € X the number of training samples X; near to = is determined and
then divided by the average number of samples in this 'volume’ nh?. Mathematically, it
is also possible to derive the above estimator very naturally as derivative of the empirical
distribution function.

Similarly, we estimate the conditional densities g, only based on the observations X;
with Y; = k. In summary, we obtain the following classifier.

Definition 5.7 (Kernel classification algorithm). Let K be a kernel function and h > 0
("bandwidth’). Put

o = M’ Grmn(T) = Al Z W(Xi — 93)

n nigh? -

Let 6;,(x) = R Gemhl®) Then

gn,h(x)

fnh(a:) = arg max Sk(g:)
key

is called the kernel classification algorithm.
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If we restrict ourselves to two classes J) = {—1,+1} as mentioned at the beginning of
this section, the above estimator has a more simple representation. In this case, it holds
that 01(z) + d_1(z) = 1 and thus

s L s@) > o), 1, 20(@)>1 s
f”’h(x>_{—1, §u(x) < 6_1(x) _{—1, 26y (2) <1~ ER(20@) — 1)

This leads to the following definition.

Definition 5.8 (Kernel classification algorithm for two classes). Let K be a kernel
function and h > 0 (’bandwidth’). Put

S T WLy
d(z) =26 (x) — 1, o1(r) = = —~h ——
Zi:l W(XZT)

Then ) R
fon(x) == sign(é(z))

is called the kernel classification algorithm.

Note that Sl(x) has the same form as the kernel regression estimator from Definition
(but with 1yy,—1y instead of Y;). This can be used to transfer properties from the
regression to the classification case.

For regression estimators, we measured the risk based on the squared loss E[(gnn(z) —
g(2))?]. We now try to relate the excess Bayes risk R(f,x) — R(f*) (with respect to the
0-1 loss) to such terms. To do so, we apply the risk transfer formula to the squared loss
Liy.s) = (y — 5)°, R(6) = EL(Y, 0(X)).

Caution: In our setting, we can not use the noise condition with ¢ = oo since later on
we want to assume that n(x) = P(Y = 1|X = z) is Lipschitz continuous! Therefore, we
do not impose any noise condition and only use the standard risk transfer formula.

Lemma 5.9. It holds that
1/2

R(sign(6)) — R(f*) < {R(6) — R(5)} ",

where 0*(x) = 2n(z) — 1.

Proof. We apply Theorem and Theorem with L(y,s) = (y —5)> = (1 —ys)? =
d(—ys), ¢(x) = (1 +2)? s =2 and Cy = 5. The details are left as an exercise. O
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Theorem 5.10 (Convergence rate of the kernel classification algorithm). Suppose that
X C R? is compact. Suppose that g,n € F(L) and that there exist ¢,, C,, Ciyr > 0 such
that ¢, < g(z) < C, for all z € X and

/W(u)2du, /W(u)HuHoodu, /W(u)zHquodu, W oo < Cw.
If the bandwidth satisfies , then it holds that

1
c2 {nh

g

. (809205[, .

h2 1/2
ER(fnn) = R(f*) < ma(n, h) :=2 e SRR vl B 32n*1) .

Proof. Lemma [5.2] =

A~ ~

RO)- RO = EGO-0x)2
= AE[(,(X) — (X)) = 4R(,) — B}
Lemma (.9 =
R(fan) = R(f) < {R(8) = R(&)}'/* < 2{R(6)) — R(n)}"/*. (55)
Note that ;(z) is a kernel regression estimator in the model
Liy=1y = n(X) + {1y=1y —n(X)}
— =

It holds that E[£|X] = n(X) — n(X) = 0 and E[?|X] = Var(1y—1y) = n(X) —n(X)* <
1 =:0% as well as |n(z)] <1 =: Cf, |&1] < |Tgy=1y —n(X)| < 1. This shows that the
model assumption of the regression model from Definition [5.1] is satisfied. Theorem
implies

0y

ER(61) — R(n) < ~(n,h).
With and E[Z1/2] < (EZ)'/2, we obtain the assertion. O

Besides the additional exponent %, our bound has the same properties as in the regression
case. In particular, we it suffers from the ’curse of dimension’ (even for the best possible
bandwidth h). Again, this is due to our general assumption which only asks for Lipschitz
continuity of the density ¢ and the function 7.

One could ask oneself if the exponent % can be improved. In fact, there is a complex
relationship between the smoothness of n(x) and the possible ¢ for which the noise
condition holds. We will not investigate this here, but refer to [11] or [I7] for a detailed
summary.
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5 A short excursus: kernel nonparametric statistics

5.3 The naive Bayes classifier

The can overcome the curse of dimension by imposing more specific structural assump-
tions on either the distribution or the Bayes rule itself. Here, we will present one possi-
bility of such a structural assumption. We will assume that the components Xj, ..., X of
X are independent conditional on each class Y = k. Note that this is a quite restrictive
assumption.

Definition 5.11 (Model assumption: naive Bayes classifier). For k € ) there exist

measurable functions g,(gj) :R — Ry (j =1,...,d), such that the conditional density of
gr of X given Y = k satisfies

d
gr(x) = Hg,(f)(xj), = (21,...,2q)" €R%L
j=1

Due to the given structure, we can estimate the conditional densities g,(cj ) (which has a
one-dimensional domain of definition) instead of estimating the whole function g, (which

has a d-dimensional domain of definition).

Definition 5.12 (Naive Bayes classifier). Fix x = (21, ...,24)7 € R% Let h > 0, and let

W be a kernel function. Define 71, := #{"e{l"';”}:yi:k} and
Sy W<Xij - ij)

Put gi(x) = szl g,Ej') (z;). Let op(x) = <T@ Thep

o Zley m1g1(x)

fon(z) == arg min 0 (z)
key

is called the naive Bayes classifier.

Remark (about the name):

e The part 'Bayes’ comes from the fact that we pose an assumption on the priori
distribution X|Y = k and the classifier is built based on Bayes’ theorem (as in

Definition .
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e [t is called maive’ because the model assumption in Definition [5.11]is quite restric-
tive. In practice, one can not hope that the different features in a feature vector
are independent; often they will be highly dependent.

An analysis of the naive Bayes classifier which yields good convergence rates both in d,n
is out of the scope of this lecture. Here we restrict ourselves to a result which drastically
improves the rate only with respect to n compared to Theorem [5.10]

As before, we restrict ourselves to two classes J = {—1,+1} and note that & (x) +
o_1(x) =1 as well as

fan(z) = sign(é(x)),  d(z) =261 (x) —

As in the proof of Theorem [5.10, we therefore have (without posing a noise condition)
that

R(fun) = R(S) < 2{R(0:) = R(m)}'"? (56)
with the quadratic loss L(y, s) = (y — s)2. To analyze the right hand side, define

S§@ oy = nggj)(ﬂﬂj)
i (%) = EOTPREE
99 (z;)
where §0(z;) == L 3" 1W( ~4-). Then we have
S(I’) . ﬂ-lH] lgl ( ])
. =
7Tll_[g 191 (xj)"'ﬂ 1H %(%)
T J) xr
d T H] 1 ;?]1) ijj)
7 (z; ) - g<]) z;)
d 1 H] 1 ;‘(qjl) ) d 1 H] 1 91(7) ;13])]

4TI 16§><wj>

= - - — . (57)
A4 T, 6 (wj> + a0, (1= 67 (2)))

Similarly, with 7\ (z;) = P(Y = 1|X; = x;), we obtain
_ d ;
d ! H] 177(])('x.7)
T (wj)ﬂl = (1= 09 ()

(58)

Theorem 5.13. Suppose that for all j € {1,...,d}, g(J n¥) € F(L) and that there exist
cg, Cg, Cywr,mo > 0 such that ¢, < g (x) < Cy, no < n)(x) <1—n for all z € X and

Jwwrdn, [ Wluleds, [ W?luldu, Wl < Cu.
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5 A short excursus: kernel nonparametric statistics

Then the following statement holds: For all h > 0 with

128C,Cw 8Cw , log(n)

Cg
>h > .
4LCw M e, 1 Ty (59)
we have with some universal constant ¢ > 0 that
f ' cd CyCw h? 12 g
R(fan)=R(f*) < 9" (n, ) := (GO (2 g gp oy o),
Ug(7d11+7ﬁl 1) Cg { nh

Proof. The structures in and have the form -% . - with a,a’,b,b’ > 0. We

atb’ a/+b
now use

| a d = lab — a’b| < @ <|b—b’]+]a—a’\>
at+b a+b0" (a+b)(a+V) " at+b \d+b o +V/)

Suppose that there exists 1y > 0 such that 1 —ny > n(j)(a:j) >n9, j =1,...,d. Then we

1 1
have ﬂ <1, and T < e e therefore
b1(x) = ()|
1 d d
~d—1 $(9) d—1 ()
(F TT09 @) = =TI ()
770(77 et ]1_[1 ’ ]1_[1 ’
d . d
i | CERREN L § (ETRICHI Y
7j=1 7j=1

By definition, 7, 7, € [0, 1] and 59), n9) € [0,1]. Therefore, we obtain

d

7ATd__lll—I(S(j x] 7= 1Hn1) ’
j=1
d LA d
< [aft = a6 )+t ‘ [107 ) - Hn(])(xj)‘
i j=1 J=1

< (d-1)- |m—m|+2\6“ — ()|

Insertion into yields

d- {7y —moa| + | = m}+ 2500 |69 (25) — n(xy))

770(7T 1 +7Tf 1)

[01(x) = ()] <
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We obtain that (note that Z ~ E[Z2]'/2 is a norm which satisfies the triangle inequality):

E[(S( X) = n(X))*]"?
{ (A1 —7m_1) ]1/2+E[(7T1—7T1 1/2}+223 1E[( ()(Xj)—n(j)(Xj))z}lp

770(7T 1 +7Tf 1)
We have | )
E[(7 — m)?] = m(l—m) <=
n n’

and by the findings in the proof of Theorem (with dimension d = 1),

o ‘ 8C2 (2
E[(3Y(X;) — n9(X;))? < —£ ¥

LA NI A P
. — . - —_— n .
cz nh nh

Summarizing the results into , we obtain that there exists a universal constant ¢ > 0
such that

. cd C.Cw 0> h? | 1/2 _
_ ) < D B’ N 2. p2 2. 124
R(fan) — R(f") d-1 { {nh+L Pt L nh} o }

770(7 1 +7T1 Cg
O

With h = n~'/3, we obtain that

: d 1/3
Y (n, h) & V3,
770(7T 1 +7Til 1)

Contrary to the kernel classification algorithm from Definition which has a rate
~ nfﬁ, we here obtain a convergence rate n='/3 which does not suffer from the curse
of dimension. The main reason is that the model assumption allows us to reduce the
d-dimensional estimation problem to d one-dimensional estimation problems. However,
due to our rough upper bounds the rate suffers from a pre-factor which is exponential

in d.

Remark 5.14 (Regarding model assumption and additive structure). The model as-
sumption of Definition for two classes Y = {—1,+1} implies that there exist mea-
surable functions h¥) : R — R, j = 1, ..., d such that

log( ) Zh” (61)
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5 A short excursus: kernel nonparametric statistics

Thus, the optimal decision regions have the form

n(z)

o0 = {xeXr'rz(l’)>l}z{xEXZIOg(l—n(m)

) > 0}
= {zex: Zh” ) > 0}

This means that the decision boundary is described by the level set of a function with
an additive structure: The function is a sum of functions which only depend on one
coordinate of z. In the following two chapters, we will investigate these structures in

more detail.
Proof of : It holds that

m191(x)
mg1(x) + T_19-1()’

n(r) =

thus

los (1i(—;<)x>) = log (%) = log < ) + log (;711(2)>

d (4)
Def. 5111 1 91" (z;)
= log (_w_1> I Zlog( orm )
il 9-1(;)

ey : s
mE ];) j = 2,..,d and hV(z;) = log(Z) +

Now we can define h)(x;) := log(

(1)( 1))

10g< (1)( 1)

5.4 Exercises

Task 20 (Analysis of the kernel regression algorithm). In this task we investigate the
excess Bayes risk (with respect to L(y, s) = (y — s)?, R(f) = EL(Y, f(X))) of the kernel

regression algorithm
PN > A
Ci W ()
in regression problems Y = f*(X) 4+ . We show that
E[(f(x) = f*(2))’] < 7(n,h)  (¥)
h).

with a deterministic rate y(n
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5 A short excursus: kernel nonparametric statistics

1. Show that (*) implies ER(f) — R(f*) < v(n, h).

Suppose that W : R? — [0,00) is a kernel function and f* € F(L) = {f : X —
R, Vx, 2" |f(z)— f(2')| < L||lx —2'|| }. Let g € F(L) be a density of X with respect to
the Lebesgue measure on X. Suppose further that there exist constants ¢, > 0,0y > 1
with ¢, < g(z) < Cy. Let A(x) := {|§(z) — g(z)| < %}, where

gla) = %th(xi —1),  Walz) = EW(%).

In the following, we investigate the following two summands separately:

E[(f(z) = [*(2))’] = E[(f() = f*(2))*Law] + E[(f(2) = f*(2))*La)].
Analysis of the second summand:

(b) Show that if |e;| < C. with some constant C. > 0, then we have
E[(f(2) = f*(@)*Lawye] < 201 f[los + Co)*P(A(2)°).

(¢) Suppose that [|[W|lee, [ W (u)?du, [ W(u)||ullwdu < Cy with some constant Cy, >

1. Show that
. . 2tC,Cyy  tCyw 3
P(|9(x) — Eg(x)| > \/ =57+ 5—5) < 27"

Hint: Apply Bernstein’s inequality: For i.i.d. random variables Z; with |Z;| < M,
EZ; = 0 and Var(Z;) < V? it holds that P(| Y1, Z;| > v2tnV + B1) < 2e7.

(d) Suppose that [ W (z)|z|wdz < Cw. Show that Eg(z) — g(x) < LCw - h.
(e) Conclude from (c), (d): If

1280901/[/ 8CW 1/d log(n) 1/d
; (=)

> h > max{ ,
3cg n

ALCw —

g

then it holds that P(A(z)¢) < 2n~L.
(f) Conclude with (b):
E[(f(2) = f*(@)*La@e] < 220 f"loe + C)Pn 7"

Analysis of the first summand: Define
1 n
7 = — Wi(X; — 2)Y;,
i) = 5 DX =)

then one has f: %
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(g) Show that A
E[(f(z) = [*(2))*Law)] < SEllm(z) = [*(@)3(2)’]

g

(h) Show that

Ellin(z) - f*(@)g(2)F] < %Var (Wi (X1 = 2){f*(X1) = f*(2)})
+H2E[Wy (X1 — 2){f"(X1) — f"(2)}]
+% Var (Wj,(X1 — 2)e1).

2

Hint: First use the decomposition Y; — f(x) = {f(X;) — f(x)} + &;, then apply
(a+b)? < 2a® + 2b%.

(i) Show that

O'2CgCW

1
ﬁVar(Wh(Xl —x)e1) < pyw

(j) Show that
E[Wi(X1 —o){f*(X1) = [*(@)}]" < (LC,Cw ).

(k) It holds (without proof) that + Var (W, (X1 —z){f*(X;1) — f*(z)}) < LZCgC’th—;.
Combine the above results to show that
803[,02 2 h?

g5 9 272 2
— + L°h* + L — 1.
cg {nhdjL + nhd}

E[(f(x) = f*(2))Law) <

(1) Provide an upper bound for E[(f(z) — f*(z))3.
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6 Regression and classification trees; Boosting

In this chapter we investigate both regression and classification problems with a machine
learning algorithm based on so-called trees. Trees are nonparametric estimators in the

sense that their construction does not rely on a specific parametric model assumption
on f*.

6.1 Binary trees

Basic construction approach: The observation space X is split successively in two
halves along a specific coordinate j € {1, ..., d} which is selected beforehand (two halves
— binary trees). This construction produces a partition X = | J Ay of X. On this parti-
tion, we can define a decision rule which assigns to each element A; a constant value y.

The successive partitioning of the space X along a coordinate can be formalizes with a
tree structure. The first split corresponds to the root of the tree. There start two edges
from the root which correspond to the two parts in which the space was split, and so
on. We first recall the definition of a tree as a special case of a graph.

A directed graph G = (V, E) is a tuple, where E is a set (the elements are called vertices)

Y

and £ C V x V (these elements are called edges). For (v,w) € E we write v — w ('v
points to w’).

Definition 6.1 (Tree). A tree T = (Vp, Er) is a directed graph with the following
properties:

e T is acyclic, that is, there exist no sequence vy, ...,v, € Vr of vertices with v; —
vg = ... = v, — vy (there are no ’circles’)

e From each vertex there starts either no edge (a so-called leaf) or exactly two edges
(a so-called inner verter).

e For each vertex besides one (the so-called root, denoted by vy € Vr) there exists
exactly one other vertex which points on it.

The set of all leafs is denoted with By, the number of leafs is abbreviated as |T'| := | By,
where | - | denotes the cardinality of a set.

We now define regression and classification trees.
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6 Regression and classification trees; Boosting

Definition 6.2 (Regression and classification trees). Let T" be a tree. Suppose that for
each vertex v € Vp\Br (inner vertex) there exist

e j(v) € {1,...,d} (the so-called split indez) and
e s(v) € R (the so-called split point).

Suppose that for each leaf v € By there exists y(v) € Y. Then T is called CART
(classification and regression tree). T is called regression tree if Y = R or classification
tree it Y = {1, ..., K'}.

Given a CART T, one can define a decision rule based on T as follows:

Definition 6.3. Let 7" be a CART with root vy. Define A(vy) := X. Recursively, we
define the following quantities.

o If A(v) is already defined for a vertex v € Vy\Br, then let vy,vy € Vi be the
vertices with v — vy, v — vy. Define

A(vr) == {z € A(v) : () < s(v)}, Avg) :={x € A(v) : zj(w) > s(v)}.

Then, A(T') := {A(v) : v € Br} is a partition of X. The decision rule corresponding to
T is defined by

fri X =Y, Jr(z) = Z Y(v) - L) (). (62)

vEBT

Simply speaking, we define fr in such a way that on A(v), attains the value y(v). Since
U,en, A(v) = X is a partition of &, should not be understood as a sum but as a
case distinction.

Note that the topological closure of the set of all CARTS is equal to the set {f : X —
Y messbar} since every measurable function can be approximated by piecewise constant
functions. Thus, we have to reduce the size of the set of all CARTs. We do this by
restricting the number of splits in each coordinate and the location of the split points.

6.2 Dyadic trees

For simplicity, we restrict ourselves to the cube X = [0, 1]¢. Additionally, we will only
allow the split points to be exactly in the middle of the cuboid which represents the
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actual subspace.

Definition 6.4. A CART T is called dyadic if for each v € V\ By the following holds:
If A(v) = [1%,[a;(v), b;(v)], then s(v) := 2@ ®

j=1
In the following, we consider the following subset of CARTSs.

Definition 6.5. Let S € N, and

Ts = {T is a dyadic CART and along one path from

root to leaf, each coordinate is split at most S times}.

Let (X,Y) be a regression or classification problem (Loss function L(y, s) = (y — s)? or
L(y,s) = 1y ). To obtain a suitable tree and to avoid overfitting, we will additionally
penalize the size of a tree via the number of leafs |T|.

Definition 6.6 (Dyadic CART algorithm). Let S € N, A > 0, and

o€ argmin {Ru(fr) + AT}, Rulf) = % S LY, £(X0).

i=1

Then fnﬁ)\ = [y, is called dyadic CART algorithm.

Remark: As long as S is small enough, the global optimizer in Definition is com-
putable. As we will see below in Theorem m for classification we need S > (OgQT(")} to
obtain a good upper bound for the excess Bayes risk. There exist procedures which can
compute T,M in < c¢-ndS?log(nS?) steps (c a universal constant, cf. [3], Proposition 1).

We now provide a theoretical result for classification with L(y, s) = 1,5, Y = {—1,+1}.
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Theorem 6.7 (Oracle inequality for dyadic classification trees). Let X = [0, 1]¢. Sup-
pose that there exists 79 > 0 such that |n(z) — 2| > no for all z € X. Then there exists
a universal constant ¢ > 0 such that for all ¢ > 0 the following assertion holds: If

log(d) + t
cog()+

Mon

A>

Y

then
P(R(fur) = R(f) > 2 inf {R(fr) = R(f") +A-|T]}) < e

TeTs

The proof is postponed to Subsection [6.3]
Remarks:

e The assertion in Theorem is an ’oracle inequality’. It states that with high
probability, R( fn,\) — R(f*) behaves at most twice as bad as the best possible
decision rule on Tg (which knows the true distribution) plus an additional penal-
ization term.

e To derive a convergence rate for R(f, ) — R(f*), it is left to upper bound R(fr)—
R(f*) by introducing a model assumption.

e We will see that an oracle inequality is a very strong result on its own: The corre-
sponding machine learning algorithm fulfills an optimality assumption 'uniformly’
over all possible model assumptions. If we then pose a specific model assumption,
we directly obtain a convergence rate. The important point is tht the machine
learning algorithm does not make use of this model assumption but has this rate
anyway. Note that the kernel estimators presented in Chapter [5|can not be written
as empirical risk minimizers. They do not allow for such an oracle inequality.

Definition 6.8 (Model assumption: classification tree). Let u denote the Lebesgue
measure on R?. Suppose that there exist constants Cus Chor > 0 such that:

(a) Forall AC X, P(X € A) < cou(A).

(b) For all m € N, the optimal decision boundary 9} intersects at most cpo,m?~1 of
the m? cubes in which the space X = [0, 1]? can be decomposed.

Remarks:

104



6 Regression and classification trees; Boosting

e Assumption (a) asks that there is not particular subset of X where much more
training samples are realized. A tree with restricted depth (and thus only a re-
stricted number of splits) could not represent such a distribution well.

e Assumption (b) provides an upper bound on the complexity of the optimal decision
boundary. If for instance the optimal decision boundary 092 = {(x1, ..., zg—1, 9(x1, ..., Tg—1)) :
T1, ., Tg—1 € [0,1]} is a surface with g € F(L) (Lipschitz continuous, cf. (53)),
then we have

Chor < L+ 1.

Proof: If X = [0, 1] is partitioned into m? cubes with length £, then (z1, ..., z4_1,0)
runs through m?=! cubes. By running through one cube, all arguments of g(x1, ..., 74_1)
change by at most % Thus, g varies by at most W% Thus, the decision boundary
can only run through at most (L + 1) - m?~! cubes in the direction of z,.

Theorem 6.9 (Convergence rate of a dyadic classification tree). Suppose that the model
assumption in Definition 6.8/ holds. Suppose that there exists 7o > 0 with [n(z) — 1| > no
for all x € X. Let m = 2°. Then it holds that

inf {R(fT) —R(f")+ X- |T|} < CuChorm ™ + Am?.
TETs

fSeN, S> % and \ = CM, then we have
on

inf {R(fr) — R(f*)+ X |T|} < (2¢.Cp0x + £(log(Zd) +1)) - n~#,
TeTs 7o

Proof. This is left as an exercise. m

Remark: With a more detailed argumentation, one can achieve even Am¢! instead of

Am?. The above result shows that trees are able to achieve the (bad) nonparametric
rate n~ @1 which suffers from the curse of dimension.

However, the oracle inequality can now be used to prove better convergence rates under
stronger assumptions on the underlying distribution of X. We show this behavior on a
very simple example that X is located in a s-dimensional subspace [0, 1]* x {0}97% of R

Definition 6.10 (Model assumption: classification tree, reduced dimension). Let
denote the Lebesgue measure on R®. Suppose that there exist constants c,, Cpe > 0
such that
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(a) For all A C[0,1)* x {0}4=%, P(X € A) < cous(A).

(b) For all m € N, the decision boundary 92} intersects at most cp,m*~! of the m?
cubes in which the space X can be partitioned.

In (a) we ask that X € [0,1]® x {0}%~* a.s.; accordingly in (b) we ask that the optimal
decision boundary is only (s — 1)-dimensional. Similar to Theorem we obtain under
the model assumption of Definition that

inf {R(fr) = R(f) + A+ |T1} < (246000 + —(10g(2d) + 1)) - 0777,
TeTs Mo

First note that the convergence rate now is of order n~# which is much better than
nTH if s < d. Second, note that the tree algorithm does not need to know during
construction that this model assumption holds true; it is obtained in the same way as
always. Of course, there is a price to pay to obtain this property: The cost for this
adaptation is hidden in the term A in Theorem [6.7] The original dimension d enters the
convergence rate through the factor log(2d) (independent of what model assumption we
use). This is still a remarkable result: It shows that the original dimension only enters
the convergence rate logarithmically, so the "price’ of a tree to adapt to a more specific
structure is very small compared to the original dimension of the space.

6.3 Proof of Theorem

In the following, we will abbreviate f = fn A, T A = T.

Important observation: The minimization problem of a dyadic tree can be decom-
posed as follows: Let A(T) = {A(v) : v € Vp} be the partition induced by a tree T,
and

A:={AT):TeTs}

the set of all partitions which can be induced by trees of Tg. For one specific partition
A€ A, let

Fa={fay(@) = ya-la(z)|ya €Y fiir A € A}.
AcA
be the set of all decision rules on this partition. Then we have

min{Ru(fr) + A+ |TI} = min min {R(f) + A+ A}

= min { min fn(f) + A+ [A[}.

In particular, fn » has a representation of the form

~

f=fa, A=AT), jey (63)
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This shows that minimization over dyadic tree decision rules can be interpreted as a
two-step minimization problem:

e First, we minimize over all possible partitions which can be generated by dyadic
trees from 7Tg,

e second, in parallel one minimizes over the values which the trees attain on these
partitions.

Given a partition, the second minimization problem can be solved explicitly (this is left
as an exercise). For the proof, we do not need this explicit representation but only the
minimization property.

Step 1: Derivation of a basic inequality. Let

fo:=fn, Tp :€ argmin {R(fT) — R(f") + )\|T|}.

TeTs

Similar to , define A4y = A(Tp). We now decompose the excess Bayes risk into
estimation and approximation error as follows:

R(f) = R(f*) <{R(f) = R(fo)} + {R(fo) — R(f*)} (64)

In the following, we consider the estimation error
R(f) = R(fo) = {Ba(f) = Bufo)} + {B() = Bulf) = (R(fo) = Bu(fo)) }-
Recall the general proof technique from the SVM section. It holds that
R(f) = R(fo) < Al Ao = MA[+V, 4(fo) - 0 + D(f, fo)®). (65)
where > 0, A € A and
_ {R(f) = Ba(f) = (R(fo) = Ru(f0))}
Vrallo) = o 72+ D/, Jo)? |

and D(-,-) is a distance measure which we still have to define. To obtain upper bounds
in , we therefore again have to derive two intermediate results:

e A concentration inequality for V; 4(fo), and
e a margin property for D(f, f*) with respect to R(f) — R(f*).
In the following, we use the distance
D(f, J*) = E[(L(Y, f(X)) = L(Y, f*(X))"]*.

The overall reason is that V' naturally includes L(Y, f(X)) as summands and therefore
its variance can be controlled by bounding D(f, f*). We have the following margin
property. Recall n(z) =P(Y = 1|X = z).
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Lemma 6.11. Suppose that there exists ny > 0 such that |n(z) — 3| > no for allz € X
(this corresponds to the noise condition with ¢ = oo). Then, for all f : X — R it holds
that

D(f,f*)* <

Proof. It holds that f(X) = f*(X) = LY, f(X)) = L(Y, f*(X)), and |L(y, f(x)) —
L(y, f*(x))] < 1. Thus we have

D(f.f)?* = E[L(Y, f(X)) = L(Y, £*(X))] < E[Lscoercop] = PF(X) # f7(X)).

As in the proof of Theorem m (recall n(z) > 3 <= f*(z) = 1 and 6(z) < 0 <
f(z) = —1), it holds that

R(f) = R(f*) = E[@n(X)—1) Lipx0)=1,500)=—13 + (1 = 20(X)) Lipx)=-1,5(x)=1}]

>2no >2n0
> 2noE[Lgpx)2r0x3) = 2noP(f*(X) # f(X)).
Putting these inequalities together yields the result. O

Now we show a concentration inequality for V. 4(fo). As in the proof of the SVM
algorithm, we start with upper bounds for the auxiliary term

A

Zoa(fo) = sup  |R(f) = Ru(f) — (R(fo) — Ru(f0))]-

FE€FA,D(f,fo)<r

Contrary to the SVM case, the set of functions F4 in the supremum is finite which
allows for different proof techniques. Here, we use a Bernstein inequality and a direct
implication for expectations of finite suprema (cf. [I8], Lemma 19.33, the derivation is
left as an exercise).

Theorem 6.12. Let Zy,..., Z, be i.i.d. random variables with values in R. Suppose
that there exist o2, M > 0 such that EZ; = 0, Var(Z;) < o2 and |Z;| < M. Then it

holds that
n t2
P(32221) e (- )
Z =t) =P 2no? + 2Mt/3

i=1
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Theorem 6.13 (Maximal inequality for finite function classes). Let Z1, ..., Z, be i.i.d.
random variables on X C R%. Let G C {g : X — R measurable} be a finite class of
functions. Suppose that there exist o2, M > 0 such that for all ¢ € G, it holds that
Eg(Z,) = 0, Var(g(Z;)) < 0% and [|g|lcc < M. Then

Esup\zg | <4-{ovnylog(|G| + 1) + M -log(|G| + 1) }.

Using these results, we obtain the following upper bound for EZ, 4(fo).

Lemma 6.14. Let |A| > 1. For r > w, it holds that

Al

EZT’A(fO) < 8 n

Proof. We use that Z, 4(fo) has a representation

Zna(fo) = sup > g(X;, i),

9€9 =1

where
G ={9(z.y) —{EL (Y, f(X) = L(y, f(2)) = (BL(Y, fo(X)) = L(y, fo(2))) } : f € Fa}.
Moreover, it holds that |L(y, s)] < 1, thus |g(z,y)| < * and

E[(L(Y, f(X)) = LY, fo(X)))?] _ D(f, fo)?

n? n2

Var(g(X,Y)) < <

r2
ﬁ.
By Theorem [6.13] we conclude that

EZna(fo) <4 {\/logﬂﬂi +Dr7 | Jog(1Fal +1)

n

It holds that |F 4| = 2MI (for each A € A, one can select from two classes y4 € {—1,+1})
=
A [Al =1
log(|Fal +1) =log(2M +1) < 2log(2)|Al.
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Inserting this result into the upper bound above, we end up with

2log(2)|Alr? | 2log(2 |A|} 2>% g

n n n

EZ, 4(fo) <4-{

Note that the condition 72 > M is taken from our assumption and was used to
guarantee that both terms are of the same size. O

As in the proof of the SVM (Lemma [4.28)), we now use the peeling device and a
Talagrand-type inequality to obtain the following statement for V. 4(fy) from Z,. 4(fo).
Note that here, |L(y, s)| < 1.

Lemma 6.15. Let |A| > 1. For r > w, it holds that

EV, 4(fo) < 40 ] 1
n T

2t 22t
TA fO > 48 |A <e .
V V nr? m'2

In particular, for every N € N the following statement holds. With r 4, := ¢(N) - { AL

nmno
1

%

For t > 0, we have

. %}, where ¢(N) is some universal constant only depending on N, we have

P (Vi ,a(fo) > %) <et,

Proof. The first two inequalities can be shown in the same way as in Lemma and
Lemma (SVM). We only have to show that the given r = r 4 satisfies the inequality

o Al 1 2t 22t
T Y L Iy e B
N — n T * nr? * nr?

The inequality above is implied by

248‘/&4 oo 2 o 22
3N 3N nr2’ 3N nr?

and these inequalities are again 1mphed by
|A| 18N?t 66Nt

nme’ mng T map }
This is implied by the choice r = r 4, if ¢(N) is chosen large enough. O]

r? > max {1442]\72
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Step 2: Definition of a ’nice’ event . At the moment, we have shown the basic
inequality 1) To upper bound V, ;(fo) we have to define an event which allows to
upper bound V, 4 uniformly over all A € A.

For ¢t > 0 let ¢(|.A]) denote a (still unknown) function dependent on |A|,¢. We will derive
its concrete form in a second. Define

7o
- ﬂ {WA,t(|A|),.A(f0) < N

AcA

with 744 := ¢(N) - {r‘f;(‘, + : %} as given in Lemma[6.15 Then we have

P(E) < P(U{m,t<\A.),A<fo>z%)sZP<vuM,A<fo>z%>

AEA AcA
00 !
S T3 S S (e M= D) £
AcA D=1 AcA:|A|=D D=1

It is our aim to satisfy the last inequality by choosing a suitable function ¢(|.A]). To
do so, we have to upper bound the second to last term in the above inequality. The
number of binary trees, which produce a partition with D + 1 elements corresponds to

the (D+1)-th Catalan number (note that we count only the trees themselves,

D+1 D

not any assignment with split coordinates j(v)). A tree with (D+1) leafs has D internal
vertices. For every internal vertex, we can choose from d dimensions. Then we have

, 1 (2D
{AeA:|A =D} <d. D—|—1<D)'

Stirling’s formula (1 < m( 3r < 2 for any k € N) yields the upper bound

(QD (2 )! 2v/4rD(22)2P 2 92D
D)~ DY = (VDR Vab o
Therefore, we get

HAcA:|A =D} <2 (4d)P.
We may therefore choose t(D) = 2D log(4d) + t. Then we have

P(ES) < i e {AeA:|A =D} =t i(4d)2D -2 - (4d)P
) W,

= 27" AP <2et——~L <
e Dzl(d) < 2e 1_(4(1)71_6

111



6 Regression and classification trees; Boosting

Step 3: Derivation of an upper bound on the excess Bayes risk. The margin
property of Lemma [6.11] implies

DU fof* < 2D(F. £+ 2D £ < — [(RU) = RU)} + (R (o) = R,
Plugging this into and yields on the event E:
R() = R(F) < Ao = AAl+ 2 1%, 4 + NTHR() = R(F))
+(1+ N"H{R(fo) - R(f)}-
Rearranging terms yields

(1+ N"Y{R(fo) = R(F*)} + Al Ag| = ALA| + L2 . 52

R(f) — R(f*) < i)

1— N1

We have to eliminate the non-deterministic terms from the underlined expression above.
It holds that

M o _CWN) A
Naga =y

1 2|A|log(4d) +t 4C(N) log(d) +t
L 2Aog(ad) 1y AOOY) logdvt
o n on

4C(N) _ log(d)+t

therefore we should choose A\ > =5
nmno

. Then for N large enough (choose ¢ in A
accordingly):

R(H)=R(f") < (N TR =RV A | <2 inf {R(fr)=R(F)+NT]}.

1— Nt

6.4 Boosting

The original idea of Boosting was introduced for classification problems, but it can be
extended to regression problems. Here, we consider only classification problems with
two classes, that is,

X clo1),  Ye{-1+1}, Ly s) =Lz

Approach: The starting point of the procedure is to choose a (relatively small) class of
base decision rules C C {f : X — Y measurable}. A typical example could be C = Cy,
where

Ci = {fr: T CART with depth 1, that is, |T| = 2}
- {JI = Y1 ]]-{zj<s} + Y2 ]]-{ijs} YLy €V, € {17 ”'7d}78 S R} (66)

the function class of so-called tree stumps or decision stumps.

Obviously, the decision rules f coming from C are not suitable to approximate more
complex Bayes rules f*. The idea is to extend C successively to obtain better decision
rules. This is done as follows.
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1. Find a classifier 61 € C which explains (X;,Y:),i=1,...,n as good as possible.

2. Afterwards, find ¢ € C which tries to explain in particular those data points

(X;,Y;) which were not well explained by 6.

3. Combine 6® =5 4 52 : Q(Z)Awith a suitably chosen scaling factor By > 0. From
intuition it should hold that B, € [0,1] since the second classifier g shall only

correct the first classifier 5(1), not replace its result.

4. By combining both classifiers, in general 6® is no longer a function with values
in V. Instead, 0® is an indicator how sure we are to decide for one of the classes
y €Y ={-1,4+1}. An improved classifier which combines the 'knowledge’ from

both base classifiers 6, §® is given by

A

f®(x) = sign(8® ().
5. Repeat the steps (2.)-(4.) for m € N with §™ and 6"~Y that is,
f(@) = sign(6™(z)), 8 =60V 4 - 5.

Then, f (m) then combines the 'knowledge’ of m classifiers.

In the literature, such methods which (successively) improve or combine base classifiers
are called ensemble learning methods. The method presented here is called Boosting: A
base classifier with weak quality is boosted in the way that many replications of it are
summarized to a strong ’comitee’. The hope is that if the procedure is stopped at the

right time, overfitting is avoided.

If we define Bl =1, g = h) (1) then the procedure produces classifiers of the form

m

Fe) = s, ) = 30530, i eCd 20

=1

Therefore, 4, is an element of the following function class.

Definition 6.16 (Function class of boosting decision rules). Let C C {f : X —

Y measurable} with C = —C. Define

N
A={xrd55:=) Bj-gi(x): NeNVje{l,..,N}:g;€C,pB >0}
j=1
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Since we assume that the weights ; are nonnegative, we ask for C = —C :={—f: f € C}
so that the same decision rules are available in direction of both classes —1 and +1.

To include a suitable stopping rule, we introduce a quantity which measures the sum of
weights which are needed to represent a specific § € A:

Definition 6.17.

N
1611 == inf{>_ B; : 65,4 € A with dg, = 5}.

P

Since ¢ has several representations of the form § = dg, € A, we have to take the
infimum so that || - ||; is well-defined and is a norm (in particular, || - ||; satisfied the
triangle inequality).

6.4.1 The exact boosting algorithm

)

Up to now we have not described how the specific ;, QT(Lj are obtained in the above

representation of bn. We now present a formal definition.

Definition 6.18 (The exact boosting algorithm). Let L:YxR — R>¢ be a loss
function. For A > 0 and some non-increasing P : [0, 00) — [0, 00), define

3, s€ argmin {£o(6) +A- PUBID},  Ful®) = %Zi(m,a(xi)).

Then X A
fa(x) = sign(dn(z))

is called boosting algorithm with respect to the base class C.

We still have to define the function P. We will see later that for strong theoretical
results, P has to depend on the loss function L.

In practice, 5, can not be computed exactly since A is too large. Instead, one uses
approximative solutions. One possibility is shown in the next subsection. Note that this
is the first time in this lecture that we will have a ’gap’ between the theoretical result
and the algorithm used in practice. For more complex algorithms, this is quite common
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in recent articles in statistics for machine learning algorithms. It is also current research
to close these gaps.

However, note that even the analysis of the exact boosting algorithm can give valuable
hints how to choose P and which convergence rates might be obtained for different
choices of the base class C.

6.4.2 The approximated boosting algorithm

In practice, the optimization problem in Definition is solved iteratively by the
following procedure.

Definition 6.19. Let 6 := 0. For m € N, compute

(Bm, §™) € argmin R, (6™ + 5 - g), (67)
B>0,9eC

and put 50m) .= §(m=1) 4 Bm - ™). Then, define

5% :€ argmin { B (5) + A P(I6™ ).

meN

The classifier ff () = sign(g,f(a:)) is called the approximated boosting classifier.

In the above definition, one first derives a sequence of o™ of discriminant functions.
Out of this sequence a final discriminant function is selected by solving an optimization
problem which includes the penalization term P(||6™)]|;.

For 'small’ classes C, the optimization problem in ((6.19)) can be solved exactly in practice.
Note that the problem looks different for different loss functions L. In principle one may
use each loss function; however there are several standard choices which lead to well
interpretable (in view of the weights (,,) and also well computable algorithms. We now
present two of these choices.

Let L(y,s) = ¢(—ys) with some increasing function ¢ € {¢y, ¢}, where

¢1(x) = €%, da(x) = log(1 + €7).

L corresponding to ¢ is called ezponential loss, L corresponding to ¢, is called logistic
loss.
We now investigate the optimization problem for these loss functions.
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Exponential loss ¢ = ¢1: For § >0, g € C, we have

I == or (e
_ 5ZL(Y,.,é( V(X)) + 8- g(X))
- —ZeXp (VX + 5 g(X0)
= o Zw -exp(—pY;9(X5)), wz(m) = exp(—Y;6" (X)),
9(X3),Y;€Yy={—-1,+1}
= —Zw B]l{Ygﬁg(X )y te BH{Y =g(X )}]
= (" —e). Zn: ™ Loy + e i w™.
n p 7 179\ Aq n — ?

For each # > 0 it holds that

§™ = argmin R, (0™ Y + 8- ¢g) = arg min — Z w; ]l{y;,gg( X} (68)
gecC geC

that is, the optimization problem can be solved with respect to g € C independent of
the specific value of 4 > 0. If 6™ is computed, one has

n (m)

1 —_— E . ”LUZ ]]. A Alm .

< <m>>’ E(m) — Zl—l {Yz(?ég)( >(X1)}‘
E(m) D W

In practice, the optimization problem can be solved exactly for simple classes C.

Note that in , the optimization takes place with respect to a weighted 0-1 loss (no
longer an exponential loss).

By := arg min Ry, (6 ( (m=1D 4 5.5(m) = —-log
3>0

Example 6.20 (Solution of for decision stumps). Let C = C; from Definition (66]).
Then §™ can be obtained as follows: For fixed j € {1,...,d}, s € R define

Ai(j,8) = {z € R%: 2; < s}, As(j,8) == {r € R : z; > s}.

Then
sy = w1
y Sy Y1, Y2 . n i {Yi#9(X:)}
i=1
1 (m) 1 (m)
= Z w; ]1{Yi7éyl}+ﬁ Z Wi Ly,
1e{l,...,n}:X;€A1(J,9) ie{l,...,n}:X;€A2(j,s)
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We can minimize the sums in ®(j, s,y1, y2) separately with respect to y1, yo:

Uk(7, s) == argmax Z wﬁm) k=12
VeV iefl,...n}:Xi€Ar(Gys), Yizy

(m)

The solution can be interpreted as follows: "Which class is (weighted with w;" ) most

common in A (j,s)?’. Therefore, it is left to solve

(7, 8) == argmin ®(j,s,9:1(4, ), 1204, 5)).
je{1,...,d},seR

The solution can be obtained by simply performing iterations over j € {1,...,d} and
s € {Xim, .., Xpn }, where Xy, < ... < X,,.,, denotes the ordered values of Xy, ..., X,,;.
Due to the discrete structure, ®(j,s,91(4,s),92(j,s)) attains all values on these pairs

(4, 5)-
We therefore obtain the following procedure to calculate 0™ in Definition m

Lemma 6.21 (Computation of the approximated boosting algorithm with exponential
loss). Let 60 = 0, and w® = (w%l),...,wg)) = (1,...,1). Then for m = 1,2,3, ..., it
holds that

1. Let g™ € arg ming.c % Sy wEm)ﬂ{Yi;ég(X@-)}a

iy w{™1 g(m)

o, =0 TH {v;# (X))}

2. E(m) = % wwﬁ) ,
i=1W;

3. Bm — llog(le(m)),

2 E(m)

5. It holds that 6™ = §m=1 4 3 4m).

Remarks: The evolution of the weights is obtained as follows. With §m) = §im=1) 4
BmG™, one has

LD _ exp(~Yi0 "™ (X)) = w™ exp(=Yifng™ (X))

(2

—}/ig(m)(Xi)ZQ'H_{yﬂéf](’”)(Xi)}_l (m) 3

w; exp(QﬁAmﬂmﬁ(m)(Xi)}) exp(—Lm)-

117



6 Regression and classification trees; Boosting

This can be interpreted graphically: The training samples X;, Y; which were misclassified
before are weighted more heavy in the next steps.

Logistic loss ¢ = ¢: In this case we can obtain a simple solution if we allow for another
approximation. Similar as in the exponential loss case, g(X;),Y; € Y = {—1,+1} implies

R0V 4 8.9) = %Z log (14 exp [ = Yi- (6™ V(X,) + 8- g(X)))])
=1
- %Z {log (1 +w™e¢®) —log (1 +w™e ™)} Ly sy
=1
1y (m) s
+- ;log(l +w; e "),

For a =~ 0 and ¢ > 0, a Taylor approximation yields

log(1+c+a)~log(l+c)+ a.

1+c¢
With ¢ = w™, @ = w{™(e*# — 1) ~ 0 (for | 8| < 1) we obtain that for || < 1,

5 3(m—1) P s 1 — w(m) 5 ] — w(m)
R, (0" 4+B8-g9) = (¢ —e")= E ———Lyyizgxy +€ 7 — E ——— + const.
n — 1 w(m) {Yi#g(Xy)} n — 1 w(m)

% %

The only difference to Lemma is therefore that in step (1.) and step (2.) one
(m)
makes use of the rescaled versions ﬁ of the weights instead of wgm) itself. All other

statements stay similar (at least approximately). For the exponential loss, wgm) can

grow arbitrarily large due to the successive multiplication in step (4.) and therefore

misclassified training samples can be weighted with a really large wgm) which may lead
(m)

to overfitting after only few steps. In contrary, the logistic loss only weights with :W

which behaves much more regular. Roughly spoken, this enforces that boosting with

logistic loss is more stable and also more robust against outliers and overfitting.

6.5 Boosting: theoretical results

We now investigate the excess Bayes risk R(f,) — R(f*) of the ezact boosting algorithm
of Definition [6.18 Here we discuss the results from [2] but with severe changes tue to
didactical reasons.

In the exercises and examples we have already shown the calibration condition and the
risk transfer formula for both exponential and logistic loss (for ¢ = ¢1, see the exercises;

for ¢ = ¢o, see Example [3.20} [3.22)). Recall that n(z) =P(Y = 1|X = z).
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Lemma 6.22. For
¢ =i put Co =75, 8'(a) = %log<—1i5f&>>.

e O = ¢y, put Cy = 24/2log(2), 0*(x

Then it holds that for all § : X — R,

R(sign(0)) — R(f*) < 2Cx{R(8) — R(6*)}/2.

If additionally there exists some 79 > 0 such that |n(z) — 3| > o for all z € X, then

R(sign(6)) — R(f*) < fH{R() R(6)}.

We conclude that in both cases it is enough to investigate the excess Bayes risk R(Sn) —
R((i*) with respect to the loss L. Due to Lemma I@, the convergence rates transfer to
R(fn) = R(f").

In the course of this section, we first discuss some results for general base function classes
C and loss functions L(y,s) = ¢(—ys). We first introduce a quantity which measures
the size of function classes, the so-called covering numbers.

Definition 6.23 (Covering numbers). Let (£, || - ||) be a normed space and W C E a
subset. Then

o {vy,...,v,} is called an e-covering of W if W C Ujvzl B.(v;) (or equivalently, Yw €
W3j e{l,..,N}: ||lw—uv <e).

o N(e,W,||-||) := min{N : 3 e-covering with N elements} is called the covering
number of W.

To prove a result for the boosting algorithm, we make the following assumptions.

Definition 6.24 (Boosting: general assumptions). (Al) ¢ : R — [0, 00) is convex, con-
tinuously differentiable, non-decreasing and satisfies ¢'(0) > 0.

(A2) There exist .o, > 1, V > 1 such that the class C satisfies

CCO’U
N(e, Cll - flamx) < (=),
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n 1/2
where [|gllomnx == (2 0, g(X:)2)"”.

Remark: It is a relatively strong assumption to ask for a (deterministic) upper bound
on N(g,C, | - ||2.n.x) since this quantity is still a random variable. In general we can only
ask that such a bound is independent of n if the functions in C are bounded. Here in
the lecture, we only consider the following example of tree decision rules (part 1 is left
as an exercise, for part 2 we refer to Corollary 10 in [9]):

Example 6.25 (Covering numbers for trees). e The class of decision stumps
Ci := {fr: T CART with depth 2}
= {l’ = yll]-{xj<8} + yﬂ{szs} : j € {17 "'7d}78 S Ra Y1,Y2 € y}
satisfies (A2) with V' = 2|2log,(2d) |, where ¢ > 0 is a universal constant.

e Let K € N. The class of trees
Cs ={fr: T CART with K inner vertices}

satisfies (A2) with V' = ¢; - K'log,(Kd) where ¢, ¢; > 0 are universal constants.
If we consider the class of trees which are allowed to split in each dimension S
times (cf. Tg in Definition [6.5)), then we have K = Sd.

We now show the following result. Note that this result asks for a special form of the
penalization term which then can be used in practice.

Theorem 6.26. Suppose that assumptions (A1),(A2) of Definition hold. Define

P(5) = (4 (p)) 71 6(0) 75T + 6(p).

Then there exists a constant ¢ > 0 only dependent on Cy, ¢'(0), ¢(0) and c.o, (for Cy,
see the Lemma below). Then for all ¢ > 0 the following statement holds: If

, (69)

x> c{<(V —I—\/2%V1/2>m n t+ log(q}bogQ(n))}

then

]P’(R(Sn) — R(3) = 2 inf {R(0) — R(5") +27P(|3])} + 4P(1)>\> < et
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Remark: We shortly discuss the form of the penalization term (a more detailed discus-
sion is presented below):

e For ¢(p) = log(1 + €”) it holds that ¢'(p) = —%= < 1 and ¢(p) < 1 + p. Then it

1+4-er
holds that

P(g) <c(p+1).

o If ¢(p) = €”, then we have P(5) < c(p+ 1)e.

For logistic loss, one therefore only has penalize with |||, where for exponential loss
one has to penalize with = ||§||;e?1°l.

We now summarize all necessary tools for the proof. The main task is again to proof a
concentration inequality for

._ {R(6) — Ru(8) — (R(8) — Ru(00))}
Vrp(00) := 5222) 2+ D(9, 0)* .

As before, such a concentration inequality can be obtained in a straightforward way
from an upper bound on the expectation of

Zrp(d0) = sup  {R(8) = Ru(6) — (R(8) — Rn(d0))}. (70)
5B (0),D{b,60)<r

Here, D(-,-) again is a distance which mimics the root of the variance of R, (8) — R, (),
that is, we put ) 3

D(5,6)* == E[(L(Y,0(X)) — L(Y,0"(X)))?].
The whole proof is now very similar to the SVM section. In particular, we can only
prove a margin property of the distance D(d,§*) on a subspace

B(p) :={0 e A:[lo]L <ptC A

with some fixed p > 0.

Lemma 6.27 (Margin property for boosting loss). (i) For all 6 € A, it holds that
16]loc < 1101]1-

(ii) Put
o for g = ¢1: Cy :=0,
o for ¢ = ¢o: Cp =2 — 2log(2)
Then it holds for all 6 € B(p) that

D(5,0")* < ¢, - {R(8) = R(&")},
where ¢, := ¢(p) + ¢(—p) + Cs.
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Proof. 1. Let 6 = dg,. Then we have

N N
16lloc < [1d50ll0 < > BillgP o <D 8-

j=1 j=1
Computing the infimum over all possible representations § = dg 4 yields

16]loc < 11615

2. This is left as an exercise.

6.6 Excursus: empirical process theory

Our goal is to derive a (good) upper bound for E|Z, ,(dy)| in (70).

The following theorem provides upper bounds of expectations of suprema by using cov-
ering numbers. These results are taken from [10] (Theorem 4.12) and [19] (Corollary
2.2.8).

In the following, we write E.[-] = E[-|Z1, ..., Z,] if the expectation is only taken with
respect to €1, ...,&,. Thus, E.[-] is still a random variable dependent on Xj, ..., X,.

Lemma 6.28 (Symmetrization, contraction and entropy bounds). Let Z;, i = 1,....,n
be i.i.d. random variables with values in Z and F C {f : £ — R measurable}.

o Symmetrization: Let 1, ...,&, be i.i.d. Rademacher variables (that is, P(e; = 1) =
P(e; = —1) = 3) independent of Zi, ..., Z,. Then it holds that

Esup| Z{f )~ Ef(Z)}] < 2Bsup| Zez

fer

e Contraction inequality: If ¢; : R — R, ¢ = 1,...,n (here, ¢; may depend on
Z1, ..., Zy!) is Lipschitz continuous with Lipschitz constant 1 and if £;(0) = 0,
then it holds that

E. sup ‘ iai&(f(Zi))‘ < 20 -E. sup ‘ Zaz
i=1

feFr

e FEntropy bound: It holds that

E. supz

feF ;=

Ezf HQn) €,

n 1/2
where [| fllon := (20, £2(2))"? and a = sup ez || f]l2.n-
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With these results, we can prove the following lemma (cf. [16], Corollary 3.4 and [12],
Lemma 2.2).

Lemma 6.29. Let 73,...,7Z, be i.i.d. random variables with values in Z and F C
{f : Z — R measurable}. Suppose that for all f € F, it holds that Ef(Z;)* < o2,
| flloc < M. Suppose that there exist 0 < p < 2, ¢1, ¢ > 0 such that

log N(e, F, || - |lan) < C"-€7P.

Then there exists a universal constant ¢ > 0 such that

ESUP‘Z{f ]Ef<Zz)}’ SC' [Bn1/2 = 2 —{—BQ+pn2+pM2+p}
feF

01)1/2
2—p °

where B := !

Proof. Step 1: Theorem [6.28(c) =

E. supjzaz < 12-vi [ \flogNEF - fande
0

fer
N1/2 R (C)\2 2-p
< 12(C")'*V/n 5”d5§121 NS (71)
0 W—/
=B
Step 2: Upper bounding Ea?: We have
1 n
a® =sup— Y f(Z;)? <supEf(Z +Sup—’ f(z ?
fe;nizl ( ) feF Z{ ) }
=
Ea? < supEf +Esup—‘ f(Z 2
fer ( fermn Z{ ) }
Theorem [6.28((a)
< supEf(Z)* + Esup‘ g f(Z; ‘
fer ( n fer Z

Theorem (b) implies (note that ((z) = % satisfies for z € [—M, M] that [((zz) —
()] < 'HZ' |z =2 <[z =)

ferl = N “rer
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6 Regression and classification trees; Boosting

We conclude that

=02 + 8M EA, (72)
n

where A :=E.sup;cr | Y0, & f(Z)].
Step 3: Upper bounding EA: Plugging in the above result into (71]) yields

Jensen’s ineq. .

EA = Esupef(Z;) < BVnE[(a®) 5] < BynE[e?]+
ferF
8M =P
= Byn ( o EA)
n
(z+y)i<ai+yd (¢<1) . —p b~ p —p —p
< Byvno2" + 8 Bnt . M7 - (EA) T
:r N’
— )
Young ineq. r = %p 5 2 o~ b p 4 2 _
< 77 Byne'™ 4 2P Bat . M) 4 2P gy
ey< B4 L L4 l=1 4 4
Rearranging terms and solving for EA yields
]EA<2— [B\/_g p 2Zp8§+pé2+pn2+p M%],
\\,../
<2
Step 4: Theorem [6.28(a) implies
Esup‘Z{f Zi)}H < 2EA.

feF
[

The following theorem allows to transfer an upper bound for the covering number of C
to an upper bound of the convex hull conv(C) of C (cf. [19], Theorem 2.6.9):

Theorem 6.30. Suppose that (A2) of Definition holds. Let

N N
conv(C) :=={D_a;g? : NeN,o; €[0,1],} oy <1,9¥ €C}

j=1

be the convex hull of the function class C. Then there exists a constant ¢, > 0 only
dependent on c.,, such that

/ 2V

log N (e, conv(C), | - lanx) < V- (22) .
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6 Regression and classification trees; Boosting

Remark: Note that the upper bound for the covering number of conv(C) is much
larger than the covering number of C due to the additional log term on the left hand
side.

Based on the above results, we can now derive an upper bound for E|Z, ,(d)|.

Lemma 6.31. Let r > 0, 69 € B(p). Suppose that (A1),(A2) from Definition hold.
Then there exists a universal constant ¢ > 0 such that

V42

E|Z,,(00)| < ¢+ [Byn™r7%2 4 (2B,8(p)) "nEVEI | =: ¢,(r?),

where B (V + 2>V1/2< covp¢/( )) V+2

Proof. Define

F = {fs(x,y) == Ly, 8(x)) — L(y,00(x)) : 6 € B(p), D(6,60) <7}
Then we have

E| Z, ,(00)] = Esup‘Z{f X;,Y;) — Bf(X;, Yi)}.

We want to apply Lemma m To do so, we have to upper bound N (e, F,|| - |l2.n),
where || fll2, = (£ >0, f(Xi, }/,-)2)1/2. This is done by successively simplifying F:

Fi = {L(y,8(2)) = 6(—y3(x)) : & € Bp). D(8,50) < r}.
Fy = {~yd(x) : 6 € B(p). D(6,6) <1}

F3 = {6(x) : 5 E B(p),D(6,0p) < r} with new distance/norm || fla,x :=
(% S f(X)

= {2 : 5 € B(p), D(6,60) <7} C Conv(C) with || - [|o.m.x-
ThlS inclusion holds since § = Z ", Big") € B(p) satisfies Z _, B; < p, that is,

% = ZN ﬁjg(J satisfies ZN Bpj <1
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6 Regression and classification trees; Boosting

Then we have

log N(z, F, || - ll2n)

< log N (e, F1, || - ll2n)

2 g N Pl )
=~ og TR sl n
@(p) o
S log N For |- )
>~ 0og N s | T M,
Gy ol lenx
(d) c
< log N(———, F41, || * |2,
EN( Full L)
2 logN(—S ). llamx)
~ Og ,COHV s . n,
pd! (p) 2mX

Theorem [6.30) oV
<

V- (dpd'(p) T .
The justifications for (a)-(d) are left as an exercise.

For f5 € F, we have
Efs(Xi,Yi)? < D(6,00)* < r* =: 0

and (since ¢ is non-decreasing)
[ fslloo < 20(p) = M
Let C" = V(c’pgb’(p))%, p= 2% and

V42
C/ 1/2 % + 9 v
B = (2 _) > =1 VY2 (clppd (p)) 752

Then Lemma [6.29] implies
E|Z, ,(d0)| < —. [Bn1/2r1—§ +BﬁnﬁM%]
n

@)

Nl=
<

+2
Vi),

e [Bn_l/ZrVLH + (23qz§(p))"#+1 n-
]

As in Section [4| (SVMs) we now apply the peeling device and a concentration inequality
of Talagrand-type to obtain the following result (as before, we use || fs]lc < 2¢(p)).

Lemma 6.32. Let r > 0, 0y € B(p). Suppose that (A1),(A2) from Definition hold.
Then there exists a universal constant ¢ > 0 such that for all ¢ > 0 it holds that

P(V,p(60) > - () Lty M)) <ot

72 nr? nr? -
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6 Regression and classification trees; Boosting

We already know from earlier proofs that we aim to choose r as small as possible such
that still V. ,(d0) < Nch holds with large probability. The following lemma provides the
necessary lower bound on 7.

Lemma 6.33. Let p > 1, §y € B(p). Suppose that (Al),(A2) from Definition hold.
Then for each N € N, there exists a constant ¢(N) > 0 only dependent on Cy, ¢'(0), ¢
such that any

V2 0 v 1 _1V42 t
P22, = o(N) - | ((V + 2V F - (06 ()P 0(0) 7 - n7 37 +6(p) - ]
satisfies ]
P > ——)<e
(‘/;"70(50) - NCp) =€

Proof. To follow the assertion from Lemma [6.32] we have to guarantee that

1 $o(r°) t olp)t
Ne, 2o (T et )

This is implied by

2
R N N A S 1)1
3Nc, — 72 3Nc, = V nr? 3Nc, = nr?

1 1 2(V41) 1 IS 1 1 V42
= >cB.n 2r viz > —_ (2B VHL T3 Vil
6NCP ZC Pn T + ) 6NCP - T_Q( P¢(p)) n + }
Lot L cb(p)t?
3Nc, = V nr? 3Nc, = nr?

which is furthermore implied by
r? > max {(GCN)%(chp)% pTEvE GCNCP(2BP¢(p))%“n7%%
t t
3Ne, )2, (3N)- —}.
BNG*L (3N) - cpol) -
Using ¢(p) < ¢, and choosing ¢(IN) (only dependent on N) large enough, we can sum-
marize these conditions to

1 V42 t]‘ (73)

1
r2 > 6(]\7) “Cp [(chp) VI . {Bp 4 1}n_§m + ¢,
n
We now upper bound the right hand side even further to simplify the expression a little

bit more. We do this by summarizing the constants ¢, ,, Cy, ¢'(0) into é(N). It holds
that

cp < (2+Cy) - d(p),
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and for p > 1, we have pé/(p) > ¢/(1) > ¢/(0). Thus
B, +1 < const.(¢,¢'(0)) - (V + 2)v1/2(p¢/<p))v%2'

Plugging in these estimates into yields that is implied by

1 V42 t

P2l = o(N) o [(V 4 VYT - (06 (0) T () P H 1 6(p) - = .

6.7 Proof of the boosting oracle inequality
Proof. [Proof of Theorem [6.26] Let

do € argmin { R(8) — R(5") + 2\ - P(||8]11)}.

deA

Discretization: As in the proof of the SVM algorithm, discretize the radii via

p=2" k= log(|[do]l)+],
po =2 ko= [log(||do]l1)+]-

Derivation of the maximal radius: It holds that

Ra(8) + A~ P([|0]]1) < Bn(0) + A~ P([0]]1) = $(0) + Ae(0),

~ A>n~—1
thus P(|d]) < 220 < 26(0)n.
Convexity of ¢ implies that ¢(z) > ¢'(0)z + ¢(0) > ¢'(0)z, thus

¢(0)

$(0)n > P(|6]l1) = p(28]11) = 26/ (O)[1d]l: = J0)" = 16111
Similarly, we have P([[dol1) < Shn.
Thus 4(0)
pipo € R:={2": k€ {0,.., [oga (5 gy

By defining p := max{p, po}, we have
16 < 4 ldh<po = b.0e B,

and vice versa, .
p<2max{||[o]1,1},  po < 2max{||do[1, 1}.
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6 Regression and classification trees; Boosting

Definition of a ’nice’ event A: Put

A= () Vb < )

PER,pZpo
Lemma [6.32] implies that
c 1 — —
PAY) < Y P(V%’f,p(do) > C—N) <R[ e < e,
PER,p=po P
Derivation of the upper bound of excess Bayes risk on A: Standard techniques

yield

R(8) — R(8) < R(6) — R(6y) + R(50) — R(8%), (75)
and (with £ := ¢ + log(|R]))

R(G)—R(©®) < Ru(8) = Ru(do) + {R(6) — Ra(3) — (R(%) — Ru(d0))}

{AP(I80l1) = AP(I8111) } + Vi ;,5(00) - (157 + D (8, 8)*)(76)

Lemma [6.27(ii) implies
D(6,60) < [D(3,8%) + D(6,6%)]° < 2D(3,8%)? + 2D(6y, 6*)?
5,60€B(p) ~ A ~ -~ ~
< 2¢;{R(0) — R(0") + R(0o) — R(6") }. (77)

On A we conclude from , and that

R(0) = R(6") < (1+2N"H){R(&) — R(67)} + 2N‘1{R(A) - R(6")}
1 r-

+H{AP(Idoll1) = AP(I911) } + 52 -

Rearranging terms and solving for R(5) — R(6*) yields

RO) - R0 < g (142N - {R() — RV}

HOPUGI) - APUFI} + 2]

We now _discuss the second summand on the right hand 51de
Lemma|6.33, Definition P(p/2) amd A, log(|R]|) < log(logg( )) n)+1) < c(¢(0),¢'(0)) log(logy(n))
yield

1/2 yio 1
e < LDV L Ly (ol Prot v + 0000} <0 P(E)
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Since p — P(p) is non-decreasing, we conclude that
T3

N

A= {max{P([|d][1), P(1)} + max{P(||d||1), P(1)}
AP(([0]]1) + AP([|dol|1) + 2AP(1).
Plugging in this into yields the final result,

<
<
<

R(5) — R(6%) < ﬁ [(1 +2N71) - {R(%) — R(57)} + 2AP([|6o[11) + 2AP(1)
T SR (00) — B9 + 20P(|80]l )} + P(1)
PLY g inf {R(3) - () + 20P(J3]0)} + IAP(1),

O

We will now introduce a model assumption for the optimal decision boundary. This is
done to derive an explicit convergence rate of the excess Bayes risk based on the oracle
inequality from Theorem [6.26] The model assumption we introduce is dependent on the
chosen base class C. Here, we only consider decision stumps.

Definition 6.34 (Model assumption: Boosting with decision stumps). Let C = C; and
¢ € {¢1,P2}. Let B > 0 and suppose that there exist measurable functions hy, ..., hg :
[0,1] — R such that

log (lﬁ(—jj()x)) - jgd;hj@j) (79)

and |h;(0)] 4+ |h;(1)| + |hjlsv < B (here, | - |py denotes the variation of a function).

Remarks:

e With decision stumps, we can approximate a one-dimensional function arbitrarily
well by glueing decision stumps together. However, sums of decision stumps are
not able introduce interactions between different coordinates. Therefore, we can
only hope to approximate structures of the form with boosting of decision
stumps. This is also clear if we write down the explicit expression of a § € A:

N
o(x) = Zﬁjgj(x) = Z aLk’{1{11<51,k}_1{$123k}}+"'+Z advk{ﬂ{md<3k}_1{xd23d,k}}
j=1 k k

with suitably chosen a;, s;, € R.
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6 Regression and classification trees; Boosting

e Consider the more general class C of trees with 2 inner vertices. The elements of
C have the form

(3/1 Liz<s) + yﬂ{zjzs}) : (gl]l{x3<§} + g2]1{:v52§})7

in particular, there occur products 1y, <4 - 1{z,<5 along two different coordinates.
The corresponding model assumption reads

d
n(z)
log (—) = Z hj,k(l’j,l’k),
L=n(z)/ 4=
that is, we can now approximate sums of functions which depend on 2 variables.

e Continuing this scheme shows that boosting of trees with d inner vertices can
produce arbitrary functions starting from d dimensions.

Theorem 6.35. Suppose that the model assumption of Definition holds. Suppose
that ¢ € {¢1,¢2}. Then it holds that

inf {R(5) — R(&") + 22P(I3])} < 2AP(2°

).

Let A\ be chosen with equality in . Then with some universal constant ¢ > 0, it holds
that

(Bd+1)eP?, ¢ = ¢,
(Bd + 1)7 gb = ¢27

1V42

(%gg {R(é) _R(é*)+2>\P(H6H1)} S C<1+t) log(d+1)3 en 2V+I . {

where V' = 2[2log(2d)].

Proof. This is left as an exercise.

Remarks:

. . . . _ 1. .
e Even for high dimensions, the convergence rate is at most n~2 in terms of n since

2 =1 (d— ).

e In the case of the exponential loss, one can not hope for a good behavior of the
algorithm for large dimensions due to the factor e??. For logistic loss, one only
has a factor of size Bd and therefore can expect a much better behavior. Based on
our theoretical results, we can therefore not hope for a good behavior of boosting

131



6 Regression and classification trees; Boosting

if d > n and all functions hq, ..., hy in eq. enter log(~ a’()x)) with the same
strength. Note that the factor d is however reasonable since we have to estimate

d different quantities.

e In practice, one observes that also boosting with exponential loss works quite
well. One should always remember that we only prove upper bounds for the excess
Bayes risk in this lecture under rather general assumptions. Under more specific
assumptions, one may show much better results and of course there is also a
chance that some of our inequalities are not tight with respect to the influence of
the dimension d.

Finally, suppose that instead of Definition [6.34] we have that log (= UG () )) only decomposes

into s < d summands, that is, only s summands in are nonzero in the way that

log< > Zh ()

with S C {1,...,d}, |S| = s < d. Then we obtain a similar result with

- _1V42 BS+1)€BS ¢:¢1
inf {72(6) — R(07)+ 20P([]1)} < e(1+1) log(d+1)*n~3¥ . { ! .
inf {R(9) ~ R+ 20P([8]1)} < c(1+#) log(d+ 1) it o
This shows that the original dimension d only enters the rate with log(d) through A,
while the reduced dimension s produces much smaller factors (Bs + 1)e?* or (Bs + 1),
respectively.

6.8 Exercises

Task 21 (A maximal inequality for finite function classes). Let 7, ..., Z, be i.i.d. ran-
dom variables on X C R%. Let G C {g : X — R measurable} be a finite function class.
Suppose that there exist 0%, M > 0 such that for all g € G, it holds that Eg(Z,) = 0,
Var(g(Z1)) < o and [|gllo < M.

1. Put W(g) :=| X", 9(Z)|. Show with Bernstein’s inequality: It holds that
2exp | — £2 >, t<3"2”,
B(W(g) 2 1) < i
2exp | — W>’ t> =5

2. Define

A9 =Wy gpoaezay A2(9) = W)Ly cztay.
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and 1,(z) = exp(2?) — 1 fiir p € {1,2}. Show that

Ai(g)

E%(Mw

) < 1.

Hint: Write 1 (x) = [ e'dt = [° Lz>e'dt, then apply the expected value. Note
that P(A1(g) > z) < IP’(W( ) > max{z, 3“2” ), thus one can apply the first in-

equality from (a) and resubstituting max{z, 302 S} by 2 afterwards.

. Show that A(0)
E sup — g < |G].
nEsup 4%0) < )
Hint: Jensen’s inequality and (b).
. Conclude that A1)
g
Esup —> < log(|G| + 1).
sup S < og((6] + 1)
. Show that E%(%I) < 1
Hint: Write ¢(x fo edt = [% 1,5 pe'dt and P(Ay(g) > 2) < P(W(g) >
min{z, 3‘]’”" ).
. Conclude that
E sup Axly ) log(|G] + 1).

9€G 20 \/_
. Conclude from (d) and (f):

Esup W(g) < 4{ovn+/log(|G| + 1) + M -log(|G] +1)}.

geg

Task 22 (Proof of Theorem [6.9). Let X = [0,1]¢ and S € N. Denote by x the Lebesgue
measure on R?. Suppose that there are constants c,,, cpor > 0 such that

(A1) For all A C X, it holds that P(X € A) < cou(A).

(A2) For m = 29, it holds that the optimal decision boundary 9% only slices through

at most cpem?~! of the m? cubes in which the space X decomposes.

Let Ty € Ts be a dyadic tree which is obtained as follows. Repeat S times: Split each
vertex in dimension number 1,....; split each vertex in dimension number d.

1. Show that R(fr,) — R(f*) < P(fr,(X) # F*(X)).
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2. Suppose that (A1) and (A2). Let C denote the set of cubes which have a nonempty
intersection with 0€2;. Show that

B(f1,(X) # J*(X)) < cuchorm ™.

3. Show that |Ty| < m?.

4. Conclude that

inf {R(fr) — R(f*)+A-|T|} < cuchoem™" + Am.
TeTs

5. Suppose that S > % and A =c- logn(()#. Show that

inf {R(fr) = RU)+ A T1} < (et + - (log(2d) ) 57,

TeTs

Task 23 (Covering Numbers of decision stumps). Let X C [0,1]¢ and Y = {—1,+1}.
In this task we aim to show that the class of decision stumps,

C := {fr: T CART with one inner vertex }
= {yl]l{xj<s} + y2]1{a:j23} YY1, Y2 € y; 5 € R,j € {17 7d}}
satisfies
CCOU 1 = 1/2
NEC T o) < (2, glenx = (5D 9(X00?) T, ()
i=1

where V' = 2-|2log,(2d) | and ¢, are universal constants. To do so, we use the following
result: If V(C) is the VC-Dimension of C, then it holds that

4e

N(ECo - famx) < 13-V(C) - ()7,

Here, V(C) is defined as follows:

V(C) = inf{N € N:me(N) < 2},

me(N):= max  me(xq,...,2N), me(x1, ..., en) = [{(f(z1), ..., f(zn)) : f € C}H

TLyeeey xNE[Ovl]d

denotes the maximal number of different labelings of N points in the space [0, 1]¢ which
can be obtained via C.
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1. Show that if V(C) < |2log,(2d)], then one has (*).

2. Let d = 1. Show that
mc(N) = 2N.

3. Let d be arbitrary. Show that
me(N) < min{2Nd, 2}.

4. Show that for d > 1, it holds that: V(C) < |2log,(2d)].
Hint: d —1 > logy(d) for alld > 1.

Task 24 (Proof of the margin property, Lemma [6.27(ii)). Let ¢ € {¢1(x) = ¥, ¢o(x) =
log(1 + €*)} be non-decreasing, continuously differentiable and convex. Let L(y,s) =
®(—ys). We show that for all 6 : X — R with ||d||c < p it holds that

E[(L(Y,8(X)) = L(Y. 6" (X)))*] < ¢, - {R(6) — R(6")},
where §* € argming _ R(5), R(6) = EL(Y,5(X)) and ¢, = ¢(p) + ¢(—p) + C,, where
07 ¢ = ¢1
Cy = :
¢ {2 ~2log(2), ¢ = oy
To do so, we proceed as follows.

1. Show that 6*(z) = g(n(x)), where g(n) satisfies (cf. the risk transfer formula from

Theorem :
0=¢'(—g(n) -n+¢gmn)-(1—-mn).

2. Show that

E[(L(Y,6(X)) = LY. 6" (X))’ |X =a] = Ay(n(x),(x)),
E[L(Y,0(X)) = LY, 0"(X))[X = 2] = Ai(n(z),d(z)),

and determine the functions A;, A,.
Hint: You should obtain Ai(n,6) = n(¢(—0) —d(—g(n))) + (L —n)(¢(5) — d(g(n)))-

3. Show with (a) that
0y A1(n,0) = [6(=0) — ¢(—g(n)] — [#(8) — d(g(n))]-
4. Caution: This task is tedious. Show with (a) that
Oy Aa(n,0) = 0, A1(n, 0) - ($(8) + $(—0) + B(n)),

where

B(n) :== {{n¢'(=g(n)) + A —n)¢'(g(n)) }g'(n) — d(g(n)) — d(—g(n))}.
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5. Put Cy := 0V max,cjo,1) B(n). Show that if g() > ¢, then one has

Oy A1(n,0) < A{d(p) + d(—p) + Cy} - 9,A2(n, 9).

Otherwise, the above inequality holds with <’ instead.
Hint: It holds that ¢(6) + ¢(—0) < ¢(p) + ¢(—p). Why?

6. Let g~' denote the inverse function of g. Show that A;(¢~*(6),d) =0, j =1,2.

7. Show that g(n) > ¢ implies
Aa(n,0) < {d(p) + d(=p) + Cs} - Ar(n, ).
A similar result is obtained for g(n) < 0. Hint: Integration.

8. Derive the values given for C} given above from (e).

Task 25 (Proof of Lemma / transfer of Covering Numbers). Let L(y, s) = ¢(—ys)
with some convex and non-decreasing, continuously differentiable ¢. Let

F ={L(y,6(z)) — L(y,6(z)) : 6 € B(p), D(6,6) < 1}

be the function class from Lemma6.3]] (in the following, we omit the additional condition
D(..) < 7). Let [[fllan = (230, £(X,, Y:)2)""%. Define

Fi={L(y,5(z)) = ¢(—yd(z)) : 6 € B(p)},
Fo={-yd(z): 6 € B(p)},

F3 ={6(z) : 6 € B(p)} with new distance measure | f|l2,n,.x == (£ D0, f(X;)? )1/2

o« Fi={"2 5 e B(p)}.
Show that
L N, F, [ - [lan) < N(&, Fus || - [l2n),

2. N(e, F, [+ llan) < NG5 F2o - ll2n),

’(p)

3. Nzt Forll - l2m) < NG5 Foo |l lzmx), where || fllanx = (5 320, F(X0)*)'2.

T o) € Ngig Fall - ).

"(p)

4 Nz

'(p)
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Task 26 (Approximations of functions with bounded variation). Let ¢ : [0,1] — R be a
function with bounded variation |g|py < co. Here, |g|pv is defined as follows:

= su su — Si—
‘g‘BV M€%0<sg< ESM<1Z |g g 1)}

From analysis it is know that there exist non-decreasing functions u, v : [0, 1] — R with
g=u—wvand |g|py = |u|py + |v|py. Let N € N.

1. Define C := u(1) — u(0). Show that C' = |u|py.

2. Let t; := sup{z € [0,1] : u(z) —u(0) < C%}, i =0,...,N be the 'quantiles’ of w.

Define
@:[0,1 - R, +Z 1)
Show that 1
fu— il < 12V,
Hint: Consider the expression for z € [tj,tjz1), 7 =0,...,N — 1.
3. Show that @ has the alternative representation
i(z) = M(h»o} — Lcoy) + i ¢ — (Lot — Lipary)-
2 = 2N ‘

=1

4. Conclude that there exists a function g of the form

g9(z) = M(ﬂ{»o}—ﬂ{xo})

Z ’u‘BV (Tgzsty — Lacty) Z

=2

IL{Z<qz'})

lglBv

with 0 < gp < .. < gy < 1 and the property [|g — §llcc < 5.

Task 27 (Convergence rate of boosting with decision stumps). Let X C [0,1]? and
Y ={-1,+1}. In this task we derive upper bounds on

M
inf {R() — R(6") + 2AP(||6]l1) }, A={> Bigi: MeN,B >04gcC}

JeEA -
Jj=1
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6 Regression and classification trees; Boosting

based on the class of decision stumps
C={nlcs) T2l iy, €Y, s €Rje {1, ..., d}}

and the exponential or logistic loss L(y, s) = ¢(—ys), ¢ € {é1(x) = €%, ¢o(z) = log(1 +
e®)}, respectively (cf. Theorem [6.35)). To do so, we consider the model assumption from
Definition [6.34] which states that there exists a decomposition

d

0% () =Y hy(x;)

Jj=1

with measurable functions hy,...,hq : [0,1] — R with |h;(0)| + |h;(1)| + |hj|sy < B,
B > 0.

1. Let N € N. Show with Taskthat there exist h; : [0,1] = R, j € {1,...,d} with

= B ~ B
1y = hillee = <7 MRyl = 5
2. Conclude that hy(z) := Z?Zl h;(z;) € A satisfies
= Bd ~ Bd
||5* - hN”oo < W: ||hN||1 < 7

3. Show that

nf {R(5) — R(5) + 20P(|5])} < 2AP(2

).

4. Let A=c- (1+1)((V + 2)VY2)vHin 2v41 be defined as in Theorem [6.26, where
V = 2|2log,(2d)|. Show that with some universal constant ¢ > 0, it holds that

N

inf { R(0)—R(6")+2\P(||0]l1)} < ¢(1+) log(d+1)*n~

ISTAN

J(Bd+1)et ¢ =6y,
(Bd +1), ¢ = oo.

5. Discussion: What changes if instead, 0* has the form 0*(x) = » °_, h;(x;) with
some 1 < s <d?
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7 Neural networks

7 Neural networks

Similar to trees, neural networks are nonparametric algorithms which can be used both
for regression and classification problems. Contrary to trees there exists a more explicit
mathematical description of the corresponding decision rules.

Neural networks can be viewed as generalizations of the model classes for linear regression
(in the case of regression problems) or logistic regression (in the case of classification
problems). We shortly recall these methods.

e In linear regression, we considered the following decision rules for the Bayes rule
f* (with respect to squared loss):

fle)y=2"8, BeR™

e In logistic regression, we considered the following decision rules for f* (with respect
to 0-1 loss):

B _exp(a”B®)
flx) = arg max ok(z),  Ok(x) = S exp(a? B0

with s, ..., ) € R?, where

= M(xTﬂ(l), ...,xTﬂ(K))k

el

1

Zl
Zl:l € ezK

M(z)

cf. Lemma [3.6 Contrary to Lemma [3.6] we stick to the overparametrized model
(B®, k=1,..,K instead of k = 1,..., K — 1).

In both cases, we now allow for more general (nonlinear) decision rules. More precisely,
we replace the linear mappings = + 273 or o +— (278W, ..., 27 3%)) by more complex
mappings f: X — R or g : X — RX the neural networks.

To define the function class of neural networks, we introduce an auxiliary function.

Definition 7.1 (Multivariate shift). For some function ¢ : R — R and v € R", define

o(zx1 + v1)
o, RT—=R" o,(z) = : ) T = (21,...,2,)".
o(x, + v.)
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7 Neural networks

Definition 7.2 (Neural networks). Let L € Ny, p = (po, ..., pr+1)° € N2 A neural
network with network architecture (L, p) and activation function o : R — R is a function

g: RPO N RPL+17
g(a:) = W(L) * O y(L) (W(L_l) * Oy(L-1) < o0 W(l) * Oy(1) (W(O) : .73) 50 )), (80)

where W € RP*Prir | = (), ... L are weight matrices and v € R”, [ =1, ..., L are bias
vectors associated to g. Here, L is called the number of hidden layers and p is called
the width vector. Put

F(L,p) :={g| g neural network with architecture (L, p)}.

Remarks:

e A typical choice for the activation function is given by o(x) = max{z,0} (the
so-called ReLU function) or o(z) = 1fer (sigmoid function). It is very important
that o is nonlinear so that the composition of ¢ and linear mappings does lead to
more complex mappings. Note that if o would be linear, then g from would
only be a very complicated expression for a linear function which has no advantage

over the basic linear regression model.

e There exists an important motivation for the above definition of neural networks
from neuroscience: The original information (feature) z is successively processed
and transformed. If we put

t© =g

and
20D O, (1+1) (W(l)x(l))v [=0,.,L—1,

then g(x) = Wz The result of g therefore is obtained by applying a linear
transformation L times followed by an ’activation’ ('processing’) by a nonlinear
function o. This shall simulate the process in the brain, where electric impulses
are sent through a chain of neurons. This is also the reason why the elements of
the I-th layer 2 are also called neurons’.

e Clearly, o has a big influence on the specific form of the function class F(L,p).
Moreover, F (L, p) allows for more complex functions the larger L is and the larger
the components of p are.

The decision rules for regression and classification are obtained as follows: In both cases,
choose py = d.
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7 Neural networks

e For regression, choose pr1 =1 and F = F(L,p).

e For classification, choose py1 = K and A ={Mog:g€ F(L,p)}.

7.1 The neural network algorithm

Similar as in the section about boosting, we first define an exact neural network algorithm
which is then analyzed theoretically. In practice however, an approximation of this exact
algorithm is used.

For neural networks, it is necessary to understand the procedure in practice to define
an appropriate ’exact’ algorithm which shall be analyzed. We will therefore consider a
network algorithm for regression used in practice. Let Y = R, L(y,s) = (y — s)%.

Standard approach: With py = d, pr.1 =1, let

n

A~

frt i argmin (), Ra(f) = = 37 L(Vi, F(X0). (s1)

fEF(L,p) [

Clearly, f5@ will overfit the training data if F(L,p) is too large (that is, if L and
the entries of p are too large). Additionally, it is not possible to compute (81)) in
practice. Instead, one uses an approximation with a gradient descent algorithm. Write

F(L,p) ={fo: 0 € O}, where
0= (v(l)v "'7U(L)a W(O)a 7W(L)) €0 = RT

is the vector which contains all the parameters of a network fy € F(L,p).

Definition 7.3 (Approximative network algorithm for regression). Let A > 0, pg = d,
pr+1=1.

Let 0©) ~ U[l—w,w]? with w > 0 (initialization of weights). Let a,,, m € N be a
decreasing sequence of positive real numbers (the so-called learning rate). Put

L
J(6) =) w3,
(=0

where || - ||2 is the Frobenius norm of a matrix. For m = 1,2, ..., M, define

gm) — p(m=1) _ amve{f?n(fa) +\- J(Q)HOZQ(WU'

Put [ = foan.
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7 Neural networks

Remarks:

e Due to the random initialization and of the weights and the gradient descent
algorithm, it happens in practice that only few of the weights really affect the final
function value of f7.

e The penalization of the weights via J(#) has the aim to prefer small weights.

The above approximative network algorithm motivates (not justifies) the definition of
the following restricted class of neural networks which then serves as the basis for the
exact network algorithm. For vectors v € R" let ||v||o := #{j € {1,...,r} : v; # 0} which
counts the number of nonzero elements. A similar definition is made for matrices.

Definition 7.4. For s € N, ' > 0 define

L L
F(LpsF) = {feFLp): Y WOt D Il <5, max [|fill < F
=0 =1

J€{1$"'7pL+1

Vi WOl <1, 00l < 1}

This class measures the number of nonzero entries in the weight matrices and bias vectors
with the parameter s. The additional parameter F' is an upper bound on the maximum
norm of the networks which is later needed to simplify the proofs. With this, we can
formulate the following exact algorithm for regression.

Definition 7.5 (Exact network algorithm for regression). Let L(y, s) = (y—s)?, po = d,
pr+1 = 1. Then

n

A A

foe argmin Ru(f),  Ralf) == > LYV F(X).

n
feF(L,p,s,F) i—1

is called ezact network algorithm for regression.

Note that ff from Definition and fn from Definition may differ quite a lot from
each other:

e There is no explicit stopping rule for M in ff
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e In general, 6 — Rn( fo) has a lot of local minima since it is not a convex function.
17 is obtained from a gradient descent algorithm which only converges towards
local minima.

e The approximate procedure can not guarantee that only s parameters contribute
to the final value of f7. Therefore, the assumption f7 € F(L,p, s, F') may not be
satisfied.

Therefore, statements regarding fn can only be transferred in a limited way to ff
However, they yield a reasonable first step to understand the performance of neural
networks. A detailed analysis of approximative algorithms from Definition is a topic
of current research.

For completeness, we present also an exact network algorithm for classification.

Definition 7.6 (Exact network algorithm for classification). Let L(y,s) = —log(s,) =
— S0 Tgyeny log(sk), po = d and pr.y = K. Put

n

~

2 a 1 ~
o, € argmin  R,(0), Rn(d)::EZL(E,é(Xi)).

6:Mog,g€.7:(L,p,s,F) =1

.....

7.2 Approximation theory for neural networks

To get a better understanding for the set of decision functions F(L, p, s, F') and their ap-
proximation qualities, we first provide some approximation theory for the ReLLU function
o(z) = max{x,0}.

The following result is taken from [I4]. Here for r € N, a € Nj, denotes a multi-index.
We define |a| = oy + ... + o,.. For f:R" = R, we put 0°f := 09! ... 0" f.

Theorem 7.7. Let § € N. Let f :[0,1]" — R be [S-times continuously differentiable
with 37 0<jaj<p [10%flloc < K. Then for all m, N € N with N > max{(8 + 1)", K + 1}
there exists a network .
feF(L,p,s,0)

such that

p = (r,12rN,...,12rN,1),

L = 8+ (m+5)(1+ logy(r)]),

5 < 942(8+ 1) N(m +6)(1+ [logy(r)])
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and
If = Flloo < 2K +1)3"TIN2™™ 4+ K2PNF/T. (82)

Proof. A proof sketch is left as an exercise. O

Based on a specific approximation quality (given through m, N € N), the theorem pro-
vides a network f of a specific size which allows to approximate f accordingly. The
result itself is not 'optimal” in any sense (in particular, the dimension r enters the ap-
proximation rate exponentially), but it gives an impression of the approximation quality
of neural networks. In the exercises, we investigate a sketch of the proof.

7.3 Theoretical results

We now investigate a theoretical result for the exact network algorithm from Definition
for regression problems with quadratic loss L(y,s) = (y — s)? from [14]. We start
with the following model assumption and afterwards derive an oracle inequality.

Definition 7.8 (Model assumption: regression). It holds that Y = f*(X) + ¢, where
g, X are independent and e ~ N(0,v?) with some v > 0.

Theorem 7.9 (Oracle inequality for neural networks). Suppose that the model as-
sumption from Definition holds. Suppose that FF > K. Let v € (0,1]. Define
H(y) :==log N(v, F(L,p,s, F),| - |loc). Then there exists a universal constant ¢ > 0 such
that

ER(f,) — R(f") <2 _inf {R(f)—R(f*)}+c-{(F+v)2~¥+(F+v+1)-7}.

fEF(L.p,s,F)

Proof. Step 1: Derivation of the basic inequality. Note that

Ralf) = = TG F(X) = 5 30 (e+ £060) = (X))
= %26? + % D E(fT (X)) - F(X0) + % D (F(X) - F(X))%. (83)

= =1
.
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Since E[e| X] = 0, we have

R(f) =EL(Y, f(X)) = E[(e + f*(X) = f(X))’] = E["] + E[(f*(X) — f(X))*]. (84)

50
Therefore, we have for any f € F(L,p, s, F) that
R(fa) = R(f*) < {R(fa) = R(f)} + {R(f) = R(f")} (85)
and
R(fa) = R(f) = Ralfa) = BulF) + {R(fa) = Ru(fa) = (R(f) = Ru(£))}

< {R(fa) = Ru(fa) = (R(f) - R
B8 D) D7)~ (D)~ Dal1)

+2 Za (a0 = F1(X0) = 2 3 F0X0) = (X)),

With Ee = 0 we conclude that

ER(fn) - R(f) S E[D(fn) - Dn(fﬂ)] + E[% Z&(fn(Xz) - f*(Xz))} = Al + AZ (86)

=1

Remark: The right hand side is not dependent on f which seems a little strange. This
is due to the model assumption and since ED,(f) = D(f).

Step 2: An upper bound for the first summand in (86)).
Let fj, 5 =1,..,N(v) = N(v,F(L,p,s, F), || |l) be a y-covering of F(L,p, s, F) with
oBdA. ||fillcc < F. Let j € {1,..., N} be such that

an - fjHoo <7

[(f(x) = f(2))* = (f(2) = £ (@))°| < |f(@) = f@)] | f(2) + f(z) — 2f(2)]
and || fullee < F, || f*]le < K < F, we have that
‘D(fn>_D(fj‘>‘ < 4F7, ‘Dn(fn)_bn(fg)l < 4F7.

N [D(fi) = Du(f;)]. Choose G = {g; :

We now aim to apply Lemma |7.10 on sup,_,
j=1,..,N}, where

-----
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Then it holds that

Elg;(X1)’] < 2F)’D(f;),  llgjllee < 4F* = M.

n(D(f;)—Dn(f;))
o Y apD(f;)1/ 2y HO)

EW <8 H(y)n,  E[W?] <33/ H(y)n. (87)

we have that

We conclude that

ID(fa) = Dulfu)] < ID(f;) =D (A)’+8F’V
[D(f;) = Dn(f5)

< {2FD(f; 1/2+M\/ }+8F
2FD(f 1/2+Mw/
< ’W| {QFD 1/2+Mw +8F

By the Cauchy Schwarz inequality, we have ]E[UV | <E[U? 1/2E[V2]1/2 and N € N:

1 E|/W H
< —E[W?]'/? . 2F E[D(f;)]"? +u : M\/ﬁ +8Fxy
n —_—— n n
<E[D(fn)]"/2 4~
(i) H A H H
n n n
S%"{Q'f‘%FZM
2ab<a?+b? 1 o 2H(’y) 9
< —ED(f,) + 100[(N + 1)F*—= + (v* + F)]

a=10VNF\/ £ b= LR [D(fa)]'/
(88)

Step 3: Derivation of an upper bound for the second summand in . It
holds that

Al < B2 Y a6 - £1(0)

B2 a(h0 - rO|+ 230 Bl I falle (9

i=1

IN

<E[}]/2<v <y

Define

W, e i S — (X))
EEL () - Fx2)”
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Then we have

CsuU 1 1 "
< - E 211/2 ]E[(— (X)) — FHXG 2)}
B n [J=1r,r.l.?}1}\§(v)w/]] n Zzl(ff( )= 1
=EEmax;—1,....N () WX Xl <E[(2 ?:1(fn(X‘i,)_f*(Xi))Q)]l/z‘f"Y
Lemma [Z.11] H y R .
< 2{ - ) v} AEDL(f)]? + v}
H - H
= 2v ﬂ-IE[Dn(fn)]l/2+gv. ﬂ.7
n n

Let N € N (N is chosen later large enough such that we can rearrange the terms in
the final implicit equation for the excess Bayes risk). Plugging in this upper bound into
(89), we obtain

1 & . .
|A2| < E‘Ezgl(fn<xl) _f (Xz))‘
i=1
H A A H
n n
§272+;:)2 Hi’Y)
4ab<4a?+b2 1 A A H
< ¥ E[D,(f.)] +(2+ N)v2¥ +2(72 4+ v)
a0V N\ H2 b S EIDn (fa))1 <|EDn (fn)—ED(fn)|+ED(f)
1 1 ; H(v)
< — A+ =ED(f, 2+ NP/ 4 2(~2 .
(90)

Step 4: Summarizing the upper bounds. For v < 1, we have v < ~. Therefore,

; 9.6 1 1. 0

ER(fa) = R(f) < (14 A+ ED(f) + (24 3) T

@).D(H=R(NH-R(U™) 2 1
=

~ T m) -ED(f)

ey {(F+ o2t

+2(1 4+ v)y
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with suitable chosen ¢(NN) > 0 only dependent on N € N. Plugging in this result into
(85) and rearranging terms leads to

ER(f) ~ R < (1- 2 =5) [(B() - RO

H
+c(N) - {(F +v)2¥ +(F+v+1) -7}].
Choosing N large enough such that (1 — % — ﬁ)_l < 2 concludes the proof. O]

Lemma 7.10. Let Z,...,Z, be i.i.d. random variables with values in Z. Let G C
{9 : Z — R measurable} such that for all g € G, it holds that ||g|l.c < M. Define
H :=log(|G| + 1), and

W sup | i (92 ~ Eg(Z)}]
6 Elg(2,)? 11/2 +M %

Then for all |G| > 2, it holds that

EW < 8VnH,  E[W? <33nH.

Proof. Put g := ]E[g(zl)2]132+M\/E' Then we have

E[§(21)2] < E[g(Zl)z]

. 191l n
Ewz =l e Vi

Theorem implies that

EW = Esup i{g(z,-) —]E@(Zl)}’ <4-{1-vnH+ \/%-H} — 8VnH.

geg

The second part regarding the upper bound for E[IW?] is a little bit more elaborated
and is left as an exercise. O]

Lemma 7.11 (Maximum of normal distributions). Let Z, ..., Z, ~ N(0,v?) be i.i.d.
and a;; eR,7=1,...,n,5=1,...,N. Let

W L DB s
" U\/ﬁ(%ZLa?j)l/Q.
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Then it holds that

E max |W;| < 2y/log(N + 1), E max |[W;]* < 4log(N + 1).
J= J=

1,..N 1,..N

Proof. This is left as an exercise. O]

7.4 Convergence rate of the neural network algorithm

We use the oracle inequality to derive a convergence rate for the neural network algo-
rithm. We first derive an upper bound for H(v) = log N(~, F(L,p,s, F),|| - ||s) for a
given v > 0.

Lemma 7.12. (i) Define V := H{:Bl (p + 1), Then it holds that
N(y, F(L,p, 8, F), [l - lloo) < (297 VAL + 1))
(ii) Let s > 2,L > 1. Then there exists some universal constant ¢ > 0 such that

H(y) < c-s-{Llog(s) +log(y™") + log(popr+1) }-

Proof. This is left as an exercise.

Definition 7.13 (Model assumption: Bayes rule is continuously differentiable (5 = 1)).
f*:[0,1]* = R is continuously differentiable with || f*||o + Z?:1 107 F*]loo < K.

Then we have the following convergence rate.

Theorem 7.14 (Convergence rate of neural networks). Suppose that the model as-
sumptions of Definition and Definition hold. Define

N = [max{2% K + 1} - n74].

Then there exist universal constants ¢y, ¢o, c3, ¢4 > 0, such that
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« F>K,

o L > ¢ log(n)log(d),

o 323N log(n) > s > 323N log(n),
o Vi=1,..,L: p > cqdN,

implies A .
ER(f,) — R(f*) < C -95%-log(n)?L - n~2+4,

where C' is a constant only depending on F, K, v.

Proof. We combine the statements from Theorem [7.7, Theorem [7.9] and Lemma [7.12]
Theorem [7.9] implies that

BRUD-RUD <2 ot (R(D=RGO e {(Fro T2 (m 04} o1

Let m = [log,(n)]

Theorem implies that there exists a network f € F (L, p, s,00) with the given size (to
meet the condition on s, we make use of the fact that ¢23¢ > 22442 log(d) holds uniformly
in d for some universal constant c) such that

f_ f* d+1 pr 9—m ~1/d
If = flle < (K +1)3"IN2" 42N

<n~t

Caution: Up to now, f may not be bounded by F. Define f:' = f. min{ HIIJ;HHOO’ 1}. Then
it holds that

1o < 1 Nee SE<E 1 = Flloe <IF = Floo + IIF = Flloe < 201F = F*lloc.

We therefore have ferF (L,p,s, F) and f still enjoys the approximation properties of
f. We conclude that

inf  {R(f) - R(/*)} R(f) — R(f*) = E[(f(X) — [*(X))"

JEF(L,p,s,F)
; N
< If = f1% < 4[(2K + 1)3 = 4 K28 N—P/4)?
n
(a+b)2<2a%42b2 N
= 8(2K +1)%6™+! (=)" + 32K N1 (92)

n
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Lemma with v = n~! implies that with some updated universal constants ¢, ¢’ > 0,
it holds that

H
) < ¢ 2. {Llog(s) + log(n) + log(d)}
n n
L>c; log(n) log(d) L
1 g§ : c"-s—log(s). (93)
n

Plugging in , into and summarizing the constants K, F,v into a new con-
stant C' yields

~

ER(f,) ~ R(f") < {6 () 4+ N og(s))

N<2¥nd=log(s)<C(B+1)%log(n) N NL
z C. {6d+1(_)2 N2 _24d10g<n)2}
n

n

The above terms now reflect a trade off between % and N~2?/¢ with respect to N. We

can balance these terms with respect to n if we choose N =~ nzfa. This is exactly the
rate of N given in the assumptions. The additional factors given in the assumptions are
due to the conditions in Theorem [7.7 Plugging in N into the above inequality yields

ER(f,) — R(f*) < C - 96" - log(n)?L - n”~7+4.
O

Remark: The number of layers should be chosen as small as possible to obtain a good
upper bound for the convergence rate. The smallest possible value L = ¢ log(n)log(d)
yields

ER(f,) — R(f*) < C - log(d)96% - log(n)? - n~7+4.

Obviously, this upper bound is quite bad. On the one hand, the factor n~=a suffers
from the curse of dimension; on the other hand, the factor 96¢ grows exponentially in
d. If we only know that f* is continuously differentiable, we therefore should not expect
any 'wonders’ from neural network algorithms. The power of neural networks lies in the
fact that they can adapt quite well to more specific structures (which is theoretically
founded by the above oracle inequality). We show this in the special case of an reduced
additive model.

Definition 7.15 (Model assumption: additive model). Suppose that there exist mea-

k

f*($) = Zhj(xj)’ xr = (xl, ...,:L‘d) c R%.

J=1
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Remark: We restrict ourselves to functions h; with values in [0, ] only for simplicity

and to meet the assumptions of Theorem in the following theorem.

Theorem 7.16 (Convergence rate of the neural network algorithm). Suppose that the
model assumptions from Definition and Definition hold. Define

N = [max{(k + 1)*, K + 1} - n/3].
Then there exist universal constants ¢y, co, 3, ¢4 > 0 such that
o F>1,
o L > ¢ log(n)log(k),
o ¢3(3k)*Nlog(n) > s > c(3k)* N log(n),
e Vi=1,..,L: py > c4kN,

implies

ER(f,) — R(f*) < C - (3k)** - L - log(n)? log(d)n=2/?,

where C' is a constant only depending on F, K, v.

Proof. The most important change compared to the proof of Theorem is a different
application of the approximation result. The model assumption of Definition [7.15] can
be written as follows:

*2910907

where go(x) = (ha(21), ..., hi (1)), 61(y) = 25 ;-

We now apply Theorem with » = 1 and k times (that is, for each h;). The
networks obtained are stacked up. This leads to a network where the width vector
p and the number of non-zero entries s is multiplied with k. We therefore obtain
Go € F(LO p©@ 5O o0) such that

N N -
Sup. 1G0j — Gojlloe < (2K + 1)325 +2KN1

and

O = (d,12kN, ..., 12kN, k),
L0 = 8+ ([logy(n)] +5)(1 + [logy(1)]),
5O = 94k - 22N([log,(n)] + 6)(1 + [log,(1)]).
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Define w(zy, ...

7xk:) =

(I =1 =21)4, -y

with 2 layers and 4 - k non-zero parameters).
Theorem n 7.7 applied with r = k, K =2k, 5 > 1 arbltrarlly chosen (g; is infinitely often
differentiable Wlth > 0<la<s 10%91ll00 = Hngoo + ZJ 107 1]|0e < 2K) implies that there

D pM sM 00) such that

exists §; € F(L

with

= (k,12kN, ...
8 + ([logy(n

191 = g1llee <

94k - (B +

N
(4k + 1)3" 1 — 4 a4k NP/k
n

J12kN, 1),

)T+ 5)(1 + [logy(K)1),
1)*N([logy(n)] + 6)(1 + [log,(k)1).

Composition of the networks yields a new network

f:zglo(wogo)e}"( 04 M

=L

1 — (1 —x)4) (this corresponds to a network

+3,(d,12kN, ..., 12kN, 1), s 4 s + 4k, 00).

J

-~
=S

-~

=p

Note that f* = g1 o w o gg. We therefore have (with | - |, denoting the maximum norm

in R¥)

/¥ (x) =

f(x)]

<

<

191(g0(2))
k- lgo(w)

— g1(go())] + [g1 (w(
— 90(2) oo + |91 (w(Go(x()) — Gu(w
(

N
k-{(2K +1)3*— + 2KN"'} + (4k + 1)3F*!
n

9o(2))) =

~~
N}l

w

g1(w(go()))]
(90(2))

)|

—~

0

s|=

+ 4kN Bk

As in the proof of Theorem [7.14] in particular by truncating the network so that it meets
the supremum norm F', we conclude with g = k and some constant C' only depending

on K that

inf  {R(f) - R(f)} < 2[k-{2K+ 1)32% +2KNTIY 4 (4k + 1)3k+1%

fEF(L,p,s,F)

< C{k232’“(%)2 + RN

+4kNT1?

By Lemma applied with v = n~!, we obtain with some updated universal constants

c,c” > 0 that

H(v)

n

<

L>c; log(n)log(k)
<

% . {Llog(s) + log(n) + log(d)}

L
- log(d)s— log(s).
n
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7 Neural networks

Plugging in these results into yields with some constant C' > 0 only dependent on
K, F,v that
ER(f,) — R(f*
2926 (V|2 2 A7—2 sL
< C - {k*3(=)" + K’ N2 + log(d)— log(s) }
n n
s<ck?(k+1)2F log(k) N log(n) N LN
< C - {k23% (=) + k2N 2 4 log(d) (2k)* = log(n)?}.
n n

Choose N as given in the theorem, then with some updated constant C' > 0 only
dependent on K, F,v, we obtain the final result

ER(f.) — R(f*) < C - (3k)* - L -log(n)*log(d)n~>/".

Remark: Choosing L minimal, we obtain that
ER(f,) = R(f*) < C - (3K)* - log(n)" log(d)n ™2/

Note that d only enters the rate via log(d) which comes from Lemma [7.12[(ii) through
the term log(popr+1). Now, only the reduced dimension k enters the rate exponentially
via (3k)*™. If k is small, this exponential factor is eliminated by n~2/3. Therefore, we
only have to pay with a factor log(d) that we do not know the structure of f*.

7.5 Exercises
Task 28 (Approximation theory for neural networks). Let o(z) = max{z,0} denote

the ReLLU activation function. The goal of this task is to give an idea of the proof of
Theorem [7.7} For k € N, define

Ty - [0,22—2k:] — 10, 2—2k]’ Ti(z) = a(g) — oz — 21,

and Ry, :[0,1] = [0,272%], Ry ;== Ty 0o Ty_10...0T.
1. Plot a graph of Ry, Ri + Ry and Ry + Ry + R3.

2. With induction one can show for x € [0, 1] and m € N that
r-(l—z)— ZRk@)‘ <27
k=1
Show that there exists a network f,, € F(m,(1,2,3,...,3,1)) with

ful@) = 3 Rul).

Hint: Use the following sketch
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7 Neural networks

X 4
VAN
o(3) oz)E
L 4 N £ \l/
5( &;_‘2) R, Q) 5’(&()() = 2‘3> 3

!

: 0 ;
T~ iﬁk(x) /
A
3. Define g(x) =z - (1 — x). Show that
r—y+1 r+y z+y 1

How can this identity be used to approximate products x - y with networks?

4. One can show that there exists a network f,, € F(m+4,(2,6,6,...,6,1)) such that
| fn(x,y) — zy| < 27™ for all x,y € [0,1]. Show that there exists a network

fmr € F((m + 5)[logy(r)], (r, 6,61, ...,67,1))

with .
‘fm,fr(x) - ij‘ S ,’,,22—777,7 xXr = (,’,Ul, ...,Ir) E [07 1]T
j=1

Hint: Use the following sketch

7‘! = /?sz (Tj]

1 X4 XZ’ ><‘3 X\.f"' X4
A
21 Xy Xy X Xy re Xp 4..../1444
VAR Wy
A ke Xk 1 A4
RN !
X Xqr Kyt Xge Xy 1
: N /
24 PO
\ /
1 i
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7 Neural networks

5. For f-times differentiable f : [0,1]” — R, there exists for each a € [0, 1]" a Taylor

representation
(r —a)*
L= Y @ T
a€NE:0<|a|<p—-1 )
where 2% ;= 27" - ... - 2% and a! := aq! - ... - a,!. Show the following statement: If

|0%flloo < K for all a € Nj with |a| = 8, then one has

|[f(2) = Tu(2)] < Ke" - o — al%.

6. Let M € N and D(M) := {ay := (55)j=1,.r : £ = (b1, ..., 4;) € {0,1,..., M}"} be a
grid. Let

Show that
If =Tl < Ke"M™P.

Hint: Use that for allx € [0,1]", it holds that 3~ e p iy [ =) (1—M~]a:j—aj|)+ =1.

7. Discussion: How one can use the results of (d) and (f) to prove Theorem |7.7]:

Task 29 (Maximal inequalities based on Bernstein’s inequality, Lemma [7.10[(ii)). Let
24y ...y Zy be ii.d. random variables with values in some space Z and G C {g : Z —
R measurable}. Suppose that there exists M > 0 such that for all g € G, [|g]|cc < M.
Define H :=log(|G| + 1) and

W sup | i (02) ~ Eg(Z)}
<6 Elg(2)7/2 + M2

We aim to show that E[W?] < 33nH. Let to > 0.

1. Show that -
E[W?] <t + 2/ tP(W > t)dt.

to

Hint: It holds that E[W?] = [P(W? > u)du.

2. Define g := Show with Bernstein’s inequality (]P’(| Yo (X —

g
Elg(2:)21V/ 2+ M/
EX1)| > x) < Qexp(— z ) for i.i.d. Xjy,..., X)) that for any ¢t >

2nE[XT]+ 5[ X1 oo
3vVnH,

]P(Wzt)§2yg|-exp<— 5t )

W
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7 Neural networks

3. Conclude that
E[W?] < 33nH.
Hint: Define ty = 3vnH and a := %\/g With partial integration, one can show
that [te *'dt = —(a™? 4+ a~'t)e .

Task 30 (Maximal inequality for normal distributions, Lemma [7.11)). Let 71, ..., Z, ~
N(0,v?) be i.id. and a;; €R,i=1,...,n,j=1,...,N. Let

L Y aiiZi
R VRTINS

i=1""1j

Wj =

Our aim it to show that

E max W, < 24/log(N + 1), E max |W;? < 4log(N +1).
j=1,..., j=1,...,

1. Show that W; ~ N(0, 1).

2. Let go(x) = exp(2?)—1. Show that po(Emax;—;__n @) < N and Emax;—_n ngl <

2¢/log(N +1).

Hint: For W; ~ N(0,1), one has Eexp(%) =2.

3. Let p1(z) = exp(x)—1. Show that ¢ (Emax,—; _n lmsz) < Nand Emax;_;__n |[W;|* <
4log(N +1).

Task 31 (Covering Numbers of neural networks, Lemma [7.12)). In this task, we upper
bound the log covering numbers H(y) = log N(v, F(L,p,s, F),|| - |l«) of the class of
neural networks

L L
F(Lp.s,00) = {f€FLp): DI o+ D [00o <5, ¥ WO <1, 00| <1},
=0 =1

where
F(L,p) = {g R 5 RP g(a) = WD g (W@*l) Oy ( WD (WO g ))
WO eRren (1=0,..,L), oDeRrM (I=1, ...,L)}.

1. Show that each F(L,p) can be written as {fy : § € O™} with @ C [-1,1]7,

where
L L
T = Zplpl—H + sz.
1=0 =1
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7 Neural networks

2. Show that F(L,p,s,00) = {fs: 0 € O}, where

0c U g, Os={0ec[-1,1]":Vje S :6,=0}.

Sc{1,..,T}:|S|<s

3. Let a >0and S C {1,...,T}, |S| < s. Show that there exists Og C [—1, 1]” with

. - ~ 21°
Voe©g F0€B0s: |0—0w<a, |@S|§{—J .

a

V9ecO® 0ecO: [|6-10|x<a
Show the following statements:

(d) T <V =] (p+1) and

Hint: It holds that (g) < Tk,

For fy € F(L,p, s, F) choose § € © with [|§ — 0||c < a. We aim to show that || f —
fillo <a-(L+1)-V. (%)

(e) Show that (*) and (d) imply:

Ny, F(Lp, s, F) |- o) < (277 VAL + 1))

Define for § = (v, ..., WO W)
Alg+<x) = O'v(k)W(kil)O'v(k—l)...W(l)av(l)W(o)ﬁC

and
A (y) = WHo o). . WWg g WD,

(£) Show that [45(z) — A5~ (2")| < (TTEy_yp1) - o — o/
Hint: The row-sum norm ||A|lz of a matriz A satisfies || Az||o < || A]lz]]2]|0o-

(g) Show that |Alg+(x)|oo < H;:ol (m+1).

(h) Conclude from (f),(g) that

|fo(x) — f3(x)] <a-(L+1)-V.
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7 Neural networks

N(%]:(La (p07p1 A Sy, PL A S7pL+1)7 S, 00)7 || : ||00)

(i) Show that
N(’%F(Iﬁpu S, 00)7 H ' ||oo)
2, L > 1. Show that there exists a universal constant ¢ > 0 such that

() Let 5 >
) =log N(v, F(L,p,s,00),] - |loc) satisfies

L
H(y
H(y) < c-s-{Llog(s) +log(y™") +log(popr41) }-
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8 Solutions of the exercises

8 Solutions of the exercises

8.1 Solutions of Chapter 2]
Solution 1 (Solution of Task[L). (a) Markov’s inequality yields

s E[| Aol
Pl del 2 ol AllrvD) < i

Here, we have
Ef|Ae|3] = E[tr(Aee” AT)] = tr(AE[ee’ |A") = tr(Ao[1xqA") = o*tr(AAT) = o*|| All%.
Plugging in this result into the first inequality yields

El|Ael3] 1

(ol A2t

(b) Despite the constant o, the expressions in the probability are the same for ¢t > 1.
The lemma of the lecture yields a much better estimate for the probability of
this event, since for large ¢, the term e~* decays much faster than % However,
the lemma also needs stronger assumptions while we only needed the existence of

second moments of € (no Gaussianity assumption) to obtain the result in (a).
(c) With [|X — || < ||X — 2| and Markov’s inequality, we have

E[|£ - B3]

P8 - 5] > 2) <~
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8 Solutions of the exercises

It holds that

d

E| -7 = D E[(Z)—Zu)’]

J,k=1

_ zd: E[(% gxijxik - E[Xinik]>2}

jk=1

— i Var (% iXinik)

jk—l

= Z Z\/ar

]kl

_ zd:i{E[XQXQ] E[X; Xl }

J.k=1

d
in 1
H:t ﬁ Z {Ejjzkk + 22§k - ij}

k=1
1 d
- H{szzkHZZ )
k=1 k=1
1
= ey mip).

This proves the claim.

(d) Substitute z’ f{tr( )2+ ||2]|2}/22. Then we have with (c):

P(IS - 3| > f{m P+ IZI3 )

L2+ 1
n (x)? T

P(IE -3 > ) <

(e) If d <m and n >z > d (these we simply assume here), then the statement of the

lemma reads
- T
P15 -2 el f2) <

The statement from (d) is

P15 - 1 > ()7 + 151337 ) <

S
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8 Solutions of the exercises

We therefore have two disadvantages compared to the statement of the lemma:
Again, % is a much larger term than e~" for large x. Moreover, the lemma compares
the rate with ||X| which is much smaller than {tr(3)? + ||%||2.}'/? which appears
in (d). For instance, if ¥ = I .4, then one has ||| = 1, but {tr(X)? + [|X]|%2}/2 =

V2d.

Solution 2 (Solution of Task [2). (a) Each component 3; of 3 corresponds to the in-
fluence of X; towards Y. In the modified model, 5 corresponds to the expectation
of Y (and not to any influence of X, since X; is constantly 1).
The aim of penalizing 3 is to choose only the components of X which have an in-
fluence on Y. If Y has nonzero expectation, the first component X; = 1 is always
necessary. Therefore, 5; should not be penalized.

(b) For the objective function (here denoted with F'), we have
d 1 d
— R 2 _ 2 2
F(B) = Ru(B) +A- 3 B} = —IY = XBl5+ > _ 5.
7j=2 7j=2
Differentiating and setting it equal to zero yields (with £ = diag(0,1,...,1) €
Rdxd):
2T 2T Lr
0= VsP(8) = —=X"(Y — XB) + 2ABf = —~X"Y + 2(-X"X + AB)S.
n

Thus 8 = (XX + nAE)'XTY.
Solution 3 (Solution of Task [3). (a) Markov’s inequality yields

E BCX 2

_ e%—ct

P(X >1t) <

(M)

c

Here we have used that for X ~ N(0, 1), it holds that Ee™® = ez .
Plugging in ¢ =t yields
+2

PX>t) <e z.

(b) Here we use that 2= ~ N(0,1). With (a), we conclude that

X X 2
P(|X|>ot) <P(X >0t)+ P(—X >0t) =P(— >t)+P(—— >t) <2 2.
o o

Define ¢’ := v/2¢. Then we have

(t"h?

P(|X| > oV2t) = P(|X]| > ot') < 27 2 =27
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t2
(c) If X ~ N(0,0?), the statement in (a) reads P(X >t) < e 27,
The central limit theorem yields for n — oo that \/Lﬁ Sor (X —EX;) A N(0,0%),
thus

s.0. +2

P(% g(xi ~EX,) > t) SP(X >t) < e 2

Bernstein’s inequality provides the corresponding non-asymptotic statement (with-
out n — 00) via

RN 1

/n

2
. —7t .
One can see that the above expression converges to e 2.2 for n — oco. In this

sense, Bernstein’s inequality can be considered as ’optimal’ since it converges to
the non-avoidable upper bound given by the Gaussian limit. If the distribution of
X, is unknown, Bernstein’s inequality therefore yields a very good upper bound,
in particular for large n.

(d) Due to % > 3 min{%, ¢} for a,b,c > 0 we have
2 2

1 =z < 1 .z T
exp ( - 5—0”%) <exp (= quin{ 5 5= ).

We conclude that

P(i(xi—EXi)z\/ﬁa\/ﬂMt) - P(%i(}g-l{i){i)za\/ﬁ %t)

=1 N————

!

< oo~ b )

o

< e 1,

The last inequality holds due to (z')? > to? (only use the first summand of z’) and
x> \%t (only use the second summand of z’).

(e) Choose t = 4log(5). Then we conclude with (d):

1
6
n

1 1
P(Z(Xi —EX;) > 2v/noy [log() +4M log(g)) < ety
i=1

We conclude that with probability > 1 — ¢,

n

i=1
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Solution 4 (Solution of Task[4). (a) The LS estimator only works well if d is much

(f)

smaller than n. Instead, the LASSO estimator only needs that slog(d) is much
smaller than n (s denotes the number of non-zero components of 5*). Therefore,
the LASSO estimator behaves like a LS estimator if the non-zero components of
B* would be known, up to the additional factor log(d).

In opposite to the LS estimator, the convergence rate of the LASSO estimator
contains A,,;, () instead of A, (2).

The reason is the proof technique where a statement about ||SY/2(5 — 8%)|12 is
derived from an upper bound of ||(3 — 8*)s||1. Therefore, the convergence rate of
the excess Bayes risks can only be as good as the convergence rate of ||(8 — 3%)s||x.
The proof technique therefore incorporates the estimation quality of B to derive a
statement about the quality of the algorithm. The estimation quality of 3 however
is always dependent of .

For v € C', we have

T

viSv = vt =z > Jlusll;

= Npin(X) > 1.

The assumption on ¥ in (a) means that all components of X are independent.
This is not realistic since for large d, the entries of X might be strongly correlated
in practice. As an example, consider Y as the age of a person. X may contain
‘measurable’ quantities like the show size, the body height, the weight and so
on. Obviously, weight and body height are correlated already. The more data is
collected from a specific person, the more probable it is that these data contains
correlations. It may even happen that some components of X are perfectly cor-
related in the sense that one component can be derived from other components.
Then > would even not be invertible.

(the following statement holds: If there exists some ¢ € R? with ¢/ X = 0, then &
is not invertible).

It holds that
Amin(B) =1—=(d=1)"?p >0

if and only if p < (d—1)7'/2. Thus, p (which can be interpreted as the strength of

correlations) has to be very small to guarantee that X is invertible. As an example,
if p < 1(d—1)"1/2, then we have A\, (X) > 1.

For v € C, we have |[v|l; = ||vs|l1 + ||vse]l1 < 4]|vs]1, thus

d d—1
oIS = Y wi 4 2p0ay vy 2 ol = 2el0lf > Ilollz — 32pllus |}
j=1 J=1

> lsllz — 32pslvslz = (1 = 32ps)[lvs]]3.
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= Npin(X) > 1 — 32ps.

We therefore have Apin(X) > 0 as long as p < (32s)7'. As an example, if p < o,
then A, (2) > %

Contrary to the smallest eigenvalue A,,;,(X), the Restricted Eigenvalue Property
may only pose conditions on p dependent on s. For small s, the condition on p
from (f) is much weaker than the condition on p from (e).

Solution 5 (Solution of Task[5). (a) We have

3n
) < 5 ) i g p(520- )
P(B) < P(3j el d}ZX > ) <d max P iZIXU> .
EetX%j .
< d-%gd-((l—%)e&) 2,
(b) With ¢ =1, it holds that
P(B) < d- (56472 = dexp(—2 (3 + log(2)))
Vo= 2 24 2
n>2(log(d)+z)
= dexp(—%) < de~losder — o=

Solution 6 (Solution of Task [6]). First note that

2 A
IP’(HH@TXHOO > 5) - ( max —Za g

77777

This inequality will be used in (a)-(c).
(a) It holds that \/%722;1 giXj ~ N(O,%Z?:l X7) = N(0,0%). Therefore, using
P(N(0,1) > z) < e */2 we have

P(‘%geixj > %3 < P(IN(0,1)] > %ﬁ) < 2exp ( - %(%)2).

(b) Markov’s inequality applied with g(z) = 22 yields

(M) |
and . .
E(Jr e) ] = L me =t 13 =
=

A\/_> <

(‘\/_Zgz i )\\/—)2
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(¢) Markov’s inequality applied with g(z) = 2 yields

n . .. p
i=1 CiVij

O

)\\/ﬁ) <E|:Ln
1) S

1 n
(EBIBIR
\/ﬁ i=1 ’

and (using the hint)

1 n

=

n

T < (S Eepx ) = (S x2) =
=1

=1

M) < ( 1/2/%)17

<‘\/_Z€’ g A

(d) Markov’s inequality yields

W E[max;j_1, . 4|9= > lé?szH
) e

77777

Nemirovski’s inequality yields

E[ max |3 eXyl] < (810g(2d))1/2.E[

i=1,...,
J i=1 i=1
n

< (Slog(2d)"?-C-E[ 3] Y2 _ (81og(2d))2 - Cov/n

i=1

We conclude that

< 4(81og(2d))/?Co
—) = Mn ‘

-----

8.2 Solutions of Chapter 3]

Solution 7 (Solution of Task[7)). (a) It holds that R,(B) < R,(5*), thus
R(B) = R(B) = Ra(B) = Ra(B") —{ Ra(B) = R(B) — (Ra(8") = R(6))}.

-~

<0

(b) It holds that 8 — 8* = T(f — 8*), thus

I=V2(8 = 87)le = T+ 1=2(3 = 57)ll2 < -
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By convexity of 8 +— Rn(ﬁ), we have

Ro(B) < T Ry(B) +(1 = T)Ru(B") < Ru(B7),
——

that is, the statement from (a) also holds for §.
We obtain

R(p) = R(57)

IN A

sup
B:(IZ1/2(B—B%)|l2<v

(c) On A it holds that

IZY2(8 - 8|3 = R(B) — R(B") < Z, < a,

therefore ’y
ISY2(3 = B)l2 < (ay)'? <

Using T - [[£1/2(8 — 8[|, 2 | SY2(5 — )2, we obtain

HS2BE -8 _ 3

Y HIEV2B =) T 2

Rearranging terms yieldsAHEln(ﬁA — B2 <.
Repeating the proof for § instead of 5 yields that on the event A, it holds that

R(B) — R(B") < ar.

(d) We have seen that A ¢ {R(f) — R(8*) < ay}. We conclude that
P(R(3) - R(5") > av) < P(4°).

(e) An elementary calculation yields

1 1
R =2l L X8I = Cleli+ —e"X(5" = 8)+ ZIX(5 - )

—(B+X5* ~~
Xidtenmy w172 (8- g2

Rw%—mm——wm+ @(5 — B).

(Ra(5) = R(8)) — (Rul(f") — R(8")) = ~oTX(8" - )
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We therefore have

2 . 2 _ .
12, < ~suple”X(8" — B)] = —sup|e" XNV — §)

2 — *
~[le" X2l sup 28" — )]l

IN

2
eI 12|,
n
(f) It holds that
2 2
E|Z,| = ~E[e"X5 2], < LE[|eTXS 2212,
n n

Here,

E[lle’X22)12] = tr(Z7V?XT E[ee” | XX 712) = no’tr(R V288 712) = ndo?.
——

=02Igxa

Thus

2 d
E|Z,| < T Vndo = 2o (—)12.
n n

(g) We want to guarantee that P(A°) < % Markov’s inequality yields

]P)(AC)S 7§ n —

ary a

EZ, 20(4)Y? 1
t )

where the last equality holds if we choose a = 20/(%)'/%t.

We have to satisfy (ay)'/? < 1, that is, 2a'/? < 42 or equivalently 4a < 7.

We therefore choose v = 4a.

We obtain the convergence rate

d
2242,
n

ay = 4a* = 160

(h) It holds that

I ey 1 «— ~ e~ ~
0 /2__2 A(2TV2X) ~ N(O _§ X XS 1/2> = N(0, Iyxq).
a\/ﬁ(B o\/n izlg ( ) n — ! (0, Laxa)

J/

-~

1 n
=n-1/2 — E XZ'X;TZ*U2
n =1

=3
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(i) It holds that E[|[W]3] = Y-7_, E[W?] = d. Markov’s inequality yields

Efexp(55)

P(IWI3 — 2BIWIE > 0) = BIWIR 2 2d+1) < = gL

Since the components of W are independent, we conclude that

W13 d

)] = Elexp(W7/4)]" = V2.

Elexp(

Thus
P(|W]3 — 2E[W |3 > t) < (V2e '/2)* - 74 < e7t/4,

(j) We have

2 o
P(Z, >ay) < IP’(EIIQBTXZ’”ZHz >a) = P(%HWHz > a)

P(|[W|ls > V2d+t) = P(|W|? > 2d +t) < e /4.

(k) a was already chosen. Additionally, we chose v = 4a. We therefore obtain the

convergence rate ya = 4a® = 4%2(2d +1).

Solution 8 (Solution of Task[§). (a) We have

geeey geeey =1,...

=1l,... =1l,..,

V(B max [W]]) < Ef( max [WiD] "< B[ max ¢y <Y

[ARRS] Ty Ty

.....
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8 Solutions of the exercises

Solution 9 (Solution of Task[J). (a) We have

Fx(z) = PX<2)=PX<z,Y=1)+PX <zY =-1)
= PX<z|lY =1)m+PX <z|Y =-1)(1 —m)
- / g1(x)dx - —1—/ g_1(x)dx - (1 —my).

= 9(x) = g1(@)m + g1 (2)(1 = m).

(b) Bayes’ theorem yields (here, gx y denotes the common density of X, Y, and gxjy—1 =
g1 denotes the conditional density of X given Y = 1)

gxy(r,1)  gxy=1(x)m  gi(z)m

n(@) =B = 11X =«) = 2 Pn= = =E e = 2 s

() = 1 = () = 225,
=

log (1 i(z()x)> = log (g_l(g;)(aﬁ? 7T1)) = log (1 ilm) T log (gg_ll(g))

(c) We have

() det(2 1) exp (= 5 =) 81z — m))
log(gg_1(:t)> - 10g<det(2 )I/QGXP?— 3@ — /‘Ml)Tz (x_i_l)))
1 det(
e

og (S = o )2 = )+ o — ) )

log ( 1) ) = log ( 9(2) ) = )T = ) + %(w — )T e = )

1—n(x) g-1(x) 2
1 IR U
= X S = p X e o N
= (m—p-2)'S" 2 (%)
— ()T

The mappings d;(x) := log (125790(25 )> and 0_1(z) := 0 form optimal discriminant

functions since

5i(2) > 64(x) 77(:(:)>% — fa)=1

Therefore, the model has optimal linear decision boundaries. Due to (*), the model
assumption of logistic regression is fulfilled with 8* := X7 (uy — ).
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8 Solutions of the exercises

(e) H—1 = —H1.

(f) We rearrange terms as in (d) to obtain

log (ﬂ) — log (1) +log ( 91(2) )= L )T e ) + %(as —p)"e!

1 —n(x) 1—m g-1(z) 2
T _ 1 _ _ 1 _
= 10g< : >+M1T2 o= o S = p X e Spl R
1—m 2 9
_ ! 1 T v—1 _1 Tv—1 _ Ty—1
= |log Fouy X ey — g ST |+ (e —pe) B (%)
1—m/ " 2 2 \ . Y
~~ - =(8")T
=50

We conclude that the model has affine linear decision boundaries.
With h(z) = (1,z), we have

g (1250 ) = (0 57l

that is, the model assumption of logistic regression holds for (X,Y) with X =
h(X)=(1,X).

(g) It holds that
log (ﬂ) _ log( " > .\ %10,53; <det(2_1))

1 —n(x) 1—m det (%)

1 _ 1 _

_5@ — ) 2 (@ ) + 5(95 — 1) "85 (x — i)

- () o (5) b s
~

1 _ _ _ _

toat (B0 =S e (N - St

—24 T

= Bo+a'z+alAx
d d
= Boh(z); + Z ajh(z)i14j + Z Ajh(T) 14 dd(-1)+k
=1 jk=1

: _ 2 2
with A(x) = (1,21, ..., Ta, TF, ooy T1Tdy TT1, ooy T2Tly ooy LTy ey Tig)-

(h) We obtain the following rates: In (d), <, in (f), 4L, in (g): =EE,

Solution 10 (Solution of Task [10). (a) This statement holds in general, even without
the model assumption of logistic regression. We have

0" (z) = log (17(—;2@) >0 <= nx)> L = f*(z)=1
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8 Solutions of the exercises

Thus, f*(x) = sign(d*(z)).
Here, we have (cf. Task [9(f)(*))

m 1 1
0" (z) = [log (1 — ) + o= I - 5#12 ]+ (p —po) S

(b) The law of total probability yields

R(f) = PY # (X)) =P(f*(X) = —1|Y = I)m + P(f*(X)
= P(6*(X) < 0]Y = )my + P(6*(X) > 0]Y = —1)(1 — 1y

=1y = -1 —m)
)-
(c) Conditionally on Y =1, we have X ~ N(uq,X), thus

* 1 _ 1 B -
0(X) = T oply N ey — S N+ (= pea) '8N

2 2
1. 1 B )
~ N(T IS e = S N A = pe) TS (= ) TR (- u—l))
=sul S o143 uT;IMrMTlE‘IuFA/?
A
= N(T + E, A)

Similarly, conditionally on Y = —1 we have X ~ N(u_1,Y), which yields

. 1 B 1 ~ _
5 (X) ~ N(T+ SHLE T e = S B+ (= pea) T e, (= ) ST (- u71)>
:_%H21271N71_%“{271/L1+N21271M1:_A/2
A
= N(T-=,A).
2
(d) For Z ~ N(a,b) it holds that a]P’(Z <0)=P(% < —%) = ¢(~%) und P(Z >
0)=1-P(Z<0)=1-(—%).
(b),(c) =
R(f) = (5*( ) <0y =1)m + P(5*( ) >0y = -1)(1 —m)

_A
2

(gt

B (-0
(e) 7T1:%:>T:0.

S = laxds o1 = =1 = A= (1 — p) TS (o — per) = 201 (200) = 4 |3
Plugging in the result from (d) and using 1 — ®(z) = ®(—x), we have

R S
= (=llmll2)-
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8 Solutions of the exercises

Graphically this means that the more py, 1 = —p; are apart from each other,

the smaller is R(f*). For y; = 0, the maximum is attained at R(f*) = 3. This

corresponds to a random guess of the class since in this case, the distributions
X|Y =1 and X|Y = —1 are equal.

8.3 Solutions of Chapter 4]
Solution 11 (Solution of Task [11)). (a) Due to y € {+1,—1}, we have

Ly,s)=(y—s)?=y* —2ys + s> =1 — 2ys + (ys)> = (1 — ys)* = ¢(~ys)
with ¢(z) = (1 + z)2

We have @, (z) = ¢(—z)n + ¢(2)(1 —n) = (1 — 2)*n+ (14 2)*(1 — n).
We now search for a minimizer of z — ®,(2) via

0=0,(2) = 21 —2)n+2(1+2)(1—n)=2+22—4n = z=2n-1
Theorem = 0*(z) = 2n(z) — 1 with n(z) =P(Y = 1|X = z).
It holds that 0*(z) > 0 <= n(z) > 5 <= f*(z) = argmax,c(y; 1, P(Y = k[ X =
x) = 1.
= f*(x) = sign(6”(x))
= The calibration condition is satisfied.

§* € A is equivalent to Vo € X : 2n(x) — 1 = §*(z) = 27 3* for some B* € R?, that

is, we have to satisfy

1 ]‘T*
77(1:)—5—1—51: 5.

Note that the left hand side is in € [0, 1]. Therefore this can only be fulfilled if X
is bounded.

We have already seen in (b) that g(n) = argmin,p ®,(z) = 2n — 1.
Moreover,

H(n) = ®,(9(n) = (2—2n)*n+ (2n)*(1 —n) = 4n(1 — 7).
We conclude that

1 1 1

L=H(p) =1—dn+4n" =40 —35)" = (G)P0-Hm)=M0-3)"

Furthermore, ¢(0) = 1 and ¢ is convex. Theorem = With s = 2, Oy = %,
the risk transfer formula is satisfied with

G(r) = 20urYs = 112,
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8 Solutions of the exercises

s(q+1) ( )
(f) For ¢ € [0,00), we have G(r) = 4C,"™ C~ T = 4(%)25121 Cwrri,
1

For ¢ = 0o, we have G(r) = 265,17’ =T

(g) Due to :X73* ~ N(3u" 8%, 1]|6*13) = N(0,1), it holds that

Z~N(0,1)

P(n(X)~ 5 <1) = BGIXTH| <1 P(|Z] < 1) = 20(t) — 1

Hinweis 2
< 29(0)t =4/ — -t
™

Here, ®(z) = [* —=exp(—y?/2)dy is the distribution function of the standard
normal distribution and ®'(x) = \/LZ? exp(—12%/2).
Therefore, the noise condition

1
B(lp(X) =5l <) <Ot vt >0

is satisfied with C' = \/%, qg=1.
Solution 12 (Solution of Task [12). Fiir ¢(z) = e”:

(a) ¢'(z) = e* > 0 = ¢ nondecreasing,
¢"(x) >0 = ¢ convex,
#(0) =€’ =1.
(b) We have ®,(2) = ¢(—2)n + ¢(2)(1 —n) = e *n+ e*(1 —n). A minimizer of
2+ ®,(2) is found via
n
o)

1
0= (ID;](Z) =—e n+ef(l—n = = §log(1

Theorem 3.19{ = 6*(x) = 4 log(45s) with n(z) = P(Y = 1|X = z).

(c) Tt holds that 5*(x) = §log({255) > 0 <= {205 > 1 = p(x) > § <= f*(2) =
argmaxery g P(Y =k[X =12) = 1.
= [*(x) = sign(6*(z))

= The calibration condition is satisfied.

(d) We have already seen in (b) that g(n) = argmin, . ®,(2) = %log(ﬁ).
Moreover,

1) = ®yfaln) = exp (= 5 loa( =) -+ exp (5 1os(2)) (1= )

- (%)_mn + (%)W(l — )

= 2(1 _ n>1/2771/2 _ 2((1 _ ?7)77)1/2'
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8 Solutions of the exercises

Thus,
p(n) :==1—H(n) =1-2((1 —n)n)"/.

Here, it holds that p'(n) = 2(n — %) - (n(1 —n))~Y2, p"(n) = L(n(1 —n))=3? >

b=

A Taylor expansion at n = % yields

1., 1,1 1, 1,,...1 1

1—H(n) = =p(= — W) +=(n—= > —(n—=)%-4=2(n—=)>~
() = p(n) = p(5)+ =)V (5)+50=5)P"() 2 5(1—3) (n=3)
Note that ¢(0) = 1 and ¢ is convex. Theorem [3.21) = With s = 2, Oy = 5, the

risk transfer formula is satisfied with

G(r) = 201t = V/2r/2,

For ¢(z) = max{1 + z,0}, we have:

()

1+ z,0 are increasing = ¢(z) = max{1 + z,0} is increasing (maximum preserves
monotonicity).
1+ 2,0 convex = ¢(z) = max{1l + x,0} convex (maximum preserves convexity).

$(0) = max{1,0} = 1.

We have @, (2) = ¢(—2)n+ ¢(2)(1 —n) = max{l — z,0}n + max{1 + z,0}(1 — n).
We now search for a minimizer of z — ().

For z < —1, ®,(z) = (1 — 2)n is decreasing, for z > 1, ®,(z) = (1 + 2)(1 —n) is
increasing. = the minimizer of ®,, is located in [—1, 1].

For z € [—1, 1], we have

1
Cy(z) = A=z + A +2) (1 -n)=1+2z-(5-n)
For n > % this is minimal for z = 1, for n < % this is minimal for z = —1. For
n= %, there is no unique minimizer.
= z = sign(n — 3) is a minimizer of ®,.

Theorem implies that 6*(z) = sign(n(z) — 3).

It holds that 6*(x) = sign(n(z) — 3) = f*(z), in particular we have f*(z) =
sign(6*(z))

= The calibration condition is satisfied.

Note that here, 6*(x) itself also only takes discrete values {—1,+1} !

We have already seen in (b) that g(n) = sign(n — 3).
Moreover, we have

1

H(n) = @,(g(n) = 1+ 2sign(y — 3) - (5 —n) =12l — |
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8 Solutions of the exercises

Thus ]
1= H(n) =2 -3l
Additionally, we have that ¢(0) = 1 and ¢ is convex. The conditions of Theorem
are fulfilled with s =1, C'y = %, and we obtain the risk transfer formula with
G(r) = 2Cyr'/s =r.

Solution 13 (Solution of Task [13). (a) It holds that
1 n n n
L(0,p) = 5”5”%"‘02& +Zai(1—§i—Y§(XiTﬁ+ﬁo)) —Z%&
i=1 i=1 i=1

We now investigate the three derivatives Vg = (Vg, Vg, V¢):

n

i=1 i

=1
The optimality conditions VyL(6, p) = 0 now directly imply the assertion.
(b) We plug in the constraints VyL(6,p) = 0 in the objective function L(f,p) and

rearrange terms. During this procedure, we have to take care that the constraints
regarding « are still preserved. It holds that

Loy = SBBYOYE Y a(-&-YiXTB4A) — e
i=1 =1 =1
= %Hﬁu%;m;@(C—j;—w—ﬁo;am—(;amxf)ﬁ
=0 :/BT

1 n
5”5“3 + i — |13
i=1
= 1
= ZO% - 5”5”3
=1
=1 2 i=1

== i&i —% i Oéz‘OéinTXj}/i}/j
=1
——

2
2

i,j=1
\

J/

~~
=17« :OéTQQ’

1

= 170 — §aTQOz.
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8 Solutions of the exercises

A maximizer of L(f,p) is a minimizer of —L(#,p). This yields the optimizing
function stated in the task.
The constraints posed on « read:

o Vs, L(0,p) =0 is equivalent to Y'a =>""  o;¥; = 0.

e VsL(0,p) =p—> 1, ;Y;X; = 01is no longer relevant because 3 is no longer
appearing in the optimization problem.

o Ve, L(0,p) =C —a; —; =0 yields a; = C —; < C (since 7; > 0). This
yields the constraint «; < C.

(c) The optimality condition VzL(6,p) = 0 yields 5 = Y1, o,V X,.

~

Due to G(0) <0, p > 0 we have

0=GO)p=>Y Gl)p <= Vj:G(0);p;=0.
J

In particular, we have for all i =1, ..., n that
i€ =0, ai(l1—& =Y XT3+ 5))=0. (%)

Let i € {1,...,n} be some index with &; € (0,C).
= 0=Vg,L(0,p)=C—d -4 =5 =C—d& > 0.
(*)=&=0
(*): 6 #0=0=1-&=Y(X]H+50) = 1-Yi(X] B+ 50) = 0= Y, =Y (X[ 5+
ﬁo)A:Y;:—XiTﬁjﬁo
= fo=Y: = X[B.
Solution 14 (Solution of Task [14). (a) It holds that

Ky(z,2') = (1+272')?
= (1 +212) + 2075)? = 14+ 22(2)? + 235(2h)? + 2212 + 2290 + 20139017

= h(z) h(2)

with

h(z) = (1, x%, x%v \/53517 \/§$2; \/5%1’2).
(b) With z := (1,z), ' := (1,2'), we have

d+1
Kooy = (@27 = (3 )
k=1

d+1
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where h(fL’) = (i’zl . ---fi'ip>i1,...,ip:1,...,d+1-

Of course, this is not an ’optimal’ representation, the above h even contains some
components twice. However this representation is enough to get an idea which
nonlinear transformations correspond to K.

Obviously, we have m < |{(i,...,ip) : i1, ..., 0 € {1,...,d+ 1}}| = (d + 1)P.

(c) It holds that
Ky(z,2') = exp(—y(z —2)*) = exp(—ya” + 2yaz’ — 7(2')?)

— ) 3 (2yza’)"
M

(27)k/2 Ik 7712)
(k1)1/2 keNg’

That is, h corresponds to polynomials 2* (k € Ny) whose oscillation for large x is
damped with some exponential factor e 17,

that is, we can choose h(z) = (

(d) Let H be the function h for the one-dimensional Gaussian kernel from (c¢). Then
it holds that

d d oo
j=1 =1 k=0
= > (Hy(xx,) - Hey(xr,)) - (Hi, (2,) - oo - Hiy(21,)),
k1,...,kq=0

that is, we can choose

(2,.)/)(k1+...+kd)/
(k)72

k kg — 2
o ahte vHtz) _
k1,...,kq€Np

Solution 15 (Solution of Task [15). (a) Choose a = C' in the definition of (n).
By assumption, we have Y, ~; = 0 which implies y(n) < €.

(b) Hint = For all a € N, it holds that

o CV/2cL2q(1=e)/2)

1

Derivation of the right hand side with respect to a yields: —= —ov2el 20‘ Lg%,
This motivates the choice

a=[(nC)#].
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We did not take into account the constants c,,  for the choice of a since they do
not have a direct influence on the rate with respect to n.
=

v(n) < —{— + nEED R 4 T O} < 4, - (l + C*”_*>
n

NONE

(c) We apply the same strategy as in (b): For all a € N, we have
1/2

1 a 1
< [ - N /A
v(n) < \/ﬁ{\/ﬁ+0 (1_p)1/2p }
Choose a = [2log,((nC')~")]. This implies

1 _log(nC)
1/2 -1
Y(n) < \/_{\/_+210gp((n0) Ht+C (1_p)1/2(nC’ }<e, < +2———" o >
(d) For hy it holds that
Tth /K xZ, I hk dSL’ = Zhl / (Jil)dx/ ortgog. hk(x)/hk(a:’)2dx',
| S

=k
that is, hy, is an eigenfunction of Tk corresponding to the eigenvalue v, = [ hy(z')?dz’.
(e) From (d) we conclude that Tk has at most as much nonzero eigenvalues as h has
components.

A1(b) = h has at most (d + 1)? components.
(a) applied with C' = (d + 1)? = ~(n) < &

Solution 16 (Solution of Task . For t € (0,31), it holds that
E[(0(X) - 0"(X))] = E (X)) — (X ) L)L >6))
———
<A@ {BIL(Y3(00) - LY:5 (X)) X=a] <1

}
FE[(0(X) = 8" (X)) L) 1<)

(.

<[16-8* | <(p+1)?
oOARE) — RE)} + (p+ 1) B(In(X) — 5 < 1)
LARG) = RO} -+ (RO) = RO} +Clo+ 170
Choose t = {R(6) — R(5*)}#71. Then we have

E[(0(X) —0"(X))7] < %{3(5) = R(E)} + (24 Clp+ 1*){R() — R(&") o

YT 2p (o Y12+ Clo+ 1)PHEREG) — R}

<p+1

IA

IN
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This implies the assertion.

Solution 17 (Solution of Task [I7). (a) M is a vector space and 80,0 € Hix = 6 =
T+ (1 —T)d € Hx. Moreover,

18]l < TUIdl|x + (1 = T)[|dollc < Tp+ (1 =T)p=p.

= b € B(p).
5—50:T((5—50) =
D(b,80) = TD(5,68,) = rD(9, %) <r
T+ D((S, 60)
(b) It holds that R,(0) < R,(d), thus
. - N 5i—>[~/(y,s) convex - . - -
R (0) = Rn(T6 + (1 —T)do) < T Rn(0) +(1 = T)Rn(do) < Rn(do)
—
<Rn(do)

We conclude that

R(6) = R(60) = {Ra(d) — Ru(00)} + {R(5) — Rn(8) — (R(%) — Ru(0))}

=

R(0) — R(5") = {R(3) — R(d0)} + {R(d) — R(67)} < {R(%) — R(6")} + Z,.

(c) Using the assumption, we have on A that

R() - R(6") < 8%,)(%)2 + 8_%(5)2 = 4—%(5)2.

The quadratic margin property implies

(d) By the quadratic margin property, we have
1 . _
—D(6,6")* < R(6y) — R(6*) < —(=)*

Cp cp 2
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(5075*) S %
=
. _ T
We have § — 8y = T'(6 — 8,), thus
. . D(s
"> D@6 = TDE, ) = 200 %)
2 T+ D(&, 50)
Rearranging terms yields D(0, dy) < T
Applying the technique from (b) to ¢ yields on A that
- ~ - - 1 r
R(0) — R(6") < {R(do) — R(6")} + 87(5)2'
P

(e) We conclude that

sup  {R(6) — Rn(0) — (R(8) — Ru(60))} = sup f5(X;, Y7),
d0€B(p),D(8,60)<r 0eF

where F = {6 € B(p) : D(0,d0) < r} and
fotv) = ~{EL(Y80)) = Ly, 3(2)) — (BL(Y,80(X)) = L(y, &) }.
For § € B(p), we have

1L(y,8(2))] <1+ 0(2)] <1+ 6]l < 1+ p.

Thus
Il < 22,
and
Var(Js(X, V) < GBIV, 000) - LY, 8000))?] £ HEIG()-a(x))7] = 2008 < T

Talagrand’s inequality and o > 0 yields that with probability > 1 — e™!, we have

11
Z, < (1+a) EZ, +\/2m-f+4(— 5o+ 1)
e

1) ¢
26, ,/ p+ -
TL

SHE
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(f) r has to satisfy

2t 16(p+1) t 1 r
2 2 W= D < (D)2
¢p(7“)+ n Tt 3 n_SCp(Z)7

then (e) yields P(A) < e~'. The condition on r is satisfied if

1 r 9 1 r, 2t I r,_ 16(p+1)
) >2 V> =. ) > A T 7
21,3 22000) Gy T g G2

S|+

or equivalently,

r? 2t /2t
102, > ¢,(r?), r > 96¢, e r>164/c,(p+1) - —

The first inequality is fulfilled if (cf. the hint): r > 4 - 192¢,y(n)"/2.

Additionally, it has to hold that R(5) — R(6*) < g-(5)?, that is,

r > 2(8¢,{ R(do) — R(5")})""".
Summarizing the inequalities yields the final statement.

(g) Plugging in r from (f) in the inequality from (d) yields (here ¢ denotes some
universal constant which we will not determine in detail).

. 1 r

R(6) = R(6") < {R(&) — R(6")} + 8—%(5)2
< 2{R(6) — R(6*)} + 8% - ((4 -192)*c2y(n) + (96)%c; % +16%,(p+ 1) - ff)

< 2AR() ~ ROV} + e {en(n) + (6 +p+1) )
The choice of dy yields
R(6y) — R(6*) = inf {R(8) — R(6")}.

d€B(p)

(h) We have to change the approach in (c). For € > 0, define

e 1 r
={7.< —)?
=1z s 1+64cp(2) !
and assume that R(6 )— R(6*) < m( )2. Then in (d), we obtain D(4,d,) < z
and thus D(0,dy) < r. In (f) we conclude that

max { . 2((1+ e, (R(5) — B9}
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thus in (g) we obtain

~ ~ ~ ~ € r

R(0) — R(6") < {R(%)— R(0")}+ m@f
< {R(%) - 1:}(5*)} +~5{R(5o) — R(6")} +
= (1+¢)-{R(b) — R(6")} + ...

Of course, the residual terms in ... are larger now, because they include the larger
factor %

(i) For each m € N, we have seen in (a)-(g) that

B(RO) ~ R 2 2R, — RO+ {eyn) + (¢t p+1)- - ) < e

N J/
-

=:Bp,

Due to R(6,,) | infsep(y) R(8), we have B,, 1 and

U Bn=8B:= {5£f R(8)—R(6") > 2{R(5m)_ﬁg(a*)}+c.{cﬂ<n)+<cp+p+1).%}_

We conclude that
P(B) = lim P(B,,) <e"

m—ro0

Solution 18 (Solution of Task [18). (a) It holds that

Va+b <f+\f 2v/ab <aa+b 1
2tv V2tno + 2VtMEZ V2tno + olEZ + —tM.
o

Talagrand’s inequality = With probability > 1 — e™!, we have
tM 1 1
Z <EZ+ V2tv+ 5 < (14 a)EZ + V2tno + <§ + —)Mt.
o

Compared to Bernstein’s inequality, only EZ is needed additionally. The other
terms v/2tno and tM appear in both inequalities.

For fixed f, the term ). | f(X;) varies around 0; this variation is explained only
through V2tno and tM.

Z = supsery iy f(Xi) varies around EZ (of course, in general it holds that
EZ > 0); but apart from that, the variation behaves like > " | f(X;) for fixed f.
The complexity of the function class F therefore enters the inequality through EZ
(not through o2, M) and does not produce an additional variation, but a shift of
Z away from zero. Therefore, the main ingredient for quantifying the variation of
Z is to find a good upper bound for EZ.
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8 Solutions of the exercises

(C) Fsep CF = SUPfer Z?:l f(Xz) > SUPyer,., Z?:l g(XZ)
We now show '<’: Let ¢ > 0. Let f € F be arbitrary. Let g € Fy, with
I/ — g|l <e. Then it holds that

> I(X) <ol +Z|f X0 < 37 g(X,) +nCe.

<C|f- 9H<C€
:> n n
sup f(X;) < sup g(X;) +nCe
fE]-'ZZ1 gEFsep ’LZI

With ¢ — 0, the assertion follows (note that n,C are fixed during this proof!)

(d) We show that for 6,6’ € B(p), it holds that | fs(z, Jor(z,9)] < |0 — &' -

y) —
Note that [|6]|o < [|6]|x < p (cf. Lemma {4.24(ii)). Then, we have f; = 53 with

A(8) = (EL(Y, 6(X))~EL(Y, 00(X)))~ (L(y, 6(z))~L(y, bo(x))),  B(0) := n(D(8, )"+

Thus

| fs(x,y) — for(z,y)| < |A(d")]

( % -|B(8) — B(¢")|.

We have B%) < L, |A(0)| < 4(p+1). Moreover,
A(8)—A®)| < |[BE(Y, 5(X))~BL(Y, &' (X)) |+ Ely, 6))— £y, 8 ()] < 26—
Since |D(6,60) — D(&',00)| < [|6 — 8|00y D(0,80) < 2p, we have

[B(8) — B(d)] < |D(8",00)* — D(6,00)*| < |6 — &'llow - 4p

We conclude that

2 4(p+1)-4p ,
o) = foo)] < (5 + 2L 3= F
> ~ 7 <[6-¢llx
=:C

Solution 19 (Solution of Task [19). (a) It holds that

[eS) A )
EZ = / P(Z > z)dx = / P(Z > x)dx —i—/ P(Z > z)dx
0 0 T A

Subst. z=y+ A o0 -
< A+/ P(Z > A+ y)dy
0

AN g 2 0

<g(t)
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8 Solutions of the exercises

(b) Choose g(t) = e™" (thus [;° g(t)dt = 1),
Z = R(6) - R(),
A = 2aelgfp){R( ) = R(6")} + ¢ cp1(n),
B = —-(¢,+p+1)
The assertion now follows from (a) and Task [L7|(g)

(The proof technique is more complicated if there is an additional penalization
term, since this penalization term also depends on t).

8.4 Solutions of Chapter [
Solution 20 (Solution of Task 20). (a) Lemma 5.2 implies that
R(fan)=R(f*) = E[(fan(X)=f*(X))*] = EE[(fon(X)=f* (X)X = 2] < Ely(n, h)] = (n, )
(b) It holds that

(@) < 1 llos + sup e = [ fan(@) = f7(@)P < @IF oo + C-)*.

=
E[(fun(z) = f(2)) La@ye] < (2Cs + Co)*P(A()°).
(c) We have
() —Eg(x) = Z;
i=1
Xi—zy Xi—x
with Z; = W(T)nhlzw( ) iid., |Z;] < Hm‘f =: M and
1 Xi—z 1 T — T
Var(z) < B = o [ W g,
etz ]
=~ 7 /W(u)g(x + uh)du
1 CwC,
< WHgHm/W(u)Qdu < n2hdg = V2

We therefore have

2tC,Cw tCw
V2tV + — = g .
+ nhd + 3nhd

Plugging in these results into Bernstein’s inequality yields the assertion.
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8 Solutions of the exercises

(d) Due to g € F(L), we have
)=o) < [ Walglarub)—g(du < L [ W) luldurh < LCuh

(e) It holds that
P(A(x)) < B(lj(x) - Eg(a)| > ) + B(Eg(a) - g(x)l > D). (%)

the last summand in (*) is 0.

(d)=HLCOy -h<%L <= h<
(c) = If

4LC ’

QthCW tCW Cy
< 8
V. nhd * 3nhd — 4’ ()

with ¢ = log(n), the first summand in (*) is < 2n~!
The inequality in (**) is fulfilled if
(C_g>2 S QtOgOW C_g > tCW
8 = nht 7’ 8 ~ 3nhd
Solving for h yields the condition on h presented in the task.

(f) The results from (b), (f) imply
E[(f(2) = /" (@)*La@e] < @IIF oo + Co)’P(A(x)) < 2(2]1f [l + Co)*n "

(g) On A(x), we have g(x) > ¢,. Thus g(x) > . With this, we conclude that
fn,h—f*zm_TN = ‘fnh_f ‘ LAz S% ~g-
Taking expectations yields the claim.
(h) It holds that
m(z) — f1(x)g(x) = — ZWh )Y — f1(x)}
SR RUCERIREE ) S e NI
=
Elrin(x) — f*(2)g(x)[]
1 n
< 28[(2 3 wixi— o) o) ] +2m[ (2 th ) {7 (X) — @) ]
=1
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8 Solutions of the exercises

For the last term, we use E[Z%] = E[Z]? + Var(Z). This yields
e[(C iﬁ;wxi —n) ()~ £ @) ]
= B[RO =) (K0 - P Vo (0= ) (X0 - £ )
= BV — ) LX) — F )]+ S Var W6 — ) 7 (0) - ).
(i) It holds that

E[(% Z Wh(Xz — x)gi)Q} = %Var(Wh(Xl — ff)el) < %E[Wh(Xl - x)Q] E[eﬂ

o? T1— T,
= o [ W Pyt

7|\ glls 2CgCW
N nhd/W nhd /W nh

wle

/W(u){f*(x + uh) — f*(x)}g(x + uh)du.

(j) It holds that

E[W(Xy — 2){f"(X1) = f*(2)}]

) = [ () Yo (1) day

Together with f* € F(L), we obtain
[E[Wh (X1 —2){f"(X1) = f*(@)}]] < L||9||oo/W(U)||U||oodu h < LCCwh.

Squaring both sides yields the claim.

(k) With the aforementioned results, we obtain

. .2 A o 8 (0%C,Cw o h?
Bl fun = U] < GElli=g- 7)< c_g{ L+ (LC,Cw)*h? + LC, C—s |
80202 h?
< 9w 272 2 v
c2 { h4 Lo+ L nhd}
(1) With (f) and (k), we obtain
8C2Chy 2

BI(f() - £()Y) < S {0 e 2 22N oo o
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8 Solutions of the exercises

8.5 Solutions of Chapter [0
Solution 21 (Solution of Task 2I)). (a) Under the given assumptions, Bernstein’s in-

equality yields
IP’( N 7> t) < ( _ )
— =P 2no? + 2Mt/3

1=

Application to — " | Z; yields the same inequality, thus

P(W(g) 2 t) < Zexp ( " 2n0? iQQMt/?))'

Ift < 3" " then we have 2no? > 2Mt/3, thus 2no?*+2Mt/3 < 4no?. We conclude
that

]P’(W(g) > t) < 2exp<— t >

Ano?
If t > 31 then we have 2no? + 2Mt/3 < 4Mt/3, thus

P(W(g) >1t) < 2exp<— 4]\;;/3) = 2exp<— f—j\;)

(b) It holds that

Ai(9) At(g)/(4M) o0 (a) [
By ( ) = ]E/O eldt :/0 P(A;(g) > taM)etdt < /0 2¢ eldt = 1.

AM

(c) Tt holds that

") < B (s

1 (Esup

ZE%

geg

) <16l.

(d) The inverse function ¥, '(x) = log(z + 1) is increasing. Application on the result
from (c) yields the result.

(e) Tt holds that

As(g) /(1‘12(9)/(20'\/%))2 . /00 / -
Eyy(—Z=) = E eldt = P(Ay(g) > t-20v3n)eldt < Stetdt = 1.
17/}2(20\/3—”) 0 0 ( 2(g) ) — 0

(f) As in (c),(d), we obtain that () = e — 1 is convex. The inverse function is
vy (@) = y/log(z +1).
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8 Solutions of the exercises

(g) It holds that
EsupW(g) < EsupAi(g) + Esup As(g)

geg g€eg geg

Ai(g) As(g)
< 4M -Esu +2\/§a n - Esup —————
ven AM v ven 2v/3or/n

< 2V3oy/ny/log(|G| + 1) +4M -log(|G| + 1).
Solution 22 (Solution of Task 22). (a) We have

R(fn) = R(f*) = Elyyzsm oo — Lyerecoy] < B0 24,0
= P(fr,(X) # [1(X)).

(b) It holds that
P(fr, (X) # (X))
< IP( Jixe A})

Aec
< YP(X ed) <o, S uA)
AeC AeC
= c,Clm™
= cucbmcmd’1 N cucbo‘rm’l.
(c) Since each coordinate is splitted dS-times, Ty satisfies |Ty| = m<. Thus T, generates
a partition with 2% = m? cubes.

(d) Since Ty € Tg, we have
7’1272 {R(fr) — R(f)+ X |T|} < R(fr,) — R(f*) + X |To| < cucpoam™ + Am®.

(e) If S > %, then we can choose m = 2Ue&2("/(@FD] Then we have In!/(@+) <

m < nt/(@) We conclude that

1 log(2d) +t

CMCbOxm_1+)‘m_d < 2CmuChoent H1+C -nﬁ = (20u0b0w+£(log(Qd)"'t))'n_ﬁ.

on Mo
Solution 23 (Solution of Task [23). (a) By using the theorem stated in the task, we
have
de
N(eC |l - lzn,x) < 13-V(C) - (57

<4e(13V(C))2vl<C)>2V(C)

3

Vo>0:21l/2% <2 13-
<

=
g
20(C)<V 13-2-4e\V
< (—) .
e
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8 Solutions of the exercises

(b) To calculate m¢(N) (at least a lower bound), we have to find out how many
different labelings of N points in the space can be generated with decision stumps.
Here, we can choose the location of the points as desired (due tot he max in
Let z1,...,zx € [0,1] be arbitrary but with pairwise distinct locations. Then we
have me(z1, ..., x5) = 2N. Proof: Choose

flj('r) - IL{:c<ac]-} - ﬂ{mij}7 f2j(‘r) - _]l{x<wj} + ]l{xij}'
Then all of the 2N decision rules fi;, fo; above generate different labelings of
x1,...,xy. Graphically this can be understood as follows: If the points are located
on a real line, we put a vertical line exactly at each point z;; on the left of this
vertical line, fi; labels class all points with class 1, on the right hand side f; labels
everything with class -1; vice versa for f;).
All other decision stumps do not provide different labelings.
If instead there exist indices 7, j € {1, ..., N} with x; = z;, then we have me(z1, ..., zn) <
2N.
= mc<N) = 2N.

(¢) In d dimensions, the problem is more involved. For pairwise disjoint z(!), ..., WM ¢
[0, 1]¢ we choose

fijr(z) = ]l{z<x§k)}_]l{xzx§k)}’ foju(r) = _]l{x<x§k)}+]l{x2$§k)}, jg=1,..d k=1,.. N.

This yields 2Nd different labelings. All other decision stumps do not generate
more labelings (one may use a picture to see this).

If instead there exist indices i, j € {1, ..., N} with 2 = z0), then there exist only
less labelings.

Note that there can exist at most 2/ labelings.

= me(xy,...,ox) < min{2Nd, 2"}

The exact proof to show me(z1, ..., rx) = min{2Nd, 2"V} is mathematically more
involved and is omitted here.

(d) (c) implies
me (21, ..., xn) < min{2Nd, 2V}
= V(C) < inf{N € N: min{2Nd,2"} < 2"} = inf{N € N: 2Nd < 2"}.
With N = 2log,(2d), we obtain
2V = (2d)? = 4d?, 2Nd = 4dlog,(2d).
Since d > log,(2d) for d > 2, we obtain
2" > 2Nd.

= v(e) < NS (e) < |210g,(20)).
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8 Solutions of the exercises

Solution 24 (Solution of Task 24). (a) It holds that EL(Y,d(X)) = E[E[¢(-Y§(X))|X =

x]] and

E[p(=Y (X)X = z]] = ¢(=d(x))n(x) + ¢(0(x))(1 = n()).

Pointwise minimization yields 6*(x) € arg min,cp ®,,)(2) with ®,(2) := ¢(—2)n+
B(=)(1 - ).

¢ is differentiable = z +— ®,,)(2) is differentiable. Since §* is a minimizer, we
have

0= q);y(m)((s*(x))'

We obtain that 6*(x) = (9! ))*1(0). Put g(n) = (®})~'(0). Moreover, it holds

that "
0=2,(9(n) = =¢' (=g +¢'n)(L—n) (%)

This yields the claim.
(b) By conditioning on X, we obtain
EL000) = 008 (0K =
)@

OO [6(—8(2)) — S(—g(n(@))]? + (1 — n(2)) [6(6(2)) — Slg(n(x)))]’
= A((@),6())

with
As(1,6) =1 - [¢(=8) = d(—g(m)]* + (1 — ) [6(6) — d(g(n))]
Similarly,

E[L(Y,0(X)) — L(Y,8*(X))|X = ]

= (@) [o(=0(2)) — ¢(=g(n(()] + (1 = n(x)) [¢(d()) — d(g(n(x))] =t Ai(n(x), d(x))

with
A1(n,0) ==n- [¢(=08) — d(—g(n)] + (1 — n) [¢(6) — d(g(n))].

(c) Tt holds that

AL, 8) = [p(=0) — d(—g(n))] — [#(0) — d(g(n))]

= [6(=0) — d(—g(n))] — [6(0) — ¢(g(n))]- (94)
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8 Solutions of the exercises

(d)

(f)

We have

57;142(77 5)
= [6(=0) = s(=gm)]” = [6(5) — o(g(m))]’
+2{?7¢ —g(n))[¢(—
= {6(=0) = é(—g(m)) — 6(5) + élg(n))}
A1(775)
x{(8) — &lg(n)) + ¢(—8) — d(—g(n)) + {nd'(—g(n)) + (1 — )¢
= 0,A,(n,0) - {¢(5) +¢(=0) + B(n)}

For the third summand above, we have used a®? — b* = (a — b)(a + b) for real

numbers a,b € R. For the second summand above, we used

206’ (—g9(n) [¢(=6) — o(—g(n))] — 2(1 = n)¢'(g(n)) [¢(0) — d(g(n))]
)

= ¢/ (=g(n)) [6(=0) = d(=gn))] — (L = n)¢'(g(n)) [¢(5) — &(9(n))]
%/—/ ~~
Y a-ne'(gn) e (—g(n))
—(1=n)¢'(g(n)[o(=0) = ¢(=g(n)] +n¢'(=g(n)) [¢(8) — p(g(n))]
= {n¢'(—=g(n) + (1 =n)¢'(9(n)} - {&(=6) — ¢(— ()) d(8) + dlg(n))}

It holds that

>0, g(n)>06

If g(n) > 0, we conclude with (d) that
OhAs(n,0) < {9(0) + o(=0) + B(n)} - 9y A1 (n, 9)
—_— N Y

<o(p)+o(-p)  <C >0
< {o(p) +0(=p) + Co} - 9y A1 (1, 9).

If g(n) < 6, we obtain the reverse inequality due to d,4,(n,d) <O0.
By convexity of ¢ (and thus ¢’ is increasing), we obtain

¢(=9) — ¢(—p) 9(p) — 9(9)
p—20 p—20

which implies 6(5) + ¢(—3) < 6(p) + d(—p).

This follows directly from

< ¢'(=0) < ¢'(0) <
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8 Solutions of the exercises

(g) Integration yields for g(n) > ¢ that

n () n
) = [ 8,505 < (6p) + 9-p) + C}- /1(5)877A1<s,5>ds

-1
< {¢(p())+ ¢(=p) + Cy}A1(n,0).
For g(n) < 0, we use Ay(n,8) = [, 5 Oy Aa(s,8)ds = — [7© 9, A5(s, 6)ds
(h) Derivation of Cy:
o Case ¢(z) = €™ g(n) = 3log(:%,) = ¢'(n) = 3(; +15) = 3;0=;- Moreover,
¢(gn) =021 =n)7 2 @(=g(n) =n 21 =)'
Plugging in this result yields

(n(1 — 77)>1/2 . 771/2(1 -1/2

2n(1 —n)
= Ovmax {5 21—y~ =g 21— )72 =y 21 =)} =0,

Cyp = OVmaX{ 1/2 1/2}

) n

o Case ¢(x) =log(l +e"): g(n) =log(t%;) = ¢'(n) = n(ll—n)' Moreover,

e{L’

Tre  Ylm)=n #l=gm)=1-n

¢'(x) =
Plugging in this result yields

2n(1 —
Cy = O\/max{—nn< n)
n

=) +log(n(l —n))} = max {2+1og(n(l —n))} =2 —2log(2).

<4-1
Solution 25 (Solution of Task [25). In the steps (a)-(d) we have to show that an &-
Covering of the right hand side yields an e-Covering of the left hand side. In each of

these steps we construct a covering of the left hand side from a covering of the right
hand side.

(a) Let (f;) be a e-Covering of F,. Then f;(x,y) = fij(z,y) — L(y,do(x)) is a e-
Covering of F. Proof:
f € F can be written as f = f — L(y, do(x)) with f € F. Let j be such that
| = fill2m <& Then it holds that

1f = Fillzn = 1IF = fillzn < <.
N(e, Foll - llzm) < N, Fos [ - ll2m)-

193



8 Solutions of the exercises

(b) Let (f;) be a e-Covering of Fy. Then f; := ¢ o f; is a e - ¢(p)-Covering of F.
Proof:
For f € F, exists some f € F, with f = ¢ o f. Let j be such that ||f — f]||2n <e.
Then it holds that

”f_fjHQ,n = Z{¢ le}/z ¢(.]FJ(X27Y;>>}2)1/2
= %Z FX0Y0) = F(X Y 2 = 00 = Fillan < & (0)e,

because ¢ is Lipschitz continuous on [—p, p| with constant ¢'(p).
Rearranging terms yields N (e, F1, [ - l2n) < N(555, P2, [ - ll2n)-

(c) Let (9;) be a e-Covering of F3 with respect to || - HZ,n,X' Then f;(x,y) = yd;(z) is
a e-Covering of F, with respect to || - ||2,,. Proof:
For f € F, exists some § € F3 with f(z,y) = yd(z). Let j be such that |0 —
5]‘”27”7)( S ¢. Then it holds that

Yie{-11}
1/2 <

1f = fillzm = ( E:ﬂ” 0;(X0)}?)

J/

16 — 0jll2mx <&

—YR(3(X0)-0;(X1)?
= N(& Fa, [l - llzn) < N(e, Fas || - ll2n,x)-

(d) Let (f;) be a e-Covering of F,. Then f; := p- f; is a pe-Covering of Fs. Proof:
Similarly to (b) by using the specific function ¢(z) = p - x.

Solution 26 (Solution of Task 26). (a) w is increasing. We conclude that for all M €
N70§SO§---§SM§]-7

M

Z |u —u(s;_1 ’ = Z (u(sz) — u(s,;_l)) = u(spr) — u(sg) < u(l) —u(0),

i=1
with equality if s,y = 1, s = 0. It follows that |u|py = u(1) — u(0).

(b) For z € [t;,tj11) and due to t; <ty < ... <ty, it holds that

By definition of ¢;,

2 <ulz)—ul0) Ot = w(0)+ 01 <) < () + L

Zlb.
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(Note that both statements do not hold if t; = t;41).
We conclude that o

u(2) = 7(:)| < -

For each z € [0,1) there exists j € {0,..., N — 1} with z € [t;,£;41). We conclude
that

N C  |ulpvy
— i < =
fu— i < = 1
(c) Let @ be the alternative representation given in the task. For z € [t;,¢,.1), it holds
that
j N
- u0)+u(l) KO C
W) = T oy T 2w

2 2N
w0 tu(l) O
-T2 2w
= u(0) + T = i(2)

(d) We use a similar construction principle for v based on ’quantiles’ ¢; := sup{z €
0,1] : v(z) —v(0) < M%z}, i =0,...,N. We obtain that

. v(0) +v(1) Ilev
0(2) = =5 (Lg20p = Lacop) + § (Lge>q — Lacqi})-
Define g := @ — v. Then it holds that
- - - \U|BV |U’BV |9|Bv
_ < _ _ < —
and

9(z) = u(z) —0(z) = [u(o) —; ull) @+ vm] (1203 — Lgzcoy)

:g(O)+g(1)

v
+Z | |BV IL{z>t} ]l{z<t} Z | |BV IL{ZZ%‘} - 1{Z<Q1})

Solution 27 (Solution of Task 27). (a) Task[26]e) implies that there exist increasing
functions u;,v; with hj = u; —v; and |hj|py = |uj|py + [vj|py. Moreover, there
exist functions h; : [0, 1] — R with

1A = hjlloe < N
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and

N

; 17(0)] + |h;(1 |U!Bv |U| _ 1O+ 1h (I + |hiley _ B

174l < L Z = 5 <5
It holds that (be aware that we do not distinguish between the notations || - ||«
and | - ||; for functions starting from d dimensions or 1 dimension)

- : Bd

||5*_h||oo§Z||h — hy ||oo§ W
j=1

and

2]y < Z gl < 2
For * we choose h € A. Then it holds that

inf {R() ~ R+ 22P(I5]1)} < R(h) = RE*) + 20P (w1,

Since [|15oe < Sy I llso < 24 amd oo < [l — 8%l + [18%]oc < B4+ 52
we have

S(—yhn(x)) < o([[hnlloo) < o0, d(—yd"(x)) < ¢([|6"]|00) < 00

By the dominated convergence theorem, Lipschitz continuity of ¢ with Lipschitz
constant L and hy — 6* uniformly, we have
R(hy) = R(6") = E[¢(—=Yhy(X)) — (=Y 6" (X)) ] = 0.

TV
-0 (N—o0)

It follows that
inf {R(6) — R(8") +22P([[d]11) }

dEA
' o . N - Bd
< h]r\?sup{R(hN) — R(6") + 2AP(||hn ()} < 2AP(|[hn|1) < 2AP(=- 5 ).

(d) We first consider A. It holds that

4 4 8
— 2[21og,(2d)| < 4log,(2d) = log(2d) < log(2)+log(d+1)) < log(d+1).
V' = 2|2log,(2d)] < 4logy(2d) og(2) og(2d) < 1Og@)(og( )+log(d+1)) < oa(2) og(d+1)
Since 1 < “fﬁ < 2, we conclude that
(V42)VV2) v < BV3/2)vit < 9v® < 9(; 8(2))310g(d+1)3, nTIVE < pl
0g
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Plugging in these findings into A yields

8
log(2)

We now consider the whole penalization term: If ¢(z) = e”, it holds that

[

)\SC-Q(

)3 (1 +t)log(d+1)*-n"z.

P(5) = (p8'(p)) "5 6(p) V1 + 6(p) < 2(p+ )¢

This implies P(2%) < 2(Bd + 1)e?¢
If ¢(x) = log(1 + €®), we have ¢'(x) = 5= <1 and ¢(z) <1+ z. Thus

P(5) = (b8 (p)) "1 6(p) 71 + 6(p) < 2(p+1).

This implies P(£4) < 2(Bd + 1). Plugging in this results into (c) 2AP(£¢) yields
the claim.

(e) In (b) we obtain

~ Bs Bs
h—hl|e < —, hll, < =
Ih=Fle <55 W< 5
Thus, only the quantities in the case distinction (d) change, d is replaced by s. We
obtain
L1 J(Bs+DePHL 9 =g,
inf { R(6)—R(6*)+2\P(||6 < d(1+t) log(d+1 2.
inf {R)=FE)+2AP(I5])} < (1) log(d+1)n {(Bs+1), o

We therefore 'pay’ with the factor log(d + 1)® that the underlying dimension d is
unknown. This term is present due to the oracle inequality. Instead, the 'real’
dimension s of the underlying true function (that is, the number of non-zero sum-
mands) now enters the rate at the ’costly’ locations (Bs + 1)e?*™ or (Bs + 1),
respectively.

8.6 Solutions of Chapter [7|
Solution 28 (Solution of Task 28). (a) One may use a simple plot program.

(b) The network has 1+ (m — 1) = m hidden layers with the layer widths given in the
sketch.
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8 Solutions of the exercises

(c)

(e)

It holds that

r—y+1 T4y r+y 1
o) — (S + -
B 1+(x—y)‘1—(as—y)_as+y.( _:v+y) r+y 1
B 2 2 2 2 2 4
1 1 1
= Z(1=(z—1)? z 2_ -
10— @ =y + gl +y)? -
1 1
= (@+y)’ = (@—y)?) = Aoy =y,

Therefore, we can approximate the function z -y by using networks which approx-
imate g.

The sketch contains ¢ = [logy(r)] steps (27 — 2971, ..., 21 — 29). In each step,
we have to insert multiplication networks f,, € F((m + 4),(2,6,6,...,6,1)). To
connect the networks, we need one additional layer. In the first step, we need to
summarize at most r networks (therefore, multiply the hidden layer size with ).
Then we obtain a

F(qg(m+5),(r,6r,67,...,60,1))

network.
Approximation: For simplicity, let r = 27 with some ¢ € N. Then we have with

= (@1, ., X/2), Y2 = (Trj241, -, &) and since 0 < fr, 1/2(y1) < 1 that

r/2 r
fm,, Hx]| = ’fm Jmrr2(W1), frry2(y2)) H% H 37]"
j=r/2+1
S ‘fm(fm,r/2(y1)a fm,r/2(y2)) - fm,r/Q(yl) : fm,r/2(y2)|
r/2 r
+|fmr/2 yl) fmr/2 y2 Hx] H xj’
j=r/2+1
r/2 r
< 27"+ ‘fm,r/2(y1) — H%} + ‘fm,r/Q(y2) — H $j|
j=1 j=r/2+1

Because of |f2(z) — x122| < 27™, the two recursive terms above do no longer
show up in step r/2 = 1.

By induction, we have |f,,,(z) — | J x| < 3927m < 227

Using a Taylor expansion around a, we obtain that there exists &, € [0, 1] with

(c—a)

al

f@) =To(x)+ Y (@ fla+E(a—a))-

a€eNg:|al=4
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8 Solutions of the exercises

=
1f(2) = Tu(z)| < Z w.yaaf)a_i_é‘x—a | K|x— a|5 25
QENE: || = N — <K la|=8
<lz=all, - T
(f) It holds that
r M
> H (1= M- |z; —al), =[] D00 = Mla; — £/M])y =1
a€D(M j=11=0
thus
|Tu(x) = f(2)| - ][ (01=M-Jaj—a,]), < Ke"M ™

Z —_———
j=1

T(x)—f(2)] <
a€D(M),|la—x||co<1/M ©
<KerM~—5
(g) In statement (f), the approximation of arbitrary continuously differentiable func-

7
tions is reduced to the approximation of products (or products of absolute values)
The result of (d) shows how products can be approximated with neural networks

Solution 29 (Solution of Task 29). Losung

(a) For arbitrary ¢, > 0, it holds that
E[W? = / P(W? 2u)du:/ P(W > v/a) ut::ﬁ2/ tP(W > t)dt
0 0 0
to 0
= 2/ tP(W > t) dt+2/ tP(W > t)dt.
0o to
<1
<3
(b) For each g € G, it holds that
. 91]o n
190l < <\ 7
M\/E H
and Elg(Z,)?
g\41
Elg(Z1)*] = <1
9(21] = gaT <
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8 Solutions of the exercises

Using Bernstein’s inequality, we have

P10z ~Eaa 21) < 2ew (- )

t23<\/nH 5 2 5 ( 3t
< exp ( — — ) =2exp | — — )
sVt /5

We conclude that

. i 3t
B(W > t) < |GIB(| Y_{a(2) — EG(2)}| = ) < 21G|exp (7).
i=1 H
(c) Choose to = 3vnH und a = %\/g
Partial integration yields that [te *dt = —(a™? + a 't)e™ = ftzo te tdt =
(a2 4+ a'ty)e . We conclude that

2. PW >t)dt <  4(a > +a 't)|G| e o
/to<_>_< gl e

9
=~ 11 <|g|1

4 .n
< 4{(=2)P=+4
= {(3) H+ n}
|G|>2
< 24n.

Together with 3 = 9nH the claim now follows from (a).
Solution 30 (Solution of Task 30). (a) Zi,..., Z, ~ N(0,v?) iid. =
W, — L D ic1 Wi Zi
J U\/ﬁ(%zn a2)1/2

i=1 %ij

~ N(0,1).

b) For W, ~ N(0, 1), it holds that E exp Wiy = v/2. The function ¢s(z) = exp(z2)—1
j 1 ¥
is convex and increasing. It follows that

Wil Wily o N~ go Wil
902(EjzﬂllaXN ) s EjgllaXN%(T) <Y Epo(R) < N-(V2-1) <N

.......... , 2
Jj=1

E max [Wj| < 20, (N) = 2¢/log(N + 1).
]:

.....
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8 Solutions of the exercises

(c) With ¢1(x) = e® — 1, we have

E 'HllaXN|Wj‘2 < 4o (N) = 4log(N +1).
=1,

Solution 31 (Solution of Task [BI)). (a) Write§ = (v!,...,o™, WO W) as a vec-

tor (the matrices are vectorized row by row). Then we have 6 € [—1,1]T and

L L L L
T = Z number of entries of v(l)+z number of entries of W® = Zpl—i-z DiPis1-
1=0

=1 =0 =1

(b) Each fp € F(L,p, s, 00) has at most s entries of § being non-zero, that is, (L, p, s, 00) =
{fg 10 € @} with

© c {0 e[-1,1]": < s entries of # non-zero}
= {e[-1,1)":35 C{1,...,T},|S| <s:Vje€S:0;,=0}

= U {eel-1,1]":vjes:9,=0}.
Sc{1,..,T}:|S|<s ::‘és

(c) We choose a reasonable grid approximation of ©g. Without loss of generality, let
S ={1,...,s} (then we have O5 C [—1,1]* x {0}77%). Put

(3)5:{—1+j-a:j:1,...,m} x (01T,

If —1+m-a>1-—a, then Oy satisfies the approximation statement in the claim.
This is fulfilled with (m 4 1) -a > 2, that is, m > 2 — 1 or equivalently, m > [2].
We conclude that

~ 21°

|@5| S ’ITLS = \‘—J .

a
(d) It holds that

ol < Y B<y Y ey

SC{1,..T}|S|<s k=0 SC{1,....T}:|S|=k
S S
() 2
= ScAl,..,T}:|S|=k}-|—| .
S HSC LTy isl =8| 2]
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8 Solutions of the exercises

We have
#{S c{l,..,T}:|S| =k} = <£> <TF<VFk
since
L L+1
T= szplﬂ-i‘zp sz-ir pz+1<sz+ =V
=1 1=0 1=0
Plugging in this result yields
~ . 2k 2V s
o<y V. <
ol () < )

(e) For ~ >~O, C{lOOSG a = (L+1)
f5 with 0 € © such that

. Then for each f € F(L,p,s, F), there exists some

1fo = follo <a-(L+1)-V <.

2Vr)s-i-l

Ny, F(Lp, s, F), ||+ o) < (=) = (297 VAL + 1)

(f) It holds that

|Af™ () — Ay ()] < WOz [WED 2]z — 2o

W [loo <1,W " eRPL P11

< ( I p) -l =o'l

I=k—1
(g) It holds that

A5 @) < WOz - LW DN {IW Ol zllzlloo + 1™ [lo) + [0l } -} + 10® s

k—1

< H(pl +1).

=0
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8 Solutions of the exercises

(h) Using the convention o,w+1)(x) := z, we have

h
t

[f(x) = f5()]

IN

’Aékﬂ)_ o av(mW(k_l)Aé‘k_l)_(x) - A((;Hl)_ © %<k>W(k_1)A((§k_l)_(x)‘

)|

~ _ =z _ k—1
pl> . [Hv(k) _ U(k)HOO + ||W(k 1) W(k 1)||Z . HAé )<I>Hoo}

=
~ o
+ I
_

VAN VAN
ME I
—~ 1~ I~

Uu<k>W(k71)A§Fkil)i($) - Uﬁ<k>W(kil)A§)‘kil)i($)H

oo

N~
+ |l
_

k—2

pz) a+pe-1-a- H(Pl +1)]

=0

INS
x> [
I + i
— =
/N
T
El

< a-(L+1)-J[m+D)=a-(L+1)-V.

(i) If f € F(L,p,s,F), then for each layer [ € {1,...,L} it holds that at most s
columns of W € RP*Pr1 are nonzero. If the j-th column of W is a zero vector,
we can eliminate the j-th row of W1 and the j-th entry of v¥ from the model
by still representing the same function. We then obtain that

f € ]:(Lv (vapb cey Pi—1,P1 — 17pl+1a "'7pLapL+1)7$7F)'

Repeating this argument, we obtain

f € ‘F(Lv(p07p1 AS?"'vpL /\SapL-i-l)vSvF)'

() By Vi=(po+1)- (prs1 + 1) - T ((m A s) + 1) < 2542pgpp4ys%, we have

H(7) log N (v, F(L,p, s, F), | - [|oc)

lOg N(77f<L7 <p07p1 A S, .., PL A 57pL+1)7 S, F)7 || : HOO)

(s 4 1)log(2y V(L + 1))

(s + 1) log(2*2°9 (L + 1)pppi115°")

2s - {(2L + 5)1og(2) + log(v~") + log(2L) + 2log(popr+1) + 2L log(s) }
c-5- {Llog(s) +log(y™h) + log(pgpLH)}

.
~

,\
IN=

IAINA

where ¢ > 1 is some large enough universal constant and s > 2, L > 1.
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